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.Teacher's Commentary'. .

AN

_ Chapter 6

H

DERIVATIVES OF EXPONENTIAL AND RELATED" FUNCTIONS.

L3 - .
J * * . - &
.

Without the strength.of tHe integral theorems of *Chapter 7, it is’
difficult to fréme precise definit'ons of "the power, exponential and
logartthmic iun ions. Our foundation began in Chapter 5 by buildding
’intuitively upon familiar algebraic propertles (e.g., the n-th power_ of .,

<!

a means the product of n factors of ,a). Relying on the student's
basic concept of power, we were able to discuss exponential and related
functions. This leads<us now to the study of rates of change of thése

»

functions. . . -

We begin discussing the slope of the exponential function in+a
'familiar manner, The slope “of the itangent to the graph is initially
examined.at the y-axis. We note ‘that the glope of any other point is
proportional to the value ofbthe functlon at that point; 1the constant
of proportionality s discovered teo be the sloge of the graph of the

ffunction at the y-axis. The function x —%ex is defined as that
special exponential function for thch the constant of prOpQrtlonality

(slope at  (0,1)) is

We use plausible arguments to establish the fact that tge graph of the
"*function X —%ex is everyvhere convex. (A striet proof would requlre a

continuity argument such-as those given in Appendix T.) . We rely heavily on
such intuitive geometric auguments as the “Jldlng pr:.ocess 1n order to find
the derivative of the inverse of a function vhese derivative we already
know. B . o K

We ‘use »such a folding prockss to find the® derivative of the logarithmic ‘
function a{ter the derivative of the exponential function has first been
discoVered.' We use the same mechanical process to obtain the'derivative-of

X 45/5, relying on the student's experience with -x —*xe in Chapter 2.

We hope that the student is' curious enough to know whether the power

rule (which worked so nicely for po7itive integer exponents in/ghapter 23
1/2 2

works for such functions as .x - x /%, X X “3 2, and x »x . In
Section 6-6 we extehd tife power formula to include all feal exponents.

. )

¢

"[P{lc
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Our ‘earlier procedure of f{rst consideging the behavior of a graph at.
y-axis cannqt be followed for Taylor approx matlons of such functions ag

x = /x band ¢ x —alog X. Instead we consi

tions in Section 6:7.

r translations of these func-

.

(.
.

. -, . L4 \
" In Example 6-7a we'say, "to guarantee accuracy to within 0.005 we~
could use (9) to .show. that we must choose | n to be at least 199." We.

, 1llustrate here, usingr-*~———~A )

f
A} .

Since we want to éstimate 'log 2 and

"

J 4 . ' .

. L Rl e e,
- \ ) ¢ Lo S

© we let x = L. We requife that ' , .Y

. - LT - o
~ : : TS S <

' ’ IR: | < 2 <-0.005. - -

- . n -n+1

‘e r- N )' . -, . , \

-Therefore, we must have

A _ < 0.005,

. . ¥ l" ’ =~ s/‘
' - - - -
whence . . i . o
1:1+ 1 >2’100(2 . ' v “ .
- * . 5 ’ M
‘ : n>200 -1, o ’
. ” " 2 f
P © . >199. . .

\ * f . ’ .
Example §-7¢ is intended to uge the function x - /1 + x in order to
—— - 4
illustrate assention (8). There are, of course, methods by which one can

- obtain more acéurateﬁestimates of ¥f§ more quickly (e.g., guess, divide,

‘and average). . ' - . - :

cTe : : .‘

Throughout Chapters 5 and & we refer to the function X, e as the:-
exponential functlon as distinguished from all other exponential functions.

: We hope that (while we began with base 2) the student realizes that exponen-

tial functions with ‘vases other than .e are infrequently used. Furthermore,

any exponential funttion is easily expressed in terms of the exponenttal
function by ' — - .

* - 4
a* = e, whert ¢ = log, a. :

7 . )

, ]
288 9. . "

IR
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Similarly, the fﬁnct‘on " x —>1oge x 1is reféfred to Hp this téxf (and

most advanced books) as the 1ogarithmic function., The student should be
told that in other texts (and on some examinations) the function

-

x >log, x 1is written as x - 1og X or x > fn x. N

Since a 1ogarithm w1th any base a is simply propo}tiona; to the
logarithm with base e, )

‘ v

\

1oge X
1oga X =

\]Toge a

*

N

we have
1 -

.D 1o_ga X ==, where c= 1088 YRR

. . —~
, .

¢ It may be conjectured, that for‘this-reason iogarithﬁs with base e are
often called {" natu;al" 1ogaf¥thms, natural in the sense that the choice

‘¢ =1 yields the simplest p0551b1e expression for the derlvative

-
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1, (a) £ :'x‘—»8?( =

A

(v}  The equatjon of the tangent

-

Solutions Bxercises 6-1

27 . Sooa=

(—r(%)x =2"¥  a= —‘_3'; R .=
o (B - 23/2‘)(. e %.; n
LAy

£ x -8" is y=14+ or y

is

y=1- or y

—

~
-~

1]

3

2

at (06,I) to the graph of

3; m=3k=3(.693) 22, "

-3k°z -3(.693) & -2
33 - .
=5k » 5(.693) = 1

k= - %(.693) ® -1, .

°

1+ 2x

1 -2x Y




7
/ . | ‘ o
’ // ~ . ) R ‘, ]
/ ) ‘ ) ) i //u .
. ‘% ‘ , .
2. (3) (1) (L8 s (29 .M _ /
. ~ K < '
IS . (ii) Qms = (2’4)(2.25) P 16(1.1‘89) = 19.0 e ’,,
: ORISR 8)5 ® (8'59)5 2P , (Interpolation used.)

(11) -e2 95 (e 2y (e Py s (7. 389)(2 586) 101
L32(a) () (o’ = (2 15)5 _ 575 -

_ ) 27 P 91;60 x 0.6°
() (1) (0.9)7 = (707 - e--s ,

- . r .
(11) e 2206 7 ‘
. \ K (a) (1) (10298 = (2038 . 2% . S
: 7, * . (i1) 2-2h =-(2'2O)(2'0h)‘ = (1.14870)(1.02811) =
' @) (1) (1 02) N L.
s (]{1) - (') (e Nz, 1618)(1 0101)
! . S () 201<1.01<g 02 . X ¢
o L@ oy <% ‘ : Interpolatidn
: - Al (g )00 ¢ pts " 2L _ 1 00696
Ty . . . - 304
> () (2)(2.u) <11.01)1% < (2)(2°%) 2 o 1.01000
. ’ 277 =1, 01?96
. 100
" 2(1. 31951) < {1.01) < 2(1 IRE 301‘
® . ’ 100 700)(10) ~ b3
N 26u<(1 .01) <e. 83
.. ' [
6. e 10 < 0.5 < e '69 : . ]
-(e-.7o)‘-12 N (0.5)-12 N (e-.69)-12
S . =12 * g
. Luk7 > (0.5) 7 > 398k . . CL
f ! v . ) ’ .
YA - .eh N l N 5 ’ \
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(¢) ez (1 +-.01)l°° ) :
. -~ i
ez 110 4 100°x 99><(c')1)+l°';f2§i9><198><(.01)2
, 100 x99 x 98 .97 3 '
2—“ x 17! x (.01) 3 2.5 ,
(d) For the functloﬂ X - cx we let <the slope of the tangent to the
graph a-t (O,l) egugl/l. That 1s dye let AR
A ' ' h ' Co.
) g lim S22 - '
. . B0 . . .
. ] s ‘ . 3
) Using a process-similar to that,used in part (b) we obtain \
o , )
. . ‘ e = lim (1 + h)l/h.
. . . h> 0 ] . f*"l A
If. we let h = L , Wwe have o S ’
] . n *
: . N S e = lim (1 + 5™ ' .
'n o n .

8. We assume that. x = (1 + x) 1/x is a dec easing fm?,pxq,on Without* bemg
_= cénscmus of this assumption, a student should be ready to beheve _that

lim (l+h)/ >(l+h)/ for hz 0. We let h =

v oo . 7055 so that .
. ¢ W;- v . / . !
1 1006 R 1/ht
. (1 + m) <. Ylim (1 + h) .
h->0 .,
¢ ' N .
. From Number 7 we know that . ' . *
lim (1 +'h)1/h = e. .
! . .hpo .
\ [ sy . .
. Thus (%:%)IOOO < e. -Eve@/the roughest approximatlon 'to e suggests

, that 2 <e <3 and certainly e, < 1000, Therefore we dan write

| B

- N . n .
Cy 100141000 )
' . (1555 <,e £ 10004 - .
\i’t fo]zlows that ) :
L3 ; .
: 1001, 1000 g
‘ ($505" 1000. .
Multiplying by lOOO]'OOO ve get . ° . » _—
) ‘ - ) ! ' L
L T L 1001199 < 100090, . o
1001 a 7

The larger of the two humbers is 1000

-4 v

’ !

ey
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: X =e

_ . " 3. 0 3.
: x -)e3x; A(O,eo), B(h,eSh). Slope of AB = 2 o = ® &= L
. X -0 h
— - : 311
h 3| &M M|t
Y b .
20 | .60 | 18221 | 0.8221 | 4.m
A5, | .45 | 1.5683 | 0.5683 | 3.789
-10 | .30 | 1.3499. | 0.3499 | 3.k99
oA 205w | .5 | 1.1618 | 0.1618 | 3.2k .
0L | .03 | 1.0305 [76.0305 [*3.05 |
.006 | .02 |"1.0202 | 0.0202 | 3.03 4 ' °
. ‘ L /2 0 -n/2 -
fo. £:x-6% 40,8, B3, ) - =1
_ : ] - . .
h/2
h h/2 h/2 e’ -1
i R R N e
J = y : ,
.50 | .25 | 1.28%0 | 0.28407 | 0.568 /
| .s0 { .20 | 1.2214 | 0.221k | 0.553 -
) .30 | .15 | 1.1618 | 0.1618 | 0.539
.20 | A0 | 1.1052 | 0.1052 0.526
.10 | .05 | 1.0513.| 0.0513 | 0.513
» .06 | .03 | 1.0305 | 070305 | 0.509 ’
~02 | .01 | 1.0101] 0.0101 | 0.505 44 N
N Ee et ,
' : ) .. <2h 0 _-2n
Oy L -2 LI -
"X 200,¢0); ‘Blh,e™ ).  n(aB) = & — 0‘? = & 1
N -2h )
.k on| eEM ey | e =L
20 | .40 | 0.6703 | -0:3297 | -1.649 \
25 | .30 ] 0.7408 | -0.25927] -1.726 '
.10 .} .20 | 0.8187 |--0.1813 | -1.813
.05 + .10 | 0.9048 | --0.0952 | -1.90
.02 | =Oh | 0.9608 | -0.0392 [ -1.96
~01 | .02 | 0.9802+| -0.0098 | -1.98
005 | .o | 0.9901 | -0.0099°| ‘1.98" 4
."!' * . w " ’
v L
1Y L Y :
293 ‘,i
t4 ‘
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x
£:x-8:

’

Lm,f}xqg&

.

A(0,8%, B(h,8%.

«

v

h o 53k . ¥

4 , 8h - % - h o

TR I e RS 23hn_ -
.20 .60 | 1.51572 0.51572 2.5786
.15 NG 1.'366oh 0.36604 2.4403
10e | .30 | 1.2311h4 *23114 | 2.311k
.05 15 | 1.10957 0.10957 2.191 -
0L | .03 | 1.02101 0.02101 2.100
006 | 02 | 1.01396 *| 0.01396 -] '2.09%
.0006| .002 | 1.0013865 | 0.0013865 | 2.07972
-.20 {-.60 [+0.64302 -.35698 . 1.7849
-15 (-4 0.7320k -.26796 1.3398
-.10 }-.30 Y 0.81225 ~.18775 1.8775
~.05 |-.15 | 0.90125 -.09875 1.975
-01 |-.03 | 0.970h2 - | -.00058 | 2.058
-.ooé.‘ -.02 | 0.98623 1|"-.001377 | 2.065
'2.0006]-.002 | 0.9986147 -.061385§ 2.07798

[4

’

From this table where h approaches zero from the right, and also
'from the left, ve see that -~

as

or as

. .123h -1
. h -0, 2.07798 <2< 2.01972
. 3h
2.078 < 2 = 142 5,080.
% . 7
] .
. & P
. 204
Y '
{ S

¢

. T,
CIaN b

_ #&2?{3’.‘




2.

3.
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(Seq graph.

N ’ Solutions Exerc
v :

(8) m=etz 0.36788

() m,= 00 1.6487

(¢) m= e°:7 < @.0138

3 ~
- ¢ /

(8) y=e

(&) y=eT(x- 1)+
(@) y=x+1
() y= el:s(x

x+ 1) + e

eo's(x - .5) +e2? -

/-

ises £-2
(a)/m;;

(¢) m=

L é-l(x +2)
eo's(x ; .5)
eo.’{.{.eo.‘?(x v 3)

]

(c) Point</(-3,h)

(@) The slope of L, _és
(e) Point (-r,s) on ™I

L

The slope of L. is

2

o

-m.

295 .
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-3 -2 1 0 1 2 3 b
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corresponds: to point (r,s)\ on Ll'
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This ‘exercise is starred- because-of the time needed to complete it.
The figure should be shown to the class -even if the ‘exercise is not
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(b) Each point has coordinates (-x, e ). .
. " {c) The slope of each line drawn in 7(2) is the negative of the slope
: } of the corresponding lime drawn in 6(b). 1~
. . B - wh
7' — 7.; (a) See Number 2 for the graph of f : x - e*. The graph of | '
a | gt x >e* may be obtained by reflecting the graph of f
b . in the y-axis.‘ =
* | ' M > 1
i () Slope of 5ran of f Slope of graph of & et
. at X = 0 X ‘ 21
+ o
o= at x = +k &z 2.72 - gz -0.37
N at x=-1  =|%0.37 n -ez -2.72 3
. ) o el
S 7+ (¢) At x=h the glope of the ggaph Of g : X 87 s
F < ;'“: et -. . * -
. © -h'
' -e " = -g(n).
. , ‘ -
‘ 3 , ) . - )
: . -~ - K ~ I i

g

. Q - - )
"ERIC . Il .18 i
A~ B \ .

_ _ ~_ - - N N -

LIS

-~



N

- ~
. "' Solutions Exercises 63
1( \4» ‘. . . “
. > 1 A= pet - 1000 ef103)(18) _ o0 (054 -
O5k 1.7160 -
A =, 1000(1. 7160) Y716 .
Mr. 'Ibffey will have approximately ‘$1,716 for Jack's education on , -
g . Jack? /éighteenth birthday. (Perhaps he'can apply for ar scholarship.)
' . * -
2. N 'A = Pert : ' g .
*iFor r = .03 we require that ' A = 2P.
/ "
b =»Peo.03t ) X
- B ’l *
PY eO.PC)3t. \*’
- .“69@ & .
/é = ‘\%{ » I: l ‘ M y .
TP S P B .
- «". ‘ N ’ ’ %
. - / .03t =..693 :, ' . P
. - . v ‘o A . : *
+ ‘" 3 RPN ) §
" tz 23,.} - x A ) .
/- it takes approximately 23 vyears. . '
3. Jack -Toffey will be 23 y,eé?'s old. ’
L. e could use a table of natural 1ogar1thms bu’t we shall use 2 0.693
; jas-we did. in Number 2. .- ‘
. . .
/ (a) r = 0.06% -
op = Peo.oét . \
- 4o eo 06t _ oo 0693 o ‘
t % 11.5 '
The time req'uired is dpproximately 12 yearss
N/ . . % "ﬂ‘:ﬁw\ - '
¥ L e - - -
SN = : Ny
- / v & v i -
< ) ! ! > 1 ’ s . e
%= o d
. . '
4 P ‘ \\
. 298. ‘
\) . N 3 3 1 9 .
/ERIC T
-




j. (_a) 'If the number T in‘@erest periods were n ' we would have for the

N . principal at’ the end of one yéar | , ) .
‘ . - . - ° . h 2
- e Sy . .

'

- o * where RO is the initial deposit. The principal at the “end of a .
o year on the bqsis Qf continuous compoundmg is . Sy
. s N “ %,
. . 1. - N . -
4 M . o " . p Oh85z an . -
. o , P = 11m P ‘= PO[ lig (1% ) (z = 76E8§) )
~ . P B ) AR ] .. . .
\ ? : e .0485 . ’
- . T ’ ¢ . l -
- ~ . =B Tim (1 4 —) L
° * » 2~ 0 . .
”, R . ;4' . . ‘- .
. Ve = p .048s5

, 0y "3
(1 + .0k85 +,( '02?5) + ('013“?5) +oaea).

N

4 To three “terms we have

~

Pr="Py(1. oh97), . oo
~ B g Y% . - .
equivalent to simple interest’ of L\.97%.

. . . . .

. ! s .
0 5 ) . b -
{(b) In x yeers, the pnin)cipal accumulated is Poe o 85x' We- réquire
! ].og 2 0.693 \ : ) :
P= 21?0, hence X = W :3@— T .3.. It takes .ap?rogirggtely )
A . . -
M‘%"'f’ ., 14 . years. A v_ ) ‘ -, .
[4 : - _‘ \ ~
+6. Since P =180 nd P - 760, 180 = 7606 0 R ang N
: -O L1bkn }%g % 0.237. From the Tables we see that 0.237 % e-l'hs; L0
N . 7 ] ‘ . . )
. hence ~0.11kknh = -1.45, and h = 12.7. Thus the height is about 12.7
—— kflémef};ers. P . ) ~ )
. N Wt ' -
% . ]
= Qoe-0:12n 50 that -;- = 670120 aince 0.5 = e-0.69)
’ ) ] . R -

24

-0.69 and n=z5 %

L}

The requited time is about 5%— ;- days.

/
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\‘ - ‘./V"_- ~ ‘ ‘o
. . ! :.‘ N ‘ ‘ ~ .
I(f‘)’ = lfoe-mt = %IO’ 50 ‘c:hat; ek :.% d i » ; . L

Hence,” 10 feet be‘low‘the surface the intensity ig gI

: . o’ .
[4s any 8lternative method, we note that . ’ 0
. .. . . . o }/ . .
2 _I(5) _I(5+5)' 1(10) " p)
37 I(0) T I(o+s8) I35y - .
It follows that ’ .
' e . \‘
' » -BNES oo 2 2\2 7 )
]) = = K = - 5) = (= .
I(,_’) $uIo. and 1(10) = § I(\:) (37141
> - €
I I(x) = %‘~Ib’ %: &%, Frod above, ek o % = e-o'ho,, so that
©k x 0:08, _Thus %—0.08165 0.5 = ¢ 070 and x = 8,75; hence .at depth ~
. of sbout 83 geet tnd intensity is : 1,
; . o . . .
o e - \ ? T
N L - / . J
t . . - . J : e v .
. A PR
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. »
L} ~ A 1
. - S
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RS . . Solutions Exercises &= - .

Z . M

(a) 1og (1.96) = 1og (1.2 2 185; (1 8) = 2(&,3365) = 0.6730

(b) -1og (2.03) = 1os (2. 9)(0 7).z log (2. 9) +1og, (o 7) =(1, 06&1) 4- 3567)

=0.7080

N

(e) T1) ~Tog, (0.52) = log( ) ’ .

(1) log, (0. 52) =log, ( )

, =log, (5 2) -1og, (10) -(1 6187) -(2 3026) = ’-o '6;'3 .

(@) 1og (0w} = 1og 5— 5108, (5 2). -2 1og (10) -(1 6h87)-(u 6052)
1
: o ‘ = 22.9565 -
(e) 1og (_m:_) - M_(LP) = log, (%) +1og, (_.1_5),

39,000,000 e (Bo)(a0) L 39 10

LSee No. 1(e)(i) and No: J.(d) ] —'+o 6539 - 4.6052 = -3.9513

/

{ v

(a) log, 5 = — 1og 2= —(o 6931) %0.3466. ¥2 1. 41 *~
(b) 1log, 3/7—1 = g[loge(’?.l) +1'oge(1o)] = M 1. 4209.

¢

-

=log, (3 9) 108,(1.5) -(1?3610) -(2 01h9) -0- 653

. Y 3T s uL

. () 10g,(9.1)2/3

4a) log, (106)%/2 .2 1og 10 S .
: J R -
1og€[1og (100)1/ eJ log 2 - 1og e +1bg, [1og 10] LAY
VR " x.6931 - 14»1og (2 3026)
P C R L.6931=d+ 83!;0 >
®.5271 ! '
“ ;S
1og (100)1/63 % 1. 69u and (100)1/e % 5.uh )“* =
L . ( -~
or alternatelx:‘- T
10'5;8(1,630)1/e = 2(e™h) log, 10
= 2(.3679)(2.3026)
. = 1.600
e (100 = 5 : ,; .
. . ” .
[ 4 ‘
30 42
5 ~. [ - " \.”;‘;“ e

%:L_oge(9.1) % g(egﬂ P i.u\m ( @1)2/3 % 4.36 o

Y

-
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4

6-h

3.

1

.

Loée X = lgge c + %(x - ¢ ) - '
Ig‘a}lq?éfts of this problem=c¢ = 2, % = 0.5, and log, 2 = .6931,

(a) log(2.0I] = .6931 + (.5)(.01) ! X = 2.0
— . = 6931 + .005 . ’ x - ¢ = 0.01
e 6oy - | ) .

() 1log (1.96) %6931 + (.5)(-.0) x=1.96

T 77 = 6931 - .020 o ‘ x -c= -0k
: "& 6731 . - ’
"Te) J10g (2.03) ¥ .6931 T (.5)¢.03) . x = 2.03
= L6931 + .015 x=-c= .03
L% L7081 ,
- \. 0y
(4) log (1.94) = .6931 # (.5)(-.06) % : x = 1,94
- . % 16931 - .030 , : x < ¢ = -.06
® o=z L6631 . .
) o 3
(a) Use result of Number 3(a} to find (2.01) .
log (2.oi)5/§ = % 1eé(2.d1) = %(.6981) & 1.1635 ‘:._~(2.015?/3 x 3.20
(b) Use result of Number é(b)-tg\find 641.93 4
Log6J1.98 =% log(1.96) = %(.6731) 1122 6/1.96 % 1,12

For some x close to c, we have by (5)°

’

(€) - Use result of Number 3(c) to find (2.03)‘§ }

-

mgawV{:(ﬁn&@AB)bLs(ﬁwn:(Jewa.

. . e \(1.1) v
(d) Use result: of Number 3(d) to find £1.9%4) ] _
'1os<A/ss?l+’)(lﬁl) = (1.1)1og(1.9%) & (1.1)(.6631) % 7294~
\ ' S (ot 2.7
‘ oy - N
AN - t -
3 ’ \. * s leds
s ’ By
Y \
. e 1 .
¥,
-302
- 23 -

(2.03)°% % 1.53

N
~
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N :

© 5. (a) (.‘i) When y—O log 3x=2) ‘and 3x N

. et . q
. . Therefore the x- in‘hercept is at the pomt (30
) {11) mge.e_x_ =0, and 2x = 1. .. x-mtercept: (E ,0) .
S (111) :Loge x =0, and x = 1. Co x-interéept.,: (1,0)
(iv) log, % =0, and x = 2. . x-intercept: (2,0)
5 o P ° . B &
.o t (v) gége % =08, and x_'= 3. S. x-intercept: £3,0) .
. ‘ - X _ . - ! . . ’ .
. (vi)‘ 1%6 p =0 and x-= b, .»  x-intercept: (4,9) S
i i 1 ‘
(b) (1) 1If log kx =0, then kx =1, ‘and x = g
A 'Since(k >1, then 'x+is in'the interval O < x-< 1.
o AN 2 e Dy
(11) lim %= lm L-0., " . o= \
. kDo k = c @ .
7 -, . B L -
o (¢) (1) It log %— 0, then %: 1, and, x =k. . ,
&ince k>1 “then x > 1. . . s
,»‘g , (11) lifn x = lim k ='«. T . . ) i -
- k = » k 9o ¢ N
3 d . i K ‘
.. 6. (a) Find the differegce {positive) between each logarithm. ’o
. (i) log_2x +log, x = log e log .2 = log (X J: l) - .
-~ e 3 (3 e X /9’2 e 17, .
- - X _ 3. L
. (i1) log, 3x - log, 2x-= log, 5. = log, 5 = log, (1 + 2) . .
i ' - bx h ~1
— 4 , (111) log, ¥x - log, 3% = log e T " l.oge).3 = log, 1+ -3-) ‘
P 4 *
< (iv) log, (k+1)x-logkx lgk;1=loge(1+%),
" /(b). lim {loge(k +L)x = log (k)] =7 1im log, (1 + —) ->10g 1=0 .
K - ® k Yo . co
7. (a) (Similar to No. 6.) Find tﬁe difference (positlve) between each
f ' . logarithm. , , ! R
' ] . ‘ . X 1 ! .. . . .
. ‘ (i% x - log, 3 = log 2
. X X _ 5 3
‘ (11) log, 5 - log, 3= log, 3 - - . .
* X, X ¢ i
. _(111) log, 3 - log, § = lo'ge 3 . .
X X k +1 .
(iv) log, % log, % 1 log, =% . :
' @ ' . : f\ e
' (b)) 1im [log, ( - log_ (+57)] = lim log (*4-3) -
. ¢ koe "psk oo, <7 ’ ' '
' h 4 - 3
., . = 1lim log(1+-)->log 1=0
A . k9w
2 « 303 .
Q e : O , '
ERIC . o 44
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\ N - :
(a) -(1) If £ :x - log, 2x, then f : x™
. . L
) It follows that f' : x -1
o X
(1)  Since log, g log x - log, 2, , f*
2 - =, €
(1i1) Since 1og 3x = log, 3+ log, x, '@ x -—)i—
) . -t ._' . ) }_ -
(iv) Smce‘ log 3 1oge X loge‘B, f. Px o - e
4v) . Since log, kx = log k + log, x, £t ox -—».%(- k(constant) > 0 -
{vi) Since . 105;e % = lege X - loge k, f' :x -—)3‘-; k(constant) >0 -
(o) ft(e) :% for each of the curves in part €a) aboves. . PR
' |
(c¢) (i) i(e) = loge 2e .. The coordinates are (e,lqge2e) or
. / ' i
/ 1 3 . (e, 1+ log 2)
(i1) //f‘(e) = log, -Z— . .. The coordinates are (e,log, g tor —_
. i (e ,1 - log 2)
. . e, e
111) f£(e) = log " 3e The coordinates.ave '(ge,loge3e') or T
. ] . .0 (e ,1 + iogé3) .
(iy)z £(e) = 1086'% C Thé cvo‘ordinates‘ areié(e,loge %) or
(T (e ;1 - 10g,3)
(v) + fle) = ‘10"ge ke ' .. The ¥dbrdinates are (e,logeke) or
, . .
(e51 + logk) ~° -
(vi) (e) = log ” The cbordinates are (e,loge %)‘ or
L - ( g k)
- ~_ _ e,l - 1ogek . .
(1) y =1+ log 2+—(x-e)=i—x.‘+lpge2 B
1) -y o= : L. T .
(i1) - y =1 - log, 2 + —(x () =2 x - log, 2 . -
(ii1) y=’r]’.'+'logé3+gx-e)=§x+rloge3
: e 4 ’ 1 I - ! )
(iv) yrl-loge3+e(x-e)~ex log, 3%
T (v) 'y/—f’i-log k+l(x-e)=]¢x+logk' : -
FE . . e e
(vi) 'y =1 - log k+-—(x-e)=g;-x-logek ’ -
1 . - .;f
St ’ . ., B
LT 304 .




D : ) : 6-4
. ’ . . - - . N
(e) (1) “The tangents {(listed in Solution to No. 8(d) above) cross the -
) . y-axis At tlie following points, respectively. ' w .
‘ o . ' * . ¢
C - (1) 1ogq 2 ) ]
&/ (i) -1og, 42 og, o Lo v
C - 1 : . - S
1088 § T [
a R . . . o . /:- .
T - (111) log, 37 - | ‘
. . ( o . - LN
] (iv) log, "3 or ‘) )
. Lop "L . .
‘ 8e 3t
.- - .
. (v) log, k-
(vi) ~-log_ k or . .
é . e
. 1 - f} ) .
log, i - .
) .- " (ii) See part (d),”(v) and_(vi)s log, k and :loge k are :
‘ <7 symmetric with respect to the gqrigin. '
Kl g » . . .
® @

L}
Al .
(S ~ '
v [
'
L d
. ’
. !
- ’ !
4
-
<
-4
. -
¢ - 5 y=’2‘}(—& s )
‘ . -
. .
ot LY X
- ¥ 6 y=1log, 3 L 7

i Q ‘ .
. G"E MC'~* . i"" ) ) ) » . ' ' ) N

.
. SR, - . - !
. :
. . ., P . - PRI ..
L ot .o ~




. ; ' . - 2
9. (a) (1) " .D(10g x°) =D(2 log, x) ="% . ,
; ) 3y . 3 . .
. \ (ii). D(l@gexf) = D(3 l\oge X) = 2
R " , . s “’"1 i - _ -l— _‘ l rd
w , i (1i) D lo?g X = D(2.loge x) = = o ‘ L
PN . ¢ ~- 3 —' -]; _ _l_ * ! °
' (iv) D lo.ge »/3? = D(3 Hloge x) = o .
(1) D(log xP) = D(n log x) =‘£~ -
(11) D(log nv/_) = D(r log, x) = L : ' ' o ,
. " \Q
. - (11i1) D(logé(cx + d)n) = D[n loge(cx +d)] = cxni 3
) ) 1 -_,,‘ - 1 N
.(iv)' D log, ¥ = D(g log, X % -
4 - . : € 3 < . ®
10. (a) £(x) = log (5x:+ 1)° = 3 1og (5x + 1)
S _ 35 __15 o ,
: ) f'(x)_5x+].'"5x+l ) . s .

(v) fSX) = loge‘(hxz' C¥R) = loge(kxs/z) = loge““ + glOée x

T o ft(x) g- 2 -% . o : ,‘ K !

~(e), f(x) log x(]t - 2x) log, x + loge(l - 2x)

g . 1 2 1 - bx ' '
. ' - = - 2 . .
’ o f (x) = x 1-2x x(1-2x)- s .
' o . W
. A0, (@) £(x) = log, x2(3x - 1) = 2 log_ x + log (3x - 1) )
. 2 3 _~9x-2 .
1 = - L = - °
L (%) xf'3x-1 x(3x = 1) g .
* (e) f(x) log [log e’ = log, x . o .
1 z — . L4 4 X .
. f (X)’ - X, o . P ‘.
x ' LA
= in %y , .
(£) £(x) 1f>ge(s n3) L . .
1{x) = s c ° .
L f (x) = 0 since 1oge(f;1n 2) is a.c.onstalixt. ' .
. (g) £(x) = log, ; i }oge(Zx -1) - ].oge(2x +1) - .
. . ) fl(x) 2 . 2. 2(x+a -2x+1) __ b '
. y 1, 2x+'l" (2x -l)(2x+1) _hxej—l . e g

a

(n) £(x) = log, J * —[1qg (l * x) - log (1 5:)]

l
+

-1 1 - )
} = 2 - N B

, S f’(ex) = 2 I

x'—l-
o ..
: > - -
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t .
11, The equation of the tangent 1iné|is of the Forti- y‘ mx + b¢ Since the

line is tangent to the graph of f : X 1og x, its slope is

m = £1(x) = + for some value of x > O. Smce the line is reguired to
&pass though the origin we have b = 0. At the point of tangency we must
have y = -}]-;- *x+0=1, for x>0. If y =1 at the point of tan-

‘

-

gency then 1og x = 1; that is, x = el. Thus, m = fr(e) = P and
(we already Sald) b = O.

L} [4
. : S . 1
’é"erefore the equation of the ) . . y.= &%
only tangent to the graph of "
, ¥ =1og, x that passes 1 4= -———— | !
through the origin is ' ? I:
1
h y = l X e =
Y ¢ . .. T
. - y = £(x9) = 1oge- % ”
In Exanipl_e 6-ha we concluded that\the equation of the tangent was
- y =1+ l(x - e).
We can simpllfy thls to agree with the result of thls proaem'
. 3 .
y =1+ g X - 1. I
. - Lx
: . y =g ¥ )
’ -, !
/ )
v ) \. :,
« o ~
i
h ¢
h -
’, ~ ., ~
) N i ~L
14 ) LAY
? - ¢ ) Te
* ¢ 8
307 :
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N Solutions Exercises 6«5
3 '2 3
(a) ex=1+x+g—,.-+)3(—!- C '
2 3 .
(v) -exz-l-x-%?-‘a—!- )
* 2 L
(c)l-exz.x."___ﬁ_x
\ 2t V3T T LT
2 x}+ x6 /
(d) cos X-~l -2—!-+H-rgi- . ,
2 o6
(e) -cos x ='-1 + xéT - x! + x!
2 L 6

() l-cosxz_;(—!--m-+6?

f+rx=-2y=a +ax.+ax2+ax3+auxl*

ot % 2 3
(a) y=a9+alx |

(v) yéao+ax+ax2'

1 2 . .

i 2 3 -
(c) YR8 ¥ 8 X +ax +ax )
g: x-y =sinx : .
(&) y=x .
(b) y= x ; S
3
(¢) yax-3¢
F: x-y =cos x
(a) y=1 ' ‘
£
) y=l-3 - '
2 %

G:.x—gy:e i
(a) &= 1+x -
(b) ex,z 14+ x At2— )
2 3
x . X, X
(¢) e =1+x +\2! + 5 ‘
w
h
308

fr:
b

fr
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<7 - —
. 6. No. The function f : x - 1038\5 is not defined at x = O
( 2 . 3 o
7. POl 2y 4o0.00 (0.91) N (0.91) . .
2t 3 .
S 1.01 + 90005' + 0.000000167 , .
% 1.010050 - ) '
Y . -(O.OIL)n . . * s
, We needed to use only 3 terms, since Tt contains zero in the first
six places foz: n’z 3. . . -
-8, Ll a0 ‘ .
* Vs -
N %2 o (212 = q.00f . T
. * . eo-lﬁz_= (eO.l)h ~ 1’h908
3 *
. 087 (eo'l)8 % 2.2225 . . i :
) e = (,eo.e)(eo.B) % (1.2210)(2.2225) % 2.71h - : T
}
(2 3 n N
X X X . .
9. {a) pn(x)=1+x'+2—!-+3—!+...n—l:f. .
v * + <
2 - n-1 .
= 10 4 2X 43X nx
p;](x) = Ix~ + TYET et
': Since L3 =" 1 then ) '
A, k! (k - 1)!
-2 n-1
A - % X i '
t - —_— * .
:p(x)—1+);+2!+..+zn—_i-)—!. .
Y xn"n
i .=
pr(x) + 3 =g (%) S )
k- ¥ s
x® ‘ o
. ~ X . .
S 7 e ‘ >

’ n . n - ) )
(b) From (a) pr'](x)' = pn(x) - ch—, . Since i—, >0 if x >0 we have

.

] P;](X) < pn(x) for x > 0.

(c) p"f(x) < p‘n(x) for- x >0 -and f;(x) =f(x) for f :x —)ex;

- _»,(0) = £(0). ‘ . -

-

The intuitive geometric point is stressed in this problem. Observe

that bothagfun_ctions have, the same value at x = 0. But

* pt(x) < p(gc) % f(x) = f'.(x) thus p?(x) < £*(x). This means that f
R ' is rising more rapidly than p and p(x) < f£(x) for x > 0., (Use

. " 6-h-(h) with > si;ns if you wish ai'nlrore exacting approach.j . -
B o - - ' ) . . 309 30 . . :
ERIC . . .+ . . - | ( ~ ~
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, R e 3 ‘ .
10. (a) g(x) - py(x} = c - 1)

. \ 3
Since ¢ > 1 and 3, >0 if x >0 this gives
-~ . .
glx) - p3(x) >0'for x >0. o . .
] ""l 1 . 5 *
(b) e(x) =1+ 2—;,'—.+ 3;’,‘ =1+ —2"— so that ’
* ‘ N ‘ cx‘ l ¥ ex
) (x) - g(x) (1+Xi_f2-.—'(l+x’f§',_+—3-!—)
K ~ xe o )
‘ T R 1 e
’ v xe\ “ cx
\ : J ‘=§T((C'1) -'? . .

« Wwhich wilul‘be positive if x >0 and_ (¢'-1) - LN . that is

R ~- ; 3
c -1 . '

} \ - %< 33 ). -
N c
—py o .~ . _ .
. (¢) WYy 1If 0<2< 3(c—cl’l then
o o ' 2c <3¢ - 3

T s . nd . 3 <ec. .

The smallest integer value is c¢ = &,
- al .2 :
. (1i) f£(2) = ¢ = 73891 from tables. When ¢ =L
2 3 ¢
J 2 .2 4. 2”7
b . ‘ g(2) =1+ T+ 5r+ = \
. = 1 + 2404 16
. 3
= - ~ ‘ ) = 10.-3- - i
. . Thus “g(2) > £(2)a - - i - -
jf'*_ —e = {d) We will appeal‘-to an intuitive argument. Since £(0) = g(0), _the
( . two functions have the same initial values when x 1is close enough
to zero, or as x = 0%, g(x) = £(x). We find that £1(x) 1is equal
3 to f(x); the slope and the functi‘on.bave' the samevnumerical values
, for a given X, But [g Qc) > g(x) when x > 0; -from part (b).

'I‘hus' gt(x) >g(x) f(x) = £'(x) and g'(?f) > £1(x) near x = O.

N Graphically, g{x) and f(x) start out the same_near zero. Very
P ' quickly g(x) has a steeper slope than £(x) - which leads us to -
. the conclusion that g(x) > f(x) for 0 <x. <,3(cc_-l) .
i ; ¢ h
EOR 3 ‘ . j
. . o B

. ' T~ 1
. Q x 3 %1
- Y - - . -
,Emc . U |
‘« rllmrm«u ERiC - i - e I N

TN ’ . I3

g




yad

AW s g sy

, '{ - Y 6"5
. -~ . - 1 g - ! .
- S T X g >0 was ) roved in Number 9. Calcula-
1. The fact thgt p(x) < e for X p
/. tion gives - - v oo
) . — I A
- - ‘ L2 n-1 - v
’ . 0y _ o4 .0, 23X cn X -
P VR RS- i SRR .
‘ e o x2 cxn-l ' . N )
. S14x 4 ET o ey .o AN
e \
A so that . :
e l il cx -
RSP - - - - X
' g0 weld = (e -V - % T
: T L < ey -
. =in-1i!(c-1-_ﬁ-)'
g T ; ‘ c -1
. which will be pesitive for 0 < x < n( S ). Arguing as in Number 10(d)
N Ve have X < gn(x) in the stated *interval. ,
1 . M " - M
Vi * X g * n(c - 1 ‘
) ‘.Thus pn(x) <e < gn(x) if <) < x'< —_zc . L\
- . ]
: x2 s x c -1
12. .,pn(x)=1+x-+-2-—!-+...+ﬁ’<e <gn(x), O<x<n$ ) where
o, . . . .
L X . ex® . -
o T g(x) =1+ x+5p+ ...+ =5 . Subtract p (x) to obtain
. n 2t nt n
‘. : n
X : . _ (e -1)x
[0 - p (x) <@g (x) - p(x) = == L
Using (5) we ‘Have ‘
e®lx n+l ' . “’
. IR | < 7y 1 ~l#l < 2. = =
Replacing e2 by g and |x| "by 2 we have- Lot
/. v . Lot
. + o
Ir_| < x 2" L /\ ‘
n n+ 1)! 4 .
AR o , ‘ ’
) To 6bta}n two decimal place accuracy Wwe.need to know that o
- BEIES -t ‘ oo - ' ’ LA i
. - N . . g
' b
- IR | < .005 o
,'l J . ‘ . >y
- so iteis”enough; to choose the first # for which L
. 0+l {
9 x2 . '
s < .005 4
: in_+ b ‘5!.‘ ’
: that_is ’
. n#l - 7 <
PRI 2 .
- 7 s - = . o . v -
S CERVIR 00055. .. < .00064
‘ so it is enough’to choose- n so that - : Cot
. L 311 ’ '
\‘1 ‘,I’
2 ol
q »
ERIC :
L, @ ) v




S PRS- B S
CEIOE 160,000

\ «

) " 1: 5

0
. _ ) 27"5 . ol
. no=T: BT~ 5060

255 8 a
9! " 50M0x8x9 " 45,360 ,.

. : 20  1xz2 2 g -
J 107 ~ 15,360 x 10 = 153,600 ° . -,

P L 6-5 - : ]
6. 2 2 1 ‘ .

«

so n=9 will work! ) ' .

14. We have ~
0.5,1yn+1"
22"

lynbl ]
2(5)
|Rnl STmFDT < meL ir |x| <0.5.

»
-,

e - It is enough to choose n so that = < . . ;
, b

- > -1
< +00005 = 755°566 = 30,000

. T 1 ' )
. : h‘192x5.x2§{920 -
» 51 2 Y .\ ’, i . .
1 1 1 ._¥ . ‘
g1 20 1920 X 6 x 2 = 23,0k0 " 205000

. . ! i

S

n
\n,
i .. t

so we choose n=5. \ - 7 - .
* *
15. - We have .

0.001; 1 \n+l .
e (===

1000
IR, < o+ 1) it |x| <0.001

with*n =1 and using e0.00ll < 2 we have

i . i

Y

) ,
2><_]2.'00_0__ = 10'6 <5 x'10'6 B
. ) - \ .

et l ' 'IRn‘ _<.

FRIC *- o« '. L
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- [ S
,/4 ¢ ‘“ \) 6-5 . -
: $80-corréct t9g 5 decimal places
0-001" _ ) 4 0.000 = 1.00100 '
<0.001 _ 3 . 0.000 = .99900 .
. u . * o . x
i 2 3 5
: 1'+x+32c—,+%-+x'+§-'-+r(5
| c M6 N '
|
. Pt IRy < L x| <M. - RN
| > ) .
l )
b . 5 .-
- ll .ecx-ﬁf],+cx+£-;—’;z—+...+£%¥l-+a5
| » ]
'l where ) - : /
'  Mex 6-
! IRyl < Sl e o] <m.
\
«‘Jk . ! < '
.l 2 y 6 8
(b).ele+x2+22‘_+.§_!+x,+R
‘ : )
where : . ’ é@ -
‘ eMx ‘ ; ’
» IR| < 51— if |x|] <M *
/o - \ o ‘
L 7. (a)re =1+ ke R, ~where |R1| < J%— ir x| <1 .
) / e 2 \ ‘ Jil‘ -
- ;- e’ =1-x +Ry, |R1|_<_ S - i 1] <1
. T2
/ 1 o8 1_e‘x =‘;¢2-Rl . S
o . . 3 . . LN
. , & sin x = x + R, wh?re Ir,| < -%!— ‘
. co =2 3. 2 - .
o C v so ﬁl;-ex)sinx__:x - XR) + xR, - RiR, /
: b 3 3 ,
S ¥ } ‘ X X

which apprbaches 1l since

. 5 £ ,
-xR1+x2R2-R1R2| l’%—+h‘4.5_+.|£|1‘. .

x ,|




O

- ERIC

/
1

4 Since

v

.
Cos X =

=1+X+R1,

! [

so that

»

2 'x.
coS X = € cos X - e

£ |x|'»0 as

() T 3 //:\

_wé have

- sin x

.

‘Yod may wish the students to use error estimates to prove this

(a) and b7) R
Xl)

Zas in
=e(l -e

e’ ® 1L +x so

sO*

/féu may wish-the students to use error estimates as in Number 11(a)," (b).
\

-1,

the correct

X ha e (x-1)

N e

result is

and hence

e(x - 1) _

x -1

1lim a1

x -1

)
-

x - 0.

0.

we

-e,

x VL ..,

)
e - €

= -2,

.
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~4 C : b 6e6
. . Solutions Exekcises 6-6 N /4 '
. . ) ‘ g . > e ' .
1. (e)s £ : x —)2x3/2
i £1: x - 332 i .
3 () £:x-8 -6.x1/2
- o ' J
) fl X = _3§-3/2 3 - - 7
: N - 1
L. oo ‘
< (o) £ :x—>5:x2/5 X . : A EE »*%ﬂ»
, .« . 3/5 £ ' - u' . P T, 1!81.::\‘ T
¢ . f1: x> x-‘- = N 1 ,
- e - . JER %
> AN ( /l A N
Q) £ x-St \O \
T . J ‘
‘ o .
1 1 1 1 .
“\. f!: X - — ¢ . = . .-
A 0" /10 " 3716 T [ TIA0 o716 ‘
\ . (e) ¥iox o Px . ' P
. X . P
\ ; £ % >.2 - %(2 y-v2 1 g
. ‘ -/'2_; -
: () £ :x- L =2 -2/3 ~
‘0 %éxg ‘
i fi: x—)'ﬁgxé/3 ,-—h ‘ [
’ 3
3x 3/:? .
% ° h8 .
! (g) £ :x —’% v SL = 2_1(2x)_l/2
x - H
L

fi: x -2

fre x> 1 ‘
b|x|v/2x R :
(n) £ x—>2o(3?")'7 - )

S . £l X lh(%)(s?x)(- 3) o

‘ . Ed

' e ern s b2 (03) .

f1 x—)?(Sx . "
3
’ (1) ¢ x—>2—/-£=f2. -1/6 .

/2x o

' /7

. N . £1 x—’%—ég-T/s— -1 (3
. ! 392 |x| Vx :
‘ S b o1 _§F 1 g

’ L (,j) f,’.x—’g ;-gx .

l& :2 —1} ' / k3
£1: x> - 2% = =
) 3 . 3x2 r ‘/ f‘ ‘
. SEREE )
35 .

e



2.

.1:{.-‘ .

£l

1]

£ i3 defined, respectively, for the'follow‘ing values of x:

(1) 7

£(2) =

1

1011710 29710

—ft(?) = _ (3)( )

4

3

(@ x20 (£) x4 o .
(b) x>0 ' (g) x>0
(¢} - M1 x (h) ’EZO g
(@) x>0 (1)- x >0 )
(e) x>0 (3) x ;4 0 "
£ "is defined, respectively, for the following values of x:
(a) x20 o (£) x£0 s e
(v) x>0, () x>0 7,
(¢) x #£.0 (h) x >0
(@) x>0 (1) x>0 .
(e) x>0 ' (3) x#o0
(a) se*(x) =k3xih () £'(x) = —=—
- 2%
£} =3 f £11) = L
£1(2) = 32 1’5
f’(2) = ~2- J]
. § , » N
(b) £'(x) = —3a (£) £(x) =
S e
£1(2) = —2 o) - 4 o
2‘/5 - ! B 3 2%5 65./5
() £1(x) = = (&) £(x) = —X
| .3 - b|x|/2x
— 1) =1 £1(1) = ==
., 1 ! W2 .
B @-F
(@) £r(x) = W (n) , f}( ) __’*’_t?_*(ﬁ (.3) \
1 (1) = h2) ﬂ) 3) L lu(i)( 7




3 .
(1) = - A " py-
' 3/2 o
£1(2) = ) SN £1(2) =
: . 6/ o 63 -
5. (a), (c), {d), (e),é(h)

6a (sa)

-

¢

7. (a) D¢x+1-n(x+11/2=§x+1)'1./2=1_

' ., 2+

) ¥ =T - D(x - /3 - - w2/3 .

(x + 2)
(@) Dﬁ Mﬁ ’172 (- b3 &
‘ X

() vE /g Zoolx+ D2 o L v

o3 ¥x - w?
- (c) D*—1——3 = D(x + 2)73 =’-3(:':.+ 2)'h = —;LF

(x +2)

1

'

e B
5 —_—

o ) 2
1 ! .
/ - = é
: 2x + 3 /2x + 3 .
T R ,
» H
L D/)(?i”/(x-’{ﬂ%n)”’(x”) M2 - Dix v )3
l');‘ ‘ -1 " . /” - =] . >
- - . 2V(x + 1)3 ”,
e /
* . (g D—y—=p—2 =2 p(x g -1/2 ¢
. Yex + @ i /x + % ¥y ‘ ) ‘
wdaie s 4w s N .
=';—'(‘ Lix+ 7372 b :
‘ . . ¢ 2/ /(2+%)3 y |
! e " -b = b _ -be
o = =
, o/e (ex + )3 - °3 (ex + a)3  2/(ex + )3
v 3 c ] .
! C
|
L . S
1 7
Y : .
/ 0 J




| . - ~ ' A
. 6d ‘ i A
PR A . ‘ .
. .8. The respective functionsfaye defined... ) > e’ -
* v <+
) (a) for all x > 1 . .
(b) for all x
(¢) for all x # -2 . . . . f
(@) for all x >0 - . ) LW
‘ () for all x> - %
. /
. (f) for all x >1 - v
v d ~.f
(g) for all x > - )
9. The respective derivat{ves are defined... . .
(a) for all x > -1 .
N (b) for all x %4 .
(¢) for a1l x # -2
(@) for all x >0 - . - ‘ .
*(e) férall x> - % ) , / T
In ’ . . . .
: (f) . for all x & -1 - -
(g) forall x>-< -, .
. 7 c . .
M /‘\\
L . \
-, 100 £ 2 x=2(1 - x)l/e‘ . ,
M ) - : ' . < -
(a) f' : x = L .
. N Y1~ x ’ ¢ :
. 1 v
. = - = .
, f*.,°( 8). =3 . ) o ‘§
l ~
. £1(-3) = - 5. : T s
¥ .Neither f nor f' is defined at x = 2, <
(t;) .f isrthe pos}tive.bx‘a.nch'of’ a, parabola which would have’ the
- equétion: y2 =1-x%., .. f {is defined for x <1l. .
Lo (¢) f' 1is defined for x#< 1. . .
*(d) Since, f? is always negative, the function is decreasing for = < 1.
‘ Since f?* 1is never positive, the function is never increasing. '
. (e) £'(0) = -1. If x =0, £(0) = 2. Therefore the equation of the
: b tangent to the curve at’ x =0 1is y = -x + 2, a R
i ) ) < * ‘ h e
O 39 318 N \ : ’
NS K ’ . » 3 K (e ]




/f:‘f
%,‘ .
8
2
N
7]
o
'
. o 3 -‘
a + + + + o < + + X
. -3 -2 -1 " | 1,0 V,O) -
11, Given f : x = 3v/x_2 ,
(a) £7: x —»—— ’ : ;
. 3,/'*
(v) ‘When f' <0, x<0, and f 1is decreasing. s
- . )
-¥ When f' >0, x >0, and f 1is increasing. s e
. The endpoint of the interval, x = O, can be considerezf\as part
v of either or neither interval, as you see fit.
. N 2
(c) £(1) =25 (1) =3 .o
. Equation of - tangent at (1 1) y = g(x -1) +1 or y= % + %x
. .
’ 2 8
| I T .e. . = - = = - =
. (a) ]E,et‘f = }, i.e 5\ 1. % 35 % 5
i © 8, b
£(- 5;{- =3 Therefore the coordinates of the point on the curve
L " Where, the slope is -1 are 27 9), the equatidn.of thes )
= ) - 8 4 ek ‘ .
. tangent line is y ™= -(x + 27) tg OT-Y =gz X % ‘
(e) Yes, it is a vertical line with the slope undefined. The equation
is x = 0,
% ﬁgg‘
<*
. . &
¢ »
. ) —

ERIC : W0 ~
‘ .' . - C, :

S N B PN -

>



> 3 i -
A ' . o . * v
6-6 ¥ - -
- 'i.. - , L]
%f) .
. 0 ¥
J L)
L] -
, . y =3h°
: 21
. T s . . )
s ‘ 1
. e o5,
o\ P , ‘ ﬁ“( . . ) o
[ ‘!12: Given:'f:.:x—bx--’-];- ] . IR W
3 : ' S 2 ':g
‘ + Ly
. ) ’ (a) f‘l :’ X -3 1 + _1?'? 5‘2—1 - 5 ’L»
T v T b3 &
. . ' d b4 N .
. i £* >0 .. 'The curve is increasing for all values for which it is
; s . defined; i.e., |x| >0. It is never decreasing since
S 4 . £% 1is never negative. :
: ~ .~ hd ’ . &
: . (b) As |x| increases, the ¢urve approaches y =
- . . 2 nl’ R :
. ()X 2L_5 afzy; x=2% g :
N o w N 2 N - 2 ?
k&.;\ s : v X . Y
. N . - . .
e i.e., at (-]2= " g-) and (- -]2; ,%), the slope is 5. Therefore
o0t " the equations of the tangents are .
v - ., . 4 . . '
e * = = g - .]; .. -3- Y ) = -]:- i
- . y = 5(x - 2) 5 and:_¥-5(x +_2) + 5
. ¢ K
- ‘. »
' *a [ —
‘ - - ' . ;
s ' i fi: “ ¢ b
L 7 - '4 1 . o, <
. * . ~
. ; 320 d
Y 4 ! :5 s ' L .
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x

* 1ot

. 2
13. p:\x—>1+m+§-!—.+

+

4

Here we anticipate the next section.
téach for this problem.

4
2 ‘_,:9
¢a) - p* : x->1+x,+)2'£,—+ cel ko=
. : 9.‘
- 2 8

X X
: X1 +x+ 3T * ooty

2 T
1314 X X
pitt:  x 91 +x +’§T + .0 + 57

Tt

y

&,
$ 3
{8




- 7 ] ;’.: -
oY
. R
; (v) p(0) %1
! ' 5
" p0) =
9 s S0} = 1.
; ) 1 0) =1°
i L2 .
(c), Thé student should guess that f' = f. .
-~ . ‘ -‘) ) " A - ) - , ‘2' \
. - ’ ’-S‘-n Vi
. . , ] ”
- oLt - Solutions Exercises 6-7 ’
1. We' have ‘
n+l .
1 - .
'’ |R'<n+;-n+1. . ' '
"1 5 1 : . )
& —_— =
. so T S %99 = 1566 = 500
. . i - -
" gives n + 1 >200, that is n > 199. Secondly
' - . . .
- - 1 ~10
. neL =2 X0 -
G - A ’
gives n+1>-;-x1010=2x109
- ' v o, . e
* so that n>2x10° - 1 =1,99,999,95%
(a rather large number).
. 2. W}‘th x = 0.2 we'have (from 9) )\ e
\ IR l xn+l 1
n' =n+ 1 n+l » *
5 “(n+ 1) ’
; 4 P so that f‘pr . . ' ) '
‘Zf ‘ v ! »
1 1 1
n-= 2 = === < = 0.005
: 200
53 % 3 375
] A &
Hence <[ , i ; *
log 1.2 =1 (1+0:2) = p,(0.2) S ‘
. og, 1. -.oge 2) = p,(0. !
- ¢ - ,
T - 2
. 4 = (O 2) - M .
é . s * ; .
' : =0.2 -0.02 "% -
. = 0.18 ) .
. ' which is correct to two places.
< . . ’ .o
L o - 43 s

[ i
PR A v ext Provided by ERIC :
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Rt

help in computation. . . .
‘ . ;go )2 0.81 ”
n_ = l, 'n + l = 2, (o.i?(z) = :2 :',4.05 > 0.05 5, ’.
i L 7 0.9)"  (0.81%  .es61
e . o m=3 n+ls b EEEyYcETL =4 L6 /-
: " T (090° (eseLf . e '~
B n= T, n+l= 8  rpxifeys 0Bl o 05, o
2 (0.9 (.4365)% L1901 . :

-

3. 1oée(o.1) s loge(l - 0.9) with x = -0.9.

This time we use (8) since -1 <x<O. . -

SRR E P | L
) .. nl =(1+x)(1+n +05- '

»

It might be helpful to allow each n + 1 to be a power of 2. This will

15, n+ 1 =16,

.

a3
i

.08~ 1.6~ 1.6 ~ 19
(0.9)3% _ (.19001)% _ .o1b16 _

‘ n= 31, n + 2. = 32, (0332 ~ 3.2 ~ 3.2 = 004

- Then certainly n = 31 is large enough. For a more precis€ n we

could uée logarithms in our computations.

1 .

. R.. = 0.0447 < 0.05 < 0088 = R,

21 o’

Thus n = 21 is®the smalllest n which is large enough:-

'

b (a) 1log, 3 =1log (1 +2) .
2 3 b .5 -
. o _2 .2 2 2
#p5(d) =2 -F 5 -F 3 . ..
L,8 16,32
A A T --
= 3% & 5.067 ’ ..
- o v .
. 6 -
L®) IR <G =10 / . .

/.
+ (c) ‘Tables give log_ 3% 1.0986

/
/ . A

T e

~
13




.. 30k 26 - )
(d) n\~--/6:/-].oge 3% - 2 -5,600 g

. 7 ,
-5.600 + 27 % 12.686

4

n=T: l.oge 3

. 28
12.686 - = -19.314,

g . S n=8; loge 3= ¢ .
: 9 )
. n=9: log 3% -19.3l4 + == 37.575 .
. . € ’ 9 #
(e¢) The’difference log, ¥3 - pn(g) oqcillates:in sign and its absolute
_ value approaches +» a{s_:v_h‘,-» ©. . T ‘ '
' A . log (1 + x) :
5. (a) 1oge (1L + x) = x if ‘x}k\is small,s0 ————— % 1 and hence
. limit is 1. A mc;re formal proof, using error estimates is as
. follows: -
) 7 r'd '
:#\» . < ) - 2
‘:):(f\. * ) X
% ' log (L +x)=x+ R where I8, | 5-—1-—1—1 5 it x| <1,
I} L ’ '
&k
so that . ’

, .
N L
% . , v

loge(l +x) R

'/\%6 —_—x =1 4+ —)-(— —_—] . 2
- ’ x =0
: Rl |x| |
since = 5‘1 e —0.
. T x =0 .
(v) _sin x ¥ x
. ) N x2 [ a , ?
) ‘ 1-codx if  |x| is small :
- =3 . e : v
? log (1#x) % x .
* . . . * /
so - R . e :
- . ) Pl ’ Fo- v . ?\‘ . ‘ <
3 (sin x)log (1 + x) <2 ) X
. . . lim T Z : ) = lim 5= = 2 ,,fv“} v ) e
s . x -0 cos X x>0 X 'J:,,/ﬁ, Ll '5‘ v
) 5 %’0

. ‘\ .
You may wish the students to use error estimates a/s/itn (a).

X
[} L]
, ’ " : ? s
. .
. A :v \,'
' . , S
- - ; i
N C e 32k ' %
. . 40 s 4 <
Q 7 - 1;:
ERIC* 7,
" e A

* . ‘




»
r

® . . v
6. With £ : x »/1+ x, we have

P £(0) =1, '(0) =%, £(0)2-F,
| - Q- B
13
7 (as in (10)), Also . S .
K * {7 . _ ——
' ’ £(#) P x - -i%(l*-;c) 7/2 .
s0 - :
5 . _,13922 (1 + x')-9/2
s
6 . . %&1‘2 (1 + x) B2,
Hence: .
[ : -
’ ' - o) = 2
i
so (using (12))
a, =1, a = i a, = - A a, = L
o~ v 2 2 g§r %3716
.0 T L2l
8y = 138 %% T35 % T T 102k
and .
ps(x) =1 +—>_(‘§’:8L-x2+%x3 - 15 xh +2; X
with
’ 6_ 21 6 . :
9 . |R5| < |a6|x = ook * If 0<xg<1l.
7. n= ke =TI N
Q“' zph(l)=1+.%'%+%'fgg"
: .
» s - A
with a ;nax‘imum error (from (13) with x = 1)
. o vl
: Y . Ir,| < '2':5(—6"< o.o28 {




O S
28718712

36

< 7537 % 0.0206. .

-

Each gives 2 = 1.4 . correct to one decimal place. More terms are

3

‘ needed to improve accuraey.

= T+ 0.1

x 2 o.L
p3(0.l) =1 >
Y

1+ 0.05 - 0.0012% + 0.0000625

1.8&88125

’
< 0 .

R.| < . (o.1)h = 0.00000390625.
31 =12

. A\
correct to five decimal places 1.1 = 1.04881.
J1.1 J1 + 0.1

' ”/ [ 2. 3 _h
% p,(0.1) 2+ Qéi _‘(Q%Sﬂ . (Oié) "5(8§§)

-

-~

1.0488125 - 0.00000350625

1.oh88p859375 o

IRh| < 5%3 (0.1)° <.0.0000003.

1 - 0. / -
'? > N

p,(0.5) = 1+ (<52) -

-

. J I3
(-0.5)° , '(-0.5)3
8 . 16 °

¥ 0.7085
which agrees with

lfg ~ 0.707

-

in the first,two decimal places.

~
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v,

v

and

. ERIC

B A i Tox: Provided by ERIC

—~
o
~
—
-
Q
(o]
»
>
143
Pt
]
n

EEN

\ 1+ x21 +

L .

lo.g:‘g (1‘+ W= x
.'sol\ . ' . )
. - . ,

. s X
’ cogx-ﬁ_+_X~(1‘§2_)-(l+§)_

]}Qée(l + x) X -

-1

if [xl is small

E

ol
1

)%

r

and hence'the 1imit is —= . Again you may wish a more vigorous

2
disucssion using error estimates to establ}sh -

. .
cosx-¢l+x_)_l loge(l+x)
- . X 2 X

—_
(=2
~
(4]
*®
143
Pt
+
=
L]

—_
1]
porn
=]
tal
~
n
u
b

2
KL /1 + x2 L1
° . - N o2
(sinx) -

(a)- Put f : x - (1 + x)l/3. Calgulate (using (1))«

’ £r o x—»%(l +;x)"‘2//3
’ "L, x o - g(l +°X)_§/3

<

et Ly -?%2(1 + )8/3

Tt so trat @B w .
. e '
£(Q) = 1, £1(0) = }3_’ £1(0) = - %, £11(0)

ﬁ ¥ ' " '
o,(x) = 2a) + £rfohx + 0L 2 ¢ £ 3
- l ‘» l 2 - ”

o omresaegfegad,
327

ang ————— =1,




Put £:xo(1+ x)5/3_‘

5

f" : x'—ég-(l + x)2/3
£ 0 ox —-)‘1%(1,+ x)'l/3

4L x*-%(l+x)_h/3 © 4

Hence N

~

£(0) ‘ 1, £1(0) = %, f"(o";- }99., £m(0) = - }291_

py(x) =1+ 3.

-

[N
.y




Teacher's Commentary
> -
Chapter 7

AREA AND THE INTEGRAL

. . . Our approach is intuitive .as we discuss the follewing topics infChapter
. , ;
»
7-1, Area Undgqr a Graph
T-2. The Area Theorem'
7-3. The Fundamental Theorem of Calculus
7-4. Properties of Integrals

. » !
7-5. Signed Area -

7-6. Integration Formulas

{

4

Extension and a more analytical approach to the ideas discpssed in
Chapter 7 can be found in the following sections of.the appéendices:

A5-2. Evaluation of an Area

A3-2. Sums and Sum.Notation N M
A5-3. Integration by Summation Techriiques
A5-4, The Concept of Integral. " Integrals of Monotone Functions
A5-5. Elementary Properties of Integrals .
.A8-1; Existence of Integrals - ) b
A8-2, The Integral of a Continuous Function
A9-1. The Logarithm as Integral >

A3-2. The Exponential Functions LA

»

The following discussion may, be helpful to some students/ as they study @
Sectiop 7-4 and/or in anticipation -of Section 9-5.. ¢ 'k\/ o "

o o

© s X : @ ’ .
One is tempted to writ f(x)dx Spbr £he req&&gelovz the graph of f

a ST
\

" and sbove the segment AB (see figure).. : *
.In fact, this 1s often doneux The

+’aifficulty is.that then x ‘stands
) for two aiferent things a8 we, have

v

.

-

shown:,
A d

(1) the abscissa of the right
" end B of the interval;

the abscissa of a point like
¢ within the intervel.

Aruitoxt provided by Eic:
.




1 . )

. | S ) s
‘This is confusing. Consequently, it is wise to use a different letter (Bay t). ¢
*for one or the other of these abscissas, - )

= o. It is customary to keep x for.the end of the interval and to change the
¥ variable under the integrp) sign to t, say, so that . ’
. { . x - - s
CLe x : =,
. . ’ £ _ .
L] . v \3 . . -
is written as -
. &
i . x
. . £(t)at. ) .
- . . }a .

For example, ir f ?x —>x2

. X 7 X ‘X
j f = I t2 dt (not ) x2 dx). - -
a ‘la 8 » -

{ .

[

X, S 3 83 . {
Since the result t dt = —= = = - = doed not .depend on t it 6
a 3 a 3 3 \ -

clearly does not‘ matter if we replace t by another letter like u. For
this reason t 1is called a dummy variable. r
—_— .

.

In this notation, we can rephrase property (2) as follows:

U ‘.
) A ‘ "

_____ " X x R
(2). Ir f£(t) <g(t) for a <t <x then f f(t)dt‘gf g(t)at.
¢ a , ) a -
Let us apply this result to the graph of the exponential function, <
For t >0,1%< e’. Then by (2) - T .
b ) .. - i S - -.J; r
x x - \ ;
1.4t < e dt, , . -
0] » JO
. that is, '
’ X x °
t ,_<_’et L
0 0 .
. @ -
. and hence, -
' x=-0X% X - &% . .- R
. CAx<e® o * . . .S
- and * 1% x < &, o '
. i . -
" This is stronger than - - . . T
o 1 E ex’ 4 .
- - .

"ERIC | S c e e

; . » . . t
R s
. .




b : & I

L. . . ¥ .

x " If we vant a still stronger result, we-integrate again. But fo avoid

} - ~. . . : N 7/ L
N é:‘* onfusion ve write \ T . i 1

£ .’ . 2 T

122 ’ :

v :

',: ‘z}a&'t . \
.or “ N \
¢ .
¥
. Solutiofs Exercises. 7-1 ) /
. 7 . R . \‘u
. 1 1 SN 1.1 1 o . .
* 10 X@(— - _:,}_) < A(&) < (— + — + —) - a .
R i 3 2n-f2 : 3" 2n 6n2‘\ . R
: 2 L . -
= X
[y -\\ .
1 1 . \
’ (=) (%-;—n"" > ; ot =) . e
' . 66 \c .
Woees wo, T T
1
~ < A(x) 52 = b ‘ e
20,301 ) %
; N A jii) n = 100 A(l) < m )
. ,567 6,767 )
\ 328 % 55°506 < A(1) < 357000 * 338 ;
v N .
1 1 : 3,1, 1 1
Lo BE-EiD) a3 2 )
370" g2 NIRRT " o
) \\ (1) o 8(2) < m2) < 8(kk .
Jom=5 25 .25 A e
18 88 .. ;
e 1.92 = §§<A(2) <g~‘3,52 )
’ \ Z _6,567 6,767
s . (i1) n =100 8(20,000 < A(2) < S(W)
.. 6,567 6,767 . “
\ 2.63 % 54’5—06—<A(2) <§J,5—06" 2.71 ) _
; . ‘ 4 . -
R (¢) £ 2x —;\xe and A : x ->-]§ x3 .
. N t \\ N 1 - w’
. * (1) If “X = ‘% ’ then A(']e;) = §E ] ]
.- (11) 1f x\\\= 343, then A(3/3% =27/3 ' . L
B . . - ‘ : . - =
3 \
Tos ) -
Nt
\ =t




-

(a) Sum of the areas of the -inteFlor rectangles: [f : x —>ij

)« o+ e ey

3 3.3 3.3
X X 2°x (n°- 1)"x
H[O+—3+ - +...+_.—3__]

n

3e P v (-

Sum of (n - 1) cubes: -
-1 2

(Q‘e_)n)
(n -1)%0°

°

4
n 2 1
T3+
n

(b,) Sum of the areas of the exterior rectangles: [f ; x
X7 ofX ex nx .
Ko+ o2 ¢ e ()

o 233 3,3

%+ Foaee %;%43
n n3 n3

13+ 23 +33 R +n3]

[

(n+ 1)\2
=)

b
n 2 1
T(1+H+:§)




- k. 5]
. Summarizing part (2),and part (b), we have &

Y ¥ N

- .o -k *
X 2 1 X 2 1
T g <A <Fhege )

*

When n—>°° W@‘“‘<A(X)<T, N A:x—)%‘;xh.

(:)'xk(l\ g'+—l-)<A()<‘~"1+—r+i) '
\C‘T " n n2 ?f W( n n2 .. !
~ %;(14§+:—2)<A(1)<%;(1+§+&2.)

N -
« n - T N
. -
N
hd
v

/ _ - k 49 -
(1) n= -5. .16 = < A1) < % .36
] .
: <y 9,801 10,201 ~
%’t (11)0 n = 100 5000 < A1) < m »* T
. - .25 < A(1) < .255 v
1 2 1 1 2 1 .
(@) 16[5(1 - < +gs)] <A(2) <16[1 + T+ )]
b / n ‘e N &
b ®
- +9,80L" ; 10,201 .
. n = 100 —4——2’500 < A(2) __J__z,sook_
) “~_ 3.92 < A(2) <b.08 . .
. . - =
(e)"f:x,-uc3 and fx:x—»%;xk ' \\ n
N * . ) S
(1) If x = 0.4, then A(O.4) = 0.006k ’
© 70 (11} 1f x =5/2, then 'A(5/2) = 625 T
3. ‘The area under the curve y =1l:. A(l) =1 ' '
" The area under'the curve y = s A(L) =I]1-' : ' R

Therefqre, the area of the shaded regiom is 1 - %‘; = % .

) 4, The intersection points are €0,0) and (1,0). o ,
. The arga under the curve y ='x: A(l) =5 . hd
. ' o
The area under the curve y = o Af1) = %
on 1_1_1 .
\w—he area between the curves is 7 - 38" N Y.
2 . \ ,
R N ' - -
b ¢
333 - o i
51 . :

-, Q ‘ .
—ERIC . . ' .
.

h w» N

. *
pd




Aruitoxt provided by Eic:

R 7"1 e »
Y . .
%, ' 5/ Intersection‘points are (0,0) and .
A (1,1) to
& _ . T 3.
1P £ :x >x° and A :lx-»x—3-,
&hen A1) = L.
1 . - 33 P
- 9 LY h
- » > 3 X
LYo JIE g+ x -x” and A:x—»T
W& . 1 - o
then A(l) = .
Y ® 1 I
. Area of shaded region = % "3 iE
‘e A
I'd ® . N
‘. / Y ) .
L )
. ) v -~
6.f:x—»—+2;A:x—»-]¢x + 2x
: . A(2) =1+ L4 =5
¢ k-4 * * -
. Area of quarter circle
. 2 1'(‘2[2 =*1'( - . €
2 ) . &
: Area of trapezoid ORST:
) 1 " ,~
5(2)(2 + 3) =5
, .- . -
" . .v Area of shaded region: 5 - n ¥ 1.86 sq. units.
’ o ~ .
A} . . .
s ° Y
', < ‘
L : Y :
o
B O ‘ . 2 )




F 2

\'\‘ \

. Therefore, by subtracting -

‘ i"i‘rst, find area under outer parabola in quadrant 1:

R A

f:x—»-x2+9; A:x—»--]3“-'x3+9x
A(3) = -9 +27 =18

Then, find area under inner. parabola in quadrant 1:

f:x—»--3-x2+6;'A:x—>--é-x3+6x

A(2) = -b+12=8

and doubling (making use
of symmetry) we have: ‘
S N

Area of shaded region =

& * 2(18 - 8)\-—-_.20 8. units.
' 8, (a) We average the sum of the areas of the exterior and interior ~ l
. rectangles: - ) ?
37 o .
- SO A(x) & 3’3— (1 + -—1—2) '
- 2n° . A Y
3 ' Cad
- , _ ~ X 17 3
~ If n=5 A(x)~-§—(1+5) 5% & 5 .
(b) Adding the z_art;as of the five tragezoids we get - ‘
. E
A = 5 He(0) + 2D +5 - 5@ P1C VO vz 5t )+ 2]
s = £+ 3e(0) + e (F) + 2650 v 2e(F) +ef(35’i) +f(%’£)1
‘ = 5tk £(0) + 2+ 25 423 )+ 22 +3 ‘f(iﬁ)]
X0 e (924 (392 5 (352 EE '
Do (0 @7 9P (L 3B :
x3 - x3 (8 ]l7x3
= (0%” v 2° *3“**'%'5) 155, 2"53' N :
‘“W‘f" N '
— " '
335 , ' ,
im ) . - , n*;




I

%
-

~ERI

R A 17cx provided by exic

\

(c) Adding rectangles with height at midpoint of intervals:

BRI = X ZZYq
DA = 5le(y )+f( Tl +f( )+ o8 £(2%)1 .
' X 02', 502, (122 , (9%)2; ’
- HE)P B2 s 37+ (3P DY
’ X (B PP e ) E 165 = 220
5 10 5 410 0% -
(d) Bstimates (2) and (b) are 'the ,sa.me, & fact we might suspect from ..
elementary geometry. By comparing he fractions 5—3 and _33_
~ N
to % , we see that tha midpoint formula is slightly better than
the trépezoid formula, o )
> L} -ﬁ 17 ‘\
i.e., . 7100 < 3 50 . ' ) .
. 99 < 100 102 . " .
- 300 3_00 ‘ . .
4
“ There is an error of 3_55 in usTng the trapezoid (or pveraging h ,'.'
. interior and exterior rectangles); ihere is an error c?f 300 ]'Q « .
using the midpoint formula. “ poo, . ; :
‘4\ / 7 ' . %~
( . ﬁ . 3 . '~@“ ! - -
‘ | ~ . . \ -
- s ‘ M - N . T . TRt : 2

J - ! \‘T N I' h
. so -

- . s !
. « . ¢ | i
I‘ 1
a * Lo -
. O ~ . -
.\ Y i «' ° " -
Y ! . - . .
¢ . .
' . ¢ i
! ) . ?
o, '.‘ . » y P
e T, e > . AN
Jo , ” . »
| - .
- + ,\ ’ T
i 71 e B .
R ¥ LN o o *
. VA
’
\, . .
- ° I
°
‘ . ‘9,‘;9,
. | \ ¢ >,
. . “ \
\5 ! wibie
* [
. ’
\\ .
,
. . } *
. 57 | =
! -
’ .~ h ’ .
.
- - - ~
He . 336 ‘ .
-~ N | ) '
- - - ‘( L ¢
M l < J’ - -

. ~
o
. .
\, - . -
- , o+
. S ot
- N -
% PN 'y
. «
.
¢ .
.
.
9 *
Fi N
.
. J o,
=
-
w
.
.
‘ -
1
1
.
-
. .
'
L4 -
-
.
.
N
~
.
1
~
\
wh
. hd - ’
. -
s
13 .‘ 4-,
L
M N




A

A ,.'(b~)~ CA(2a1)m 9.261‘;9.2(6)1

o 1852.1 9,261
7600 600 @

180 .

~

s 250 * 3.10

SR .. 1861 1608
(c) Al2.1) - A(2) , 800 " 600
: 0.L . - 0.1

- A - .

z23zu.2
ot

or by decimals

3.10 - 2.68
0.1

-
~
~

.

© Alx * b)

Alx_+ h)h-. A,(X) - %8_0

(3x2 -+ -30x ¥ h°)

.

¢

T

SRR




Alx) _

A
~
~

. [

-2
/ We have found an approximation of the derivative, A'(x)/: X .

~

!

f:x—>x2+1 then

1+h 3 -
(a) 1im ves 1 207, en) - )
hoo |1 3
E} + 3h ; SN (§ . %ﬂ

1 1
('3' +1) - (g +1)

' 0

\

h-0

The more alert student will see that we are integrating from one |

to one and imfﬁediately conclude the answer withqQut calculations.

2 3 .
1+h 1 +3h+3h +h
lim !~ £ = lim 3 + (1 +h) - (‘ * 1;|

h=30

-~

1 ’ h , 4

lim
h =0 3h
t

2
lim -2 + h +’h—-

h - 0- 3*
L

~

The observant student will seg that he has taken the derivq{;ﬁﬁ(
the area function a‘o\x =1, . ! At

»
- « K

. . - l+h\
co 1im. i [ Cddim A('J"t‘h\

hoob
" N

- £
1 & hoo
2 At(1) = £(1)

(¢) No. See comments after (a) and (b).
. ~ -

Aruitoxt provided by Eic:
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E

! x - »
3. F(X) %« f, where f ! x sy e e
b

\

O

RIC

. PAruntext provided by eric

e

&)

2
. I . )
F(x) =X - 8 c
) =T - T T
FIE L N ¢ .
'a X - .
= - 4
‘(‘m/‘w i | - |
. =0 ) ,
. x3 ‘
(b) F'(x) =430
\ ! v
5 13"5, .
. * 5 . . = .
F'(3) = 2 L :
. * 4 .
. 2
(¢) No. F(2) = |. f = 0. No matter what function we consider,
2
. a ?
f is alwaysg zero.
. a \ ,
In part (b) we take the derivative of an antiderivative andﬁevaluate
at x = 3. Bf the Area Theorem A'(x) = £(x).
g' : x- 3x2 4 )
g :x=- x3 +'¢ for-various values of ’c. The functions only differ
P €
by a constant. ) - '
(a) f£: x wx? - |
N/ .
NN o X 3.0\ .
F(x) = E f ='J—§Ji‘~ e : *"<~ ”~ ~ %
.0 . >
A o . 8 g © " .
F(2) =3 7 Ve -
. ;
! — el
(b)Y £ x m2xek 1 w0
: s
' Flx) = x° + xa o . B
F(2) = 6 -
() £': x = Ux3 +'x . N = T
- : N x2 .
F(X) =X + -—2—
P(2) = 18 - o :
. .o
i 339 . * -
- ¥ 60 .o
‘ A ¥ ’ )
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N ,
e,
2
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A5 &
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.
-
-
'
v
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—
g
‘.

A i ext provided by ERIC

~r

w
7. (a) £: x-16 -x

' e 8.3
R “*~ 0

: FRIC+ .

(a) See graph.
1 . ’
L1,k
(b) JAOf_3+1.3

2
f=§:1~2=-:1“E
Jo 3 : 3

(@) The région of part (d) is
equivalent to the region of
* part (c) with the region of
part (b) removed.

e
1L
§f=3'3

1
10
3

2

w Alx) = 16x - %;

- A

- .

(A ]

£ - (48 -9) - (3 -.g-)
e

“

o
e
. ko +
,
, , )
F
R A )
‘ .
.
. ”
N
k4
- .
- . %
. .
.
N

f
- N t

- ath

Y=
N

S {“;& 57130y

B
S
2y B S

cts

vy
S
e

";s‘f,‘&

Y]
‘i:
i

{,\
XN
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Shine
A%

oy
Ll

2

-
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o
.
2
v
1
:
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~
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, “(b) ot IS R

- s .

L ox ‘

A(X):)(\_—..
.. T3 )
- 2
f=(6-1) - -%)
- ¢ -39-
= . .
- - . it
A}
[N . N .
. —

8. f:x—»(x-l)e"
|

7 . . -

’ 3 1 3

' ’ f = £+ £ .
0 on 1+
f 1is decreasing when 0 <X <1l . .
i and A . Y ; A
£ i‘s inereasing .when. 1 < x < 3. :
o ’
- ,
P,,m P

"
A
hA
l‘l" ~ x
.y \
. . ’ ,

{ .
‘ ‘ »

¢ » ) ’
rd * ' -

' .
)
O

341 , .
" ERIC ‘ | o
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Solutions Exercises 7-3

Al

2 - e, 2 2
1. (a) {x° + x + 3)ax = x“dx + |- xdx + 3 dx
. o . o ' 0 « 10

: 4 . 312 2|2 2
] i ~ o , ___2(__ ‘.;..%’4:3)(‘ , ~
: No3dom 2o T o
P 8\ ,4’; -
=('3'-0)\1‘('2'-0)+(6-0)

. o :
(v) [ (x° 4 x + 3)ax
-2

.

0
> (__—ﬁ‘ (o8]
wlwi'\) Owlm
>
=%
>
+ -
I-"
n o
>
o
>
+
1
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1 3. (a) f ¢+ x> Ix' -=~§J . ' ‘g . y " L RN, '
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4 - X % )4 L} o
' L4
b 0 Y * o S
- Tof = ;=X dx + x ax 2
2w 0 1 T
» l .
) 210 214 P ——
) bl % * x? S | I 4 x
-2 0 .
- (0-(2)+ (§-0
=10 . .
] L - .
.. . .
By elementary geometry the area is equal to the area of two triangles
. .7y and T, Q =
< Area =‘a'1‘:L + aT,2 .
-t C 1 1 ‘
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o = 2 + 8 ‘
= 10
. \ - 4
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: -’ : fen . (n/6 51 /6 " ren :

: ‘ H [ f= K Lé - sin x)dx +'( (- -é—+ sin x)ax + 6(%- - sin x)dx
i . v -x - C /6 5n /6

- SO , o

AT A J7/6 ) 51/6 2
o <4 ’ e(5+ cos x) + (-g—cos x) + (J2—(-+c05.x)

. § - /6 Jdsnf6 - -

‘r. ’ - M hb
“f =[ (--+(1))] ES“--ﬁ))-(—“j’/—g)]

g‘ 4 . - 4

. l . + Eﬂ +1) - (;): + ( ))]

. ox . . '
=2 + 2+ 2\,3_ 4
‘ 1-/x,0<x<1
(e) £:x-|1 : i
’ -1+ Yx,1<x
N ‘ s
L 1 L . *
f = (1- /:E)dx + (-1 + Yx)dx
0 0 .
e =(x-—x3/2)l +(x+g 3/2 .
3 1 N
| B e
=2 ' . .
N
k. /(a) = (16 + 6) --(1 + 3) . 3
. =18 i
T (2 4 3K+ 50) =(16+6+50) (1+3+50)
, N
, ' . #
5 =18
L ) (b) Sipce F and G differ only by a constant, "
s . 1 B! - ’

- F(x) | =(-1) - (x1) = -2 =G(x)| .

X e 0 o, - _
; ‘ ) o b )( ) .
ST (e) If. ' = G' then F(x)l - G(R) = 0.

:.‘,“'..;‘ ’ y . ) ] a 2
I A o - e .
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= 5. (a) (1) £ x o (x ,4-‘*1)3 et
¥ e ~ ¢ ‘ b itl"v’rv * gl 5 AT
- L1 4 ! :
, > ) AL = n‘(’x 1:) :
R [ -—— .
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L (11) F:x—>x3-3x2+3x-1
- r _. v [ 3 s
1 3.3 .
e o+ e F= g x. + > X X . )
N . .
. - 3 P
- (111) g ¢ x #8x° - 12x" + 6x - 1 .
o éxh-hx3+3x2-x
- A". ° '
VoA y'g(iv) - (2x - 1)3'== 8(x - -];)3
- 3’ 4 2 P "3 ”
P ' 1, L .
8 n‘(x - ‘2-)
v \ . )
’ =2 - o
(b) Since and g = G, we would éxpect thein respective anti-
¥, .
derivatiives to differ by at most a constant. '
) 1, 4
, Expandings f=K(x - hx® + 6x° - bx + 1)
’
1, b S+ 3P ‘1
=X +5x -x+ .
) L 2 L
L2 Y ‘
4 We note. that j j-f differ py 11- ] R
,,% - .
’ b3 62 4 B
pending,. .. y_g ] -3 x3 tpx -gxt 11?)' .
. .. - -, 4\ .
; : P B T
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(a) By expar'ldcing we Have

(3% + lc,)‘j dx

® " F(x) = [(2&3;:5 +1620x" + 432063 + 5760x° + 3BUOx + 102b)dx. .
This is obviously a messy process which breeds arithmetic errors.
i“(x) = %i x6'+ 1%20 x5'+ hi?O xh +5’;60 x3 + 3%1&0 x2 + 102bx
_ 243 1620 . 4320 . 5760 . 3840
_F(1) - F(0) = == + i S sl e 1024
~ " %i + 324 * 1889 + 1920 + 1920 + 102k
. 'V“N:-’"g,i‘ ) 1 4
= 63(% ‘é“ .. P
(b) This methoz‘hould be.a welcome relief after {a), s
Let (3x + h)s = 243(x + %)5
< h 5 .
Then F(x) = ‘2143(x + E) ax
. - f . * ‘.\ .
é’?:hé-%(x+g-6 . ..
v 243,76  2u3,h\6 ) ‘ A
. - o 3 - - — \‘
F(l) 2 F(0) :T(S) ’. T(3) ’
- BB (78 46
3 ' 6‘ . 3 , \ ]
=Y = Ilg(}176h9 - 4096)
L} - Y
1~/ o - PR
= 11 ey
) oy SV
f 1 e
- "% A
(a), (c), and  (a). o ” - ’
(/6 . /6 . ' . '
(a) |. cod x dx =2 cos # dx
-t /6" 0
1\'/6 e
=2 slnﬁ_l J o -
. ) 1 0 }) '
= .2('2- - 0)
=1 . !
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» 1
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oo ;o .. Solutions -Exercises 7-4

« 1, Let F'=f. By the Fundamental Theorem

/ ' a
= . £ = F(x)
,‘ . ] a

.

a ¥
.= F(a) - F(a) =40.
a .

2,0 If f£(x) < g(x), for a <x<b, then

(g°- £)(x) = g(x) - £(x) >0, for a:_<_x < b.

<

Property (1) then shows that K ) e

>

, rd ,’b -
. . Co (g-f)_>_Q). )
- a <

‘We may prove that thisaresult is equivalent to

o - b b )
. £ < g .
. i PR € s 0 . a a f ‘

ag 'follows:
A . i . ) g=*f+(g-1f). .
d ¥

' Hence, by property (7) . N ¢

‘and - ) . . : . .

i .  ve - b b ’ ‘
b (8-‘ f) = g - f.
. e o a . il a a. : .

i N R - v - ’
- Hepce, if . (g - £) >0, R
. o N 3 a .

s x ’ ‘
: o _D&I £ = DF(x)s- DF(a)

L - £(x) - 0 .
o = £lx). ,
K i ,
7 I 363 j
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L f+Sf(F'g)(X)‘=fX)FrSX)-‘ L7 .
- a ' o -
. b X . ’ ’ .
. D} £+ g = 'f '+ D ‘ ) \
\ a a ‘ !
- : - . }/
. . = f{x) + g(x). wF
Hence, . \ J s
M X X X ' “
: (£ +g) = £+ g + C '
~ a J e a
a a a .
- where C 1s some constdnt. € = 0 since | (f+g)= f=1"g=0.
- J} ) ‘ a 8 a .
.s ?.f:x—»x“, g:x—»“r;;*?..o -
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X (v) The:grephs of and g h'zve two points of intersection, pamely
' C . (-1)1) and (3,%): This implies that the "glapn of £ is entirely
i { Eboze or entirely below the.graph of g when -1 < X < 3. We pick
N an interior pom‘ on the mtnrval,‘ x = 0.7 Evaluating f an@ g ’ \
5 > .
* . -yields £{0) -0 < g(0) = 3. Thus-the graph of f is entirely '
Tt . “below the graph of g when -1 <x <3 and £(x) <'g(x) when i} !
L, ; 0 i'X 5 3. . N “ , v ) , . 1
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~ ,"’? (c) §3f=]’3x/2dx=§:£‘3=9 ' ,‘Q
‘ o 0 0 0
N . (3 3 3
- T - g 8= f (2x + 3)dx =x"+3x| =18
s 0 "0 0
i :
R
5 - .
S 6. (a) £ x ox+ 1 ’ N
. . £y BT '
. . ' We need’ test only the end- R
. ; . points singe f%( £ 0 for
=<, o all values of x.
.- £(0) =1 =m
£(1) =2 =M ’
“m(a - 0) < AQL) <M(s - )
, 1(1 - 0) < A(1) <201 -0)
. : ’ 1 <A(l) <2
(v) £rx —>x2-2>'c+‘3 .
£ x »28 -2 -
. ' We must test for relative-
extremum, as-well as end-
! points. , & .
g . 7 TFr(x) =0 when X =°1 :
. £(0) = 3, £(1) = and
b (3) = 6. N

¢
. .
. ¥
'
. .
. Q .
i ERIC o,
AN o roviddi e | ' )
SHig . ¥ o 2 P
N S ] s ¥

Thus m = 2 “and M =6

3-o)<A(3)<6(3-0)

eS8

10 / 10
£ K (3x] - 2)ax - agz
5 y 5 - ¢




r.:x-t-2x+20 and g;x-*-2(x-h)+20‘ o

(a) Sﬂ.ect h.= -3 then g(x) = £(x + 3). Substituting we find
T f(3) 8(0}. £(7) =6 = g(k). b

3 3 T T
(b) f = (-2x + 20)ax = -x + 20% = 51
0 o- 0

h * ’ ' ‘e
STO(-Z(X + 3) + 20)ax = -(x +'*3,)2 + QOxl

-

T , 2' 3T
(2x+20)dx—-x +20x| =091

el

9. f'x—>3x+5, g X -x and ? % -1

B

l > ! ! b -
. AN _ 2 3 2 __3_ 2
,X‘af.-\j‘a(3x+5)dx -A%x + 5% aaab-d-sb. 58

_58\‘
v ol R S
2 T2 2

-y—-)+m-w

b2+ b-%a2 - 5a

-3
‘2
b,
f.




+ 11,

.»/

3
Y

12.

4 1 7-!.} »
3 3 23 . : NP
2 N =" 9; 1,1 _
(a) S‘l (x + x)dx - 3 + '2- '1_- - (9 + 2) - (3 + 2) - % .
4 B 4
-+ (b) '(/ (B - ux s Sax =% - 25 +5x| = (63h 32 +2o)_.(—-2 +5)=6
1 ., ’ i
3 ‘ 3, ’
(c) g (P raxs3)ax = - v S (9+9+9)-(-—+1+3)—16
. 1 * o . .
b2 '1"312 b oe 8 & 17
@ | G erx-Dae gty Sox |« e bt (gl =
B - "ﬁ ‘ .
£ x --)px2 +9gX + T .
: )
‘(a,) F.:x-—)%x3_+%x Trx .
F (0 = 3 s 2@ e
92- ) : v
=px +Qx+7r N /
t . - f(x) - ) R ’
b b a .
(p) 4 £ = f - £
a 0 0
, rd ’, ! -~
Since F'-('sc) £({x), .
: X- [P .
then X £ ,F(x) and £ =F(b) - Fla).,*
., JO . . K:| ¢
g:x-—)px3+qx2+rx+s . - »
G :x :-)E < + % x4 % 2 +§x "
(2) G T = P + DA 2 v s, ‘ E
< ' * ) ’ ' {
= px3'+ g.x2 + + 8 . !
o = g(x) |
b b a i
.(b)z. g = g-S‘Jg." v\ f
a ’ O i I’ > "
) ) ’. ¢ x :’ll b . L
Since G'(x) = g{x) then gf«\g( ) thus « | g = G6(b) - 6(a).
. 0 ‘%i a
! . ) , n’ e
. . . . . -
32? 88 e
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130

l‘"
., f:x=-lx-2], 80"

"3
s f=| e
~ -10

.

W\
G(x): = Flx) + 100
. ' (x) =F'(x) 1 glies that G*(

L4

.

x) = £(x) also.

o . . b
Since g f = F(b) - F(a) therr
a% )

a

£ = 6(p) - 6(a).

x’-_e if. x >2

-x +2 1if x <2

3 3

s

. Tgrrox o (x -010)2’
' (x - 10)° ax £ X 10) =37 (107 973
0 3 e 3
1 . » N , l
e P
3. -89

.
e




A ¢

. 2 . . O g
16, £(x) -jy=2(x-5) -2 and y=0./3" ot
Let =y + 2 1in order to aise‘ / . ‘
vy 2 Y order to ratee /v .
the graph two units., Then /

¢ gy(xh=yy = (2 5)% - 2)/‘7?' L (\. .

.

0

and 'fl(x) ¥V, = 2(x - 5}«2/- 8

The area in question n6w bjgomes the .ot
area. of yD‘kBCD less the area under'

the graph of y. ,

’ e ’ %- ‘ :
The area of DABCD is L, since ’ T
. 6 ¢ 6
20x =2x| =12 -8 =k, ]
b 4 2
, ’ * 0 \ ’ Wo(f\—
- / ll ' , . ~ \
\ . 5 . )
The area under f, from 4 to 6 1is 2 £] by symmetry.
’ in
. z ’ . .
2 2233 108 4 50x e 125 - 10 +5) £ (2 -6k ~10 - 16 +200)
L 1 3’ ) M 3 . w3 -
- 2 N N " e s
3
The desired area ie then the area of the rectangle; » 4, 1less ‘ .
< ¢ ¢ ~ A.
firt 1
=% / R
. M r I 1 3 ¢ £ P
. _ ’ A3
| h _——_—= =, ; . 3 ' .
. * 3°3 , Pl
\ \ - . , x ‘ R
[ .

)J.
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St
=

-.") 9 ‘
*

T 0 T

~17. #(x) sy = (x+1)2 +1 and glx) =y = x

. .

*

5
Raise the' two graphs to obtain the figure shown.

Let fl(x) = -(x + 1)2 +1+ 3
= b - (x + )2,
Then .
- 0 Q/ (X + 1)3 0
£, = hx - 3 ’
-3 . . -3 .
Y (an . (B)
h (- g) = (12 - = ‘ ' ’
1 8 -
=-3+12-3=9. 3 2 1 0
<From this area we must subtract the ared of ¥Yne flangle AOB. Hence,’
the required area is =~ ’ p
. o g | . .
9 27 & ~?
4 ) ' )
¢ - .
’ . . ° »
v : . -
~ : s )
. .
3
L] 'f‘ -
/” ' R .
4 . .
L
l‘ - r L]
. ‘. . ) A
. ’ 4 '
. , , .
; - : . o S
| 44 370
' 91 _ »
= . . '. . .
- 1. . s '_/}/ . ? *
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° . >3
L -

2 3 2 .
. (wff uz-nn=(ﬁ-x4=g-2=§ | |

3 3 12 , -
X X
= - X 4+ (_._ - X e N r ” ~
gt ( n3 ) 0 3 1 -, -, ”‘_ ) .
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PAruntext provided by enic [ind

4, &-+v/§=l '

~ Ny a2k x
hd ’1 ’
A=jr(1-2/§+x)dx

00\

. . 2
o b3/ x
‘--X"—B"X +?
» b o1 1
o=l-3*t3=%

\

- a

place to use ‘them. Otherwise, disregard the following statements..

Thig ‘is the.eq}xa‘glon ctf a parabola for @ <x <1l and Q <y <1.
This can be seén by fjrst simplifing /X + /¥ = 1:
- i * A

LN x+2fx;+«y

. . °
o

[

X oy 4 y° - 2x -2y 1

Since BS - BAC = (-2
rotate the axis };50 by substituting
Vs R [

X

1]

%
1]

.

in the equation x

~
'

xt cos 6 - y' sin 6
X' sin 6 + y' cos 6 =

. |

. 2
2xy +y -Ex-eyT

.(d) SamL as (b) ?‘r?d (c).

il

27 .

hxy =

)2

'2y'2 =2/2 xt -1
2 .. 2
v

fi

- 4(1)(1) = 0, the graph is a parabola.

.Y

-

If the class has done translations and rotations, this is an excellent

1

1+x2fy2-2x-2y‘+2xy

0

37

/

v

i/

94

.

.l

= X! - ')
i
L -y
7
1 =0

., - a . ' .
.)5(),%‘4‘5,!;3_.2;/3,: )/+y|2+2xy/_2 +2y'2)“'j'_‘_CX' ;
. ‘ X m

S

~

.

-

3

>

ot ) 1120
\ o,

‘.
o

‘w
We can

4




L

Now translatipg the x', y"-axes, by substituting

I

. 2 .
- 4 . X' = X" + and y' = yn’
- ‘ S
- ne 1
i - we have Y'© = 2 x
h / which is certainly a pdrgbo}a.
/ S\ - N \
’ 5. Since y2 = 2x ﬁ.s‘ symmetric with ' ’
. xl— . ' . ° y y2 = 2x
respect to the x-axis, the area of X
) the entire region may be expressed g
R as double that of the part above the .7 e
‘ x-axis. Therefore, we have . W . —
. 0 .
4 L ) D5 bel o
. -1 .
- A = QJ . ¥2X dx-= 2@[ xl/edx \
> 0 0 . 24 '
— 4 5,
’ ' —af5 2P - S
. 3 o = B
, BdV2,,03/2 _ 3242 y
SLCIRARE-<
3. 3
° y R
: 1 1
6. A x5 ax + K \-(-2x2)dx ) . .3
0 0 .. 1 yEX
N r
? 1 1 j
_— " =X x3ik+g 22;2 dx- N . x
‘ 0] TJo v 5 0 41
N, 1 " r'*‘“l“ i -
- e o
=g(x3+2x)ax=(3‘n—+§-x3) -1 \
. - 0 10
. . 1,2 _ 11
= + == == 2 ¥
- 73713 s , , 1y -
[ )
7. (a) Subregions are defined by the ¥ {
following: g
. :
/ Region I : (5CG
v - Region IT : OCB
w, égion III : GCD v
!
‘ tegion IV BCEF
’Region vV : DEF i
. I
, Y A};e.a =_.AI + AII + A;H + [A
() N - ) ) .
\ had -
s !
/ | “
Y L J 1
; ‘ ©37h se
R O . i‘

A e proviea by enic

| .
LH .




, ¢ . ' 7-5
a ' 4 : RO .
(b} Subregions are defined by the s - _ . ‘
. following: °
b . . .
. . Region X: 0OCG - ’ ¢
N Region Y: (GeD .
\ « Region Z: (OEF ' )
A Y . a X
. ,Region W: DEF R
’ Sy A A, +A, +[A
g }: . ' rea = X Y 7 - b
]
(¢) Simplifying part (a) ' ; : T,
T | 1. 2 (h Lo,
- A= Jxax+ -(-¥x)dx + (-x #2)ax + | =(-/x)ax - _-(-x+2)dx
‘ 0 0, 1’ 1 . T4 T
. ) . 1 L 2 b - . L. *
! =2l Hax#| Sxax+ | (-x w2)dx + | (-x #2) 7
< 0 1 1 ; 2 .
' . 1 ' (y : o ..
. , 22l HXax+ | xax+| (-x+2)dx . :
Q O 1 ) 1 e . "" ¢ . 1
. N o
. 1 ol s
. =2 Jx'ax + | [(~-x+2) + /xJak P " )
- Jo Jio L : . -
o ., " Y . T N 5 ‘ PRI
. Simplifyipg part (®) : 3 5 N
1 R 2 4 N L .
A= Jx ak + | (-x + 2)ax + |, -(-/x)ax - -(%x + 2)dx
' 0 P4 Xl o 0 we™ 2 .- .
. . 1 4 (2 o A )
L - = Xadax + | J/x ax + &-x+2)dx+ . (=x + 2)ax
0 0 1 N 2 . -

1

%' - 1 1 (u o LIRS Y A
L Jx dx + VX dx + | L/x dx + (-x + 2)ax ,
K 0. 1 : .

o, 1 (b : St
1 - =2g/§dx+'g[(-x+2)+/§]dx s _— -
0 * 1 ‘ .
‘ [} .
| In order to see the relation-l - ‘f
" { * $hip etween this, integra ex- K .‘p','
. " press on for the area, d ide < W
. . .
the repion into two part " -y
If we add\ n rectanglesfin @ o

region 0GB, we have eafh rec-

o 7engle with a heig};gof -
ST - (/%) or (2/9).

<, B

‘ *

e If we add n rectangles in region EEE} we have each rectangle w&th'

[ a height of (-x +2) - (/x) or (-x +2 + /%) - 2'
. | 315 7 - . : W

O > . ‘ ’ >‘:§
' g . of R .
EMC . ) . "(} N . j . j

\' N , B 7 . . A B e




v - -

!

. ‘ 1 4 -
- , (a) A=2Y /idx+j'(-x.+2+/ﬂdx
3 . v

e ’ 0 .
- LL el *Iy
: 2 -_-,5.3/2 '+(-x_+2x+_2_x3/2)
: 3 o 30,
" SE -0l + (084855 L Liaa D)
R . - T, M ‘ ’ y LI
LR b 26 _133_ : e - W R )
. : :—3‘ 3 ¢ ’ ' L4 . i
’ -‘-'27 =2 - . A * .
: 6 T2 \ . o
. ‘ »
L ' ,
i 8, (a) (1) Area of Region I j‘ (Ex -x )dx - N
; s . 0 CEN ) . * ‘
$ T ' = "0 o0 '
(11) Area of Region II -(2x - x7)ax o .
- . ¢ 3 ® . '. L g . .
¢ . .(i11) Area of Region III = -(Ex - X )dx : S
. ’ 2 P :
- o . -~ .
- . : 3 -
({v) Area of Reglon IV -( 3)dx c
) . -1 . - .
* (5) Area ‘of region bounded by 'y = 2x =~ x2 and ¥y = -1 can be expgessed
4 Y LI N
R - a8 fOlloWS: —— ) : 8 ! ‘, -
" A = Area of Region I.+ [Area of Region IV - Area of Région II *
o ’ L e . ’ ) ' .- Area of Region III] -
o \ , 28 of,
T . / y 3 ’O 2 3 . 24
. ) . (2x J X )dx #,0 3dx + (2x + x")ax + (2x "= 2%)ax
- , / o i ! -1 2 o~ ¥
’ ””’;ogbining integrals 1,"3, and %" ve have ,~v )
o . 3 o . (3 - . v
) © L - 4= (2x - xF)dx + 38x s Loe
* . -1 N -1
‘ %
- ~ i =f (2x-x’+3)dx. » . ) A ‘e
. =1 . . o~ .“ . .
o . [Note that .(2x - X ) - {=3) or (2x - X2 + 3) 1is the height of ~
. - & .

=z each’rectangle.] - - .
- . . .




A ruitoxt provided by Eic:
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(<)

. I 157 «
. . ". 2 l" . - K , ~ v
; . ’
3 2 . R t. -
A= (2x - x° + 3)dx . L. ¢
A IS t Y
« 3 3 - c ' ' ‘
L g 2 X 7s 2 v 2
=(x--3—+3x)\’=(9-9+9)-(1'+l-3)=3—-a_ v
a1 3 3. .
M - . 1
L v ! 4 ' [
¥ = cos x ’ \ . : .
{ » o i S («
gz = -gin x . . .
- N~ . - . .
‘Iptersections for |x| <=x are x =~3€- and x = - ’{I . . .
R ' < ; ' ;
‘-y ) L . . E
3 3 . . N A
- ‘ Y R » K p
s/ /. )
: ) n x
: : r,
' . _-ﬂ L 3“ . ! > L /‘/' - *
: B SR T .
- . ’ ' T '
. " |
. . |
N h- 4 ‘ j

nf2 0 * 3/
© .cos x dx - (-sin x)dx +
d/v -n/b Jo

4(-sin x)dx

. (3n/k .
[ - -j (-cos, x)dx - '
b4 & ®
— : J gﬂ/a J
. ——y . Y — .
area above x-axis area below x-axis
. N . r -~ .
Combining integrals, we havé . *
/b o 3/, ‘ /b
A= . cos x dx + . sig x dx = . (cos x + sin x)dx
/b . ::t/ll-. J o/l

[Note that height of rectangle is ' cos x

(208 x + sin xf] .-
. . 3/
. A ={sin x - cos x)[
-n/4 .
S NS RS S
2 B
- ’
4
‘ 377
' -8
YN

= [sin %:—t- - cos %’%1 - [sd.n‘ (- 11:—) -éos(; :

- (-sinx) or
- [} d
-

‘ .
Y




K . - . - s
. R . . 3ﬂ/h . . .. 3ﬂ/h . N
M . (p) {1) ¢ cos x dx = sin x L. 2.3
: ’ ) we |} -mfb \ ", /b 2 22
. . 31(/1&\ s 3n/ks o
’ . ii) (- sin_.‘x)dx=cos x\ L. 2_.p '
. N ’ W /b Vi -nt /b 2 £ 2 \
: ’ . 3n/b Ay L e/l
- L (1i1) (cos x -sin x}dx =(sin x + cds x) .
o ") R °
T a - . . T ~ .
K e : . . N __.,(_J;___J;_ - (- _]_~__+L)..= .
- {iv) These are signed areas. The answer to (111) is zero which _ __ 4
: I means that the area above the axis is equal to the area below
e ) " the axis. — ¥ : .
. k . . .
3
R C e a . . T : e .
/ ¢, 10. (a) Find y ‘f when f 1is an odd function. -
- ) -a . . : . ‘ ,
) ) Since £(-x) = -f(x) the area bounded by x = -a, f(x) and
. O has the same magm.tud,e but opposite sign when compared to
&> the area. bounded by "X ='a, f(x) and x = O.
P N . ‘ .

\ . ". LY .0 ¢ ) ~a : .
‘ o °, Since- . Lf=-l T : ,
. ) -a ;" J0 . .
- "11 -~ f \-98‘ ' 0 8 ) ‘
then -+ ="l £+ | £ . .o

e ' a a
~
s = - f + f . .
- - . . O 7 . .
- o ( /
. =0 a
) . () When f is an evén functlon, JE(x) = -x) The area bounded by
. ‘. . X = 8y f(' and x = 0 is numericallyrequal to the arés bounded ¢

""'““-““;r' R - lﬁpy' x'=a, f )".é’nd‘ f(O) ) / G
.‘ l» N - .O a i

<7 Singe.’ f = £ o . .
. co -8 0 . ) ' : '

) -/ - .
N ¢ o *
J ' « ‘. 4 » +
. o~ » ’,
. .
‘ R .
. N , ' ! v
>
Iz . * »
- »
‘ - - St . :
& . . v .
. i & .. ‘.
» . ;. [ i
. -~ * . » P 378 d / ~
. .
s
< . - g e ",
\‘1 . o . .S o) - \ "
ERIC -
H - X

- R \ . . . e e

\ . : e - C
¢ : . - - - ] . .
* »




.

RS

A v et Provided by ERC

,.{ - s - O
L ’ "‘ v \ 7 .
'Lr ’5 2
S () j 3 - 3x)sin x° dx . ‘ T
-5 - . . i o
v : f@x=- (x3 - 2;() is an odd function. ’ . ;
g & x = sin x> is an even function. ' Co- ’ ; 1
K The'pro{iuct f - g 1s ah odd funcction. . . i _
L) . a - A ,‘_ ~ " LR - ’
_ Thus ' |"gef + g =0 by part (a)o p \ R D
-8 - ) ‘
. #ll. "If F' =f and G' =g and f(x) <g(x) for a < x <b.-then— - ‘ - -
. F(b) - F(8) <6(b) - G(a).” By- 7 -2 -(5). Ir £(x) < glx) . for .
* bu b;' N . ) ) * s
., 8<x<b then < g.- By the Fundamental Theorem of Calculus, *
: o a a e
4 - ‘. v - .
. b H ~ .
’ . f = F(v) -.F(a) :
o .
- , ‘ . s
b . . - T
. - °and . g =G(b) - G(a). . *
a . . N
Thus ’ F(v) -»F(a) < 6(b) - G(a). o oL
+ b - .
- 12, f T = F(b) - E(a) \ }
a . . § .
" b . (v (v . ’
. Verify (5)(a): (£(x) + g(x))dx = f(x)dx + glx)dx.
] ‘ a - r a a
- ‘Let h(x) ='£(x) + g(x)+ and” H(x) = F(x) + G(x)- Lt .
3 .. . N . , . . .
. . ¢ h(x)dx = H(b) - H(a) Ut - ,
) ‘a . ’ “ ’ , * .
- . = (F(b) * G(v)) - (F(a) + G(a)) .
: = {F(b) - F(a)) + (c(b) - G(a)) < : ,
' ) . . .
» - N . b b\ .
. . | f(x)ax + g(x)ax .
}, a a ' / .
A ! . y )
- B b b / .
L~ VeJrify (S)Kb): . cf(x)dx = ¢ f(x)dx . / * -
. a- 7 J a
J - / P
- -
2 . " - d
v R . * ’.‘ ‘I‘
" 379 ;o
o ’ ' ’




i‘(x)dx =

- 4 - 5‘ A N .. L]
cFla) - cF(b)‘}\’\ ikt

c(F(‘a) - F(v))

7 K 1 f
T A ’
] - \
+ - e
b ¢ ’
© . Verify (5)(c) f(x)dx "= k) dx + f(x)ax, a <c <%
, - a- c s ,
v R . ) v
-7 * s)ax = Fe) -F) " . ’
* a e - . ) ‘ )
¢ ¢ BN
‘ ) - b .
X £(x)dx = Efb) - F(c) . .
. - \.; : ' .
j f(x)dx + K F(x)dx = F(c) - Fa)) + (P(p) - F(e)) ' -
’ = (F(b)e- F(a)) + (F(e) - F(c))
- v . b “ 2 *
SN ‘ , = £(x)ax
' DJ ) a . .
L Y » . . ¢
» Ti x *
13. F(x) = f where f: x->e" . . .
o » .
. (a) F(1) =0
* , a- ) nx 'I
. N (b) Smce £f=-{ f then F(x) = - f .
- ‘ . . b’ -, - 1
. - h .
’, - B wy . = '(e - € ) ’
. i b x -
;S . = e =€ -
. . (o) F'(x) =0 - 8" = - .
CoL ‘ b : . .
© ' . (@) If G(x) =| g then G'(x) = -g(x) .
. 3 . ! e . , .
- . ~, Recall that the Area Theorem stated that when .
N . T4 ) . X .
e s .. ' . F(x) = |- f o »
. 3 ' . hd ., . ‘ a )
- . - ) d
then . ' F'(x) = £(x). -~
o < ' . . .
’ N 3 e » - .
9 . . . . 38p-2 ey . »
“ \‘1 i . N ~
4 K . A _,{ * . CoRTT e
R o - . . . . -




N : ! _ 75

e .*ﬁ,‘ N ¥ .
"% LT, * ) e . . .
‘. . . {
a
. The integral G(x) = ‘g must be written as an 1nﬁegral from N
» .
~ x .

a td x, rather than from x to a.

2 ?

‘ ~." [® :
) We have defined J f=- f thug =.- '-g. :
y N = \

N : ! -
Thus G'(x) = -g(x). . I . ,‘- C
. .- ) 1 3Lk R
1%, {a) A=§'(xe-x33dX=€‘(—-§;)t“.2-- \
. Ct o’ -3 0
e Therefore 4 = (-l- - %—) - 12 o -1
S . E. ~
. (b) It is 1ntu1twely obvious that y

.

*  this’ area is :also %2- . This .
problem illustrates a, tyoe of -
. probleménot discussed in the
text. “Since it would, be very
* difficult to set up the area

v in{ggral so that the pecténgles

- . ‘are ‘summed along the x-axis, it
. v .
) 1s possible to sug rectangles )
- along the y-axis, ' Then we oo
’ would'have/. ) o ’ .o
! 1 * 3,40 .
. . 2 3 _ y_._iy 1 I
: A=y Yy = (&) =3 %
.- 0o - : 0 - .
- o "o - ) ’ “a *
, ' \i. .
. - ° . \ ‘
L - L]
. T 3 . >
L
- » - oy -
! N . -
. * . : . .
3R
. . .
. A, ot ‘ R . .
Y « ”
¢ . - ‘ , -
! ) ! L] - ‘ » ¢ ¢
. - ’ {, . ‘l » 3
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' So‘lugions' Exetcises 7-6
1} N .
¢ 3 R N ) b .
! g(xz-%l)dx -8 = :
-~ ., . .‘ . . .y » ~h“2 5 .
2 S(;%+xfxu)dx=,-l.+%—.+'§5—. '
3. S 8% ax =,~8S‘;l/2dx %é 3/2 ’
g , ’ . . '3 _3f2 .~ X
Stk A S
- o . N .
5. § (1 — x)dx = X\,(— - 1)dx = 1Qéé X - X -
= . © . N

7 gcos(2x - 5)dx

8.

fe
o

o

-

(- sin 2x)Mz

-j‘sin 2x dx =

Sc.os(3x - 1l)ax = -%} sin(3x - 1)

{- cos(3x - 1)]dx

Wi

al | e
|
|

cos 3x ax

TLwle

|

S?smxcosxdx-

y'(3 sin 2x -6 cos ‘3x)dx

1

2% g o L 2x
=2

x/3 dx - 33

(ex e x)2 ax

%sin(Zx - 5)

4

. -
= -(- 5 cos 2x) =

cos 3x dx = % sin 3x

ARy .

[

X‘sin2x=-§- os 2X
i

L cos 2x

2

i

s

[y

= - = cOS 2x-251n'3x

.t 382

~

-
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v

RIS ‘ y : ¢

. . -5 . R ..
16. j x2eXax = K2 -2 | xe¥ax : . .

2 . A :
X e’f..:-'ma .xe_x,.- e
g T

.
<
]

' 2 x X
=X e - 2xe

.
i -

jx3exdx x3e -3 xgexdx
3

x)

X
t 2e

ex(;c2 - 2x + 2)

-2x+2)] - . N

-

+6x-6)l : , - :

- 3[ex(x

x’e

© o= éx(x

-3x

18."(x e*ax ]( - L\J‘x eXax -

- ue¥(x3 - 3x% + 6x - 6)] L
S s ex'(xa - 10+ 1267~ 2t 2k) ' :
r ’ !
2 ’ «,/ x3 P 1 ® . v . )
19. | ,lc?ge_ X 'd‘x = —3—(loge X - -3-) . . .
. N , ) i/-‘ X ) s . . ' ,‘Q . .
- 20. x3 log X dx’ —H-(log X - L\) i e .
. N B R . . . - - i
) "
, s . s x5 ~ .
2L -} x log, x dx L v-;j—(log X - —-) ) A\

22, S.‘xg' sin x dx =
X3

N . . .

-x2 cos x..L 2<[x cos X dx o A. s

- - ) i

2 . y
-x" cos*x +. 2[x sin x +ecos x]

. | .

s .= 2x sin‘x+(2-x)c?sx . :i
23. j\x3,sint x dx =»-x3 cos X + 3‘[x2 cos x dx | v'
. N ’ ’ ‘ ) y ToLe . !
. . . . 3 L2 ) .
- \ w ® = %" cos x+3[x" sin x - 2] x sin % dx] . ‘
. N M "l 3 2 : »
. = -x” ¢bs x + 3[x" sin x - 2(-x cos x + sin x)]

. ! ? . A

=-x3cosx+3xgsinx+6xcosx-651nx

= (6x - x )cos X + (3x'-6')sinx

b ‘ . -- 3 4 ’ " e h
* 2, 'Jte3x sin hx ax_=-82—5-43 sin 4x - 4 cos hx) !

’ . . -
* 4 \* 1 ‘ ‘~ .
i ’ , 7 - \>
.. - ' :
o o ] .
" ERIC ¢ - o 1ud o . .
¢ T A R P, ‘
l“ B . ‘b . 5\“ .

L]




IR . x/2
. £ 25, fex/Z ‘cos 32’—(- dx = i]'f)_
. (‘,\\ ‘ T
! 2 %/
=z €
, 2
\ a >e 5%5/2(3 sLn—+ cos L)

R O 3
oo 26. (x + sin x)dx
R
: 2 - . x
) =; (Ez— - cos Xx)
- . 0

"

-‘ ’ ﬂz‘ !
; ) (_2_+1)-(o.-1).

-
i

2
%4- 2%6.9

on t2 < len
o . et (x + sin x)dx = (x?- - cos x) =
0 ) 0
o .
’ 28. S: ex + e'x
] . d
- Ja 2
A, 2
3, NS \ Xy X
] c st This function x = >
. '_ B isvan even functionas. There-

- fore, it is symmetric to t'he.
y-axis. Making use of this
si{mmetr-y, We have

' 1ex x° 1 0 '
e £ re  _ oY (e ‘e Max = (e
.2 2
® P :1 ~ / .

. - ‘ \\ T3 , ‘ “w
ERIC ‘ .0 105 - "
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. -30. (a)
-
.
kS
. A
.
' N\
~
L]
Y4
4
.
.
.
.
‘
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.
¢
.
LA
.
g
, .
. A\]

. Q -
& FRIC .. -
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1 R S . s N
—'= 04 Here ve have

an odd function Wwhich means that

the curve is symmetrie ;with réspect
to the origin. X

2“ N . ® 2“ [y
x 5in x dx = (-x cos x + sin x) |

M . 0
: ¢ (-2n + 9) }3 <o)’

-2x

[}

.
»
. N
[}
) .
.
{
’
<
.
T
)
N
-

e
. ' —_— v . *
. R
*r - .
« 106 .
]

-
»
' -
- 4
4
.
.
.
X
.
¢
v
!
3 .
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4
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v
1
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SV

—_ Replace x -é by x (i.e., x by
‘ T x+2) ~_Thip.1{Mear substitution

= leads to A

¢

¢ - . 2' 10 : .
“hLs, T pdx
» . A 1 x' '

\ .. L
‘ RS Y LI
= -X \-—4-1
’ 1
143 P
' »

- s
.

PRI . (2 - 3 .
DU M- | xx-) :
! ) Y
i - 0' 2 o
; o .
‘ £ b 3 x2y b2 .
- ) = - - 'E" » ]
L . ’ 1 N
ro (32 Q.81 ko341 -1
= ( 5. 12 + 21 [‘i gr1-3
)-. . . g ‘ _1. ) i . i
"r' ‘ = [5] + [20] - 20 , A
» . L : ’ * o 0
T Replace x -1 by x (i.e., x by ‘
~ * ~ x + 1). This linear substitution v
« _ " leads to e . : . *
oo T e 1 3. .
- A o=\ 7 {x +1)x° dx s
L.S.:
" . . R o »
v . t 1 N 5 !* -
. - S N (~xl‘ +.X3)dx = (% + Zh_) . o !
~— o o °
) s 2Ll,1_9 - ' 1
o, s 57k 720
¥ i Bl - .
— , » .
O . .‘ .
Ly . , N
. L e > A" 0 1
‘ 3 oA
N .
~ .
‘ . . ‘ ’ .. . I +
Q . : ;387
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‘ n/2 .
B 3., A =1, sin 2x dx . R
& LI 0 » h I__ A
oo, R LA , . . .
b . === COS 2X =1
e g °°® 0 ‘ .
. O ﬂ .
- N 4 . -
' Substitute ¥, for 2x (i.e., . / s s 2 ‘

let x. Xy, - Lo ) o

Sk “
) AL.S ’,4.5 0 sin x dx ] . i .
» ¢ - d--
' »
l‘ - 1 k13 L 1 v !
‘. T -5 cos X =1 ® 2
b s 0 . S
RN
' (1 . > . ,
- . P
‘ﬁ ' . e
- 4 ¢ ’
A h 2
35..A = " V3x ax : -y
. .t k } . - —— P .

”,
.
1

.;/3'-§x3/2

RS 1 , . . ) . .
<o 8 1k A s
<o = (8 =3 73, .

N

' ' Substitute x for 3x (i.e.); let - N
v - X . , .
o %=73). . - ~
[ . L > .
- —— ’ ) ! 12 ¢ v .
.« 1 Wt ¢
. \ © Aps. 'K dx . , B
: 333 J
‘ '
‘ SRS AR V-
3.3 3 . . .
' o = 9(4.23/2 3») (33/2 8 33/2 % 6:
o ) . f"3’ "v ""'&%é(i, e pje
. . /1—2' {,‘ , }";;'y : ,‘ '
’ - - ;3‘ A i ;'5'{)(;’"
. - T ) N
- oS 5‘/:; - P 1;‘1.~ u%é .
LTt
K S g },ﬁé“ £
- L » R -
' ‘ 0 ’ 3 . 2‘ “%} . 12
l/\’ A .. - . - 7
2 gi’\\» - -~ . : {

o T { > ) . 5
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* 7. 36. (a) BAn intuitive treatment of
e pakds v

.t .

. graphs of o 5
o e 0 <
P £:x - log, (x) 2'x>0
’ apd ¥ N ‘gt Xx aloge(-x) , X <O0.
X ;
' The tangent line .to}f at a > 0 has the slope D‘loge a = % .
- ' Because of s}'r'nmetry Ehe tangent line to g at b = -a 1is the
) ~-  opposite of the slope of f/f at a > 0w Thus the slope of ' g dt,
.- b is —= = § + It follows then that D 1oge(—x) = _}12 .
Ty oo
L3 y :
vy
, ' A Y ~ R
s : -1 1 ——_— . , EY )
(v) = dx = log_ (-(-1)) - Tog(-(-3))
_3 © .
' .0 -16g3 i.
0 - 1og 3 v
Scless ;
A .
R > s “
¢ ]
. O 4
' [ b
X
)
. 389 :
El{lC ‘ 110 : -
" 5

~ ¢

e

-

e

< 1

5

this Préblem lesds one-fo, compare the
. @ ‘ ‘.

A
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« > _37. (&) By the Fundamental Theorem of Calculus f must have no gaps on the ’

interval’ [a, b] In the case of f @ x —>-)-];- , £ on the interval

~
{-1,1] ha‘a gap at x = 0. Thus*we cannot apply the Fundamental

- - Theorem of Calculus. .
. o Lo * i '
(v) -1lim = G~ -lim (log 1 - 1-ogé = ' ,
- X, \ . 1
, N —sw 1/,n, n —ow |
. ’ ’)’“:}.: . |
- - . - . "= Hm (1og- R g:?» n) , 5~ .a .
n —)03 ¢ . NG
— — - - T e e e ! aAE ){wv. M e
. . JRSESTNGIE 4
M ) ‘\/ : » =0t d o
. - N . -
) . ¢ . .
) . > o ) // X R
3 N
. (,c) The area assigned to the region/bounded by y "i.i“" b ;4 Oy, the
. . y-axis, the x-axis and x =1 ig well de{gpg’ﬁ' 0 long as* x # O.
/ ok This-area has a finite va,l.ue ff,.lbn& a.? )6 has a finite value. >
" Should we( take an integrai.» w?.th x*= 0 as an endpoint then the
g integral is undefined. Zﬁgx e , -
’ e 7 ‘ ) .
(d) Since- f has a £ap on thecinterval -1 <x < 1 we cannot appﬁy v
.the Fundamental‘Theerem of Calculus We can, howeiler, try the
- . ’ mechanics of integfation. We find. that ‘our answer is xero.
S Ny o . 2
. .| Fax=1og (1) .- log (-(-1)) ’ L
T -1 , <« e L
‘ . = 'O ‘- 0 . . . - v
. > . A
o =0 “ i

-

/ . "' ’ R Iy
: Thi 8 might be consistent to the extent that we are integrating ‘over
o ' two areas with the same magnitude but opposite. in sign, Thus ST
-théy cancel each other out '

- . «

—

e L On the other hand the inconsistency come$ in our effort to wi"ite the
. , statement needed to justify cancelling out areas /naiﬁely
bl o . y - )
' ce oy - - o + (-m) O. ' ) o
N y A )
%] PN N
A . ' v
t i . , [} . l
. . ‘ ’ . ’
° * + . _ - :
13 ¢ . 1 ~ . -
° .« , R .5‘ : ’ . v
. ; » . N ads
s I3 . . L . “_
,,Q . ] \ .
"’ ' ) ‘. ’
. '390 - .

1 :
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) o . v
L VI s N . .
. .' 1] - i -
. ) ’ . v ~
. -~ ., Teacher's Commentary ,
s a oL v L o
. i ?
./; ¢ ¢ : g IV . / ”
) . Chapter ©

' hl - - '
. DIFFERENTIATION THEORY AND TECHNIQUE .° i

. \ .
Q Lt | w
A promise was irdplicit in the earlier Teacher's Qommentary statement

"
~ ee

In this. version the special functions are first
.studied'ln some detail with the aid of the calculus, e T
“which is introduced intuitively, and'later [Chapter 8] / )
™ the general techniques of Calculus are developed and - ' 4/

' applied to a wide class of functions.," - :

.
®

In this:.chapter we deliver on that promise as we discuss concepts and techs

. niques pertaining to the.differensdation of algbbraic combinations.of fung- «.
® o tions. . ' & q : /1 4
¢ . We begin by reviewing the deri?ratives of somg Typical functions ~st) disd
, " .earlier and abbreviating the language we use.+ For example, the derivative of
- the Kunction f :x —>x2 is the function f': x - 2x. The value .0of the y o oan
. ! - [ ’ o
derivative of £ at (x,f(x)) is- £'(x) = 2x; that is, D(xe) = £x, " We ¥
- . . ' ’/
.~ shorten~this by saying (in Exagmple 8-la), "‘che derivati\)\e of x& is 2x" /
A more analjrtical‘ approach” to the fundemental ideas and basic theorems | .
— s, .. i b
R of Chapter 8 can be found in Appendix 7. . D e o
‘l - . * ! R @ - |"/
) Chapter B Appendix 7 : e/
8-1, Differentiability v AT-1. Complepeness of the Real Nuniber
' T - ' System, The Separation Axiem o
' 8-2; Continuous Functions A7T-2. The Extreme Value and Inter- -,’ -
P i : mediate Value Thedrems .. - U "
. 3 . ]
Cal 8-3. The Mean Value Theorem A7T=3. The Mean Value Theorem
. Bk Applications of the Mean Value AT-k, Applications of the Mean Value
Theorem . . Theorem for. Continuous Ftin
s T - . M sow e on Ty tions - 7 "ﬁ bR e
1 ? % ) L3 B ,
~ s . ’
- ' . Ve 1 '
L) N *
; N ) . £ J . Lol ' v
: ‘ ST I -
1 b
1
. . l\. ‘ - ’ - N %.‘ PR
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1.

- .
N o
2 -
7
A ]
¢
a’ . Y a
. 3
* . N t% ¢ 4 P v
N £ 1s not d.ifferentiable at -x = -2 since f(-2) is undefined and hence,
. ¢ -
f. is nqt continuous at x = -2, | 4. . - A
R . . . . ) N . ‘/’ I ,
. . . D : .I c i . ’ /
3 . - '.; x' . .' X 5
l ’ P i I \\ ~ . ‘e
T A .- - - L.
° * ° 1
. = . 1 N
Y=5x725 |
R N - |
. . . !
" PR {
t .
. REE oo -ll2 -l I . x .
- &% i
. P 1 \
A1 =11 w , .
. i \
. : . I . - BN
A3
I 2Tt
L] - . . ‘0
g . | LN
. I \
. \ | ,
. { . q: . {
¢ .
] : I 1 \
N hd . e | .- . ‘\ « 11
’ ! }A )
\ \ . \
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N .
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. I3 ‘e . . \‘ . ’ R - . [ 3
e 3, £ is not differentisble at x = nx, for any integer n since the * oo
graph of £ has corners at all such points. . )
N . ‘ . / L3 7‘ \ . l
* )
. ;
. 'y . .
N 3 . iy - ? ~
< K)
Y . -~ «
4, £ is nét differentiable at x = O becausg £(0) 4s undefined and .
e : ) . .
. - hence, £ 1is not continuous at x = 0.
1 ~ \ - - i
- , *
’ & .
‘. > ’ )
’ -
44 . ’ . .
n.,;'_ ~ * ) . ‘
‘ . / ! ° )
. ) . / " (//k . .. LN
‘ /{ }'f/ < T T
v, - . ~. A ) o/ .
- xS |
'?@_/ . T . - ’ : »
. ‘ v I . 4 ) t . -

T A 5. £ is not. differentiable “for any negati\z& values of x becagse f(x) J

DU R 6' L i
, is undefined‘ for-x"<" 0, y e . ‘
’ s ' - v . R
4 . 5 . .
- . - A .’f‘ ; :
s LR VRN
B F "h
- A i TR 2
. . el s L .
B A “qg""
. | 3
’ - »
AR f -
5. : B ’ S ‘ - * 4
» * { . . -
- - B L o 0 4T :/ 2 4
R / I ot “
~ I
» . ’
v, 1
L ; 14
s ® ' R . L.
, . ‘ " ’t
N » s
¢
/ —
’ . °. 0
T - i
1[' . “ . T, 1
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JCERIC L T
. Co : ‘ \ . :

; i , ( H o ,:/1

., ' .




©
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PN - TS 4 i
.3 B N

. .. '

. . 6. f 1is not; differentiable for x = O because D(x2/3) =2 -1/3 =-23---—l-

- X -
. . & 4 N 3' 3’/x_* |
N which-does not exist for x = O, N '
' .
= )
, Ty
u ,,“
N -
r . tg?;i’
1y . _ Ny ‘
7. (a) f(t—m- ={sin nr = 0 P
) 1 n ' )
- (v?) f(?f? sin 5 = 1 . \
2 . -
Vo Sn ‘ : v :
' f = gin =1 . «
¥ o ) ' 2 Ty
N —E i M ¢ “
f. 1 _ o 9,1. .., - N , .
~ f(_-QK—) = sin -g- = o ] .
3 > - - -
e . . * ' . ‘ s
= . ‘ »
~ . . S 1. Bg (48§ L)x ; Ty *
/ hid (m‘ = Sin 2 - = Sin(em_ +02) = 1‘ . ) .
’ 1’ 3n a -~ RN I
. =z _ = ) N
B PR
» T . .
| 7,1, 7 Doad 5“( -

. ) 1 B (bn -*1)x . Ty oo o7
) . f (m) = sin T = sin(?nrr - '2-) = -l ., .
i - .
+ Ll % » ' < .
g’ s No; as h approaches zero, f(h) tekes all values from -1 to -
+1 ’infinitely often. ¢ '
. . 4 . * 3 . r
‘ " — . A
39 ‘ :
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. , . I
‘ERIC | o BEP Lt
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10.

11,

13,

_f( l) 2, f(l) = -2, .and £ _is continuous op [~1 l]v‘ 8o there must

. £(0) = O, ) . - . <t

_be at least or}é number ¢ ip’ [ l 11 such that £(c) = 1.

at least one number ¢ in \[0:"5] such that. f£(c) = é—. .In fact,
Ty L . . ] )
f(‘g) = E'. . . . .. \

- ‘ SoI’uti'o.‘ns Exe‘rcisesb'&e‘ )

be. at 18ast one ‘number ¢ dn [-1 1:] such that f(c) = 0, In fact,

; \ >
€ ° 1

f 1is not continuous on f 1, 2] so the Intermediate Value Theorel}i does

that f(c) = 31, namely 9-5. Yo ;
<, ! "?

£(-1) =2, £(1) =”;é, and +f  is continuous on [~1,1] so there must

not apply, even though there does “exist a number ¢ in [-1,2] such

AU ]

~4

f is not continuous on [- 1.,1] 'because it is-not continuous at x = 0,
so the Intermediate Value Theorem does mot spply. *? '

£(0) = O, f(-é-) =1, and f..1is continuous on (o, 2] so there must be)

£(0) = 0 f(“) 21, ?:‘mt C=2 4is not between O and’ 1 so the
{4

Intermediate Value ‘I‘heorem does notg-apply.

f 1is discontinuous ‘at‘ x = 0 so the Intermediate Value Theorem does

not apply.

m=f£(1) =-2; M= f(-l") =2

m=£(1) =0; M=£(0)=1=£(2) = ‘ \ )
m=f(1) = f(-é)_= -2; M= f£{-1) = £(2) = !

. . A . - e, :
£ has no minimum nor maximum on [-1,1], since. lim. -3-1(- ig infinitely -
: i x =0 .
negative for x < 0 and infinitely positive for x > 0.

=f}(o)=o,-' M=2(}) =1 e
m=0-=f(x) forall x<0O in [-1,1] .
M=1=f(x) forall x>0 in [-1,1]
r‘ ‘ ‘
. .
i ’ - ]




l.

2.

h.

5.

6.

.

]
.

-

(3> 2 )
a(k, 16)’

X‘= 3/_;-) -

Yes. .The elevation is a continuous function f of the distance traveled.
Assuming moreover, that f 1s differentiable, we may apply the Mean
Value Theorem and conclide that there ust be some number ,c, 0<e <100,
such ‘that / v ) ‘ .

ot £(100) - £(0)
£1(e) = =555 © . -

Expressing elevgtion in miles, this ratio is 0,01 or l%. Her_xce, the
slope-of the road atlbqmé point ¢ 1is exactly 1%, .
.‘ . s - .

J . - . .
Yes.. The speed of the car is a continuous function f of time. The
Intermediate Value Theorem guaratees that if /f(tl) 0 éand. f(t ) =

for some values of the time t, then there must be some time to,
T <ty < tp, such that £(t() =50, since 50 :is betweer 0 and
700 * - ‘ R ) .-

- w

(a) Yes. The distance traveled is a tontinwous-function f ‘of time,:
and the speed of the ¢ c T isalso continuous and’ is given by the
derivative of f, assuming f 1is differentiable. The Mean Value

Theorem then guaraiftees that there is some time .‘oo * O < t '< L,
which . ) LN 5,‘,@{*731

' _ sy £(0) L 200 _ A
£(tg) = =5—5 = =

.

Yes.. Assuming the acceleration 1s continuous, then since it is
= 0 and negative Just béfofe, -t = 14- there
" must be some ‘time ta, O < ty < 4, at wHich it is zero," a;ccording
to the I_ntermediate Value Theorem. o -

N

N hé

then x =7+ -/_ ‘Hence, there are two

-

points where the tangent is parallel to Qi (1/5, —) is on the same
-~ ¢ P

branch of the hyperbola as E, and (--/5, - :/—_-) ts on the other branch.
2 . -

Aruntoxt provided by Eic:
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B B
A . ¢ “ - Y e
K

~ v, . . - ’,
. 8. There is‘ no such point. The Mean Value Theorem does not Apply because
f 1is discontinuous at Xx=0 a.nd hence, " not differentiable at dll

‘ = e -

points'im the interior of the interval [-1,1). |, &
. R - 9 0 L
ﬂ 9. There is no such point. The Mean 'Value Theorem does not apply be,cause

f 4s discontinuous dt x = 0, the end point of the interval [0,1].
. ) g !

- hd N . »
- ' . 2 et - - o
L : Solutions Exeycdses 8 l+ a LT

1. 1f f(a) = f(b) 0' where f is differentisble for a<‘x <b and .

. continuous at Xx=a and -x = b', then-there g gt least¥one number

¢, &< <, such thdt

f£t{ec) = 0. . .-

2; By Theorem 8-ha, if f£"(x) O~ on the open interval a < x < then
;— f(x) increases uniformly on,[a,b]. - Theorem 8-4d guarantees thad if

*g. A ' Ce
3. Tt;e point (v,f h)) is a relative maximtm ~B’ecause £ is increasing

for a<x<b (Theorem'S lLa), and £ is decreasing for b<x <c.

on the appropriate iriterval. et

(‘I’heorem 8- hb) % ’,.' - : L
k. Assuming [f(x) - g(\x)]' = f'(x) - g¥x) =0, then according to ¢ !
i Theorem 8-ke, F(x = [f .x) ~ g(x)] 1is & constant ﬁmction on [a ,b],
4 i‘.e., f(x) - g(x) = ¢, }zhere ¢ 1is some constant,- -
- . ¢ ‘ » : .
; -~ * " ad
- . A . .t L ® e R
-~ »
. ‘ - :’ . ¥ v w
’! * / . ¢ o
K R ) - ) »
- , - y - . !
/ . ’ 7
. )
. ! ) - A - -
» 1
s * . el" /‘
s
397 :

_f' increases; f is copvex. Hence, if. {‘"(:x) >0 then f-1isc tﬁrexl
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< F

o)
~
w

. '*‘(b)~y=x?+‘2sinx - . P

PR e

2% y'=2X+2_COSX ' - )

L ) iy a
: (c) -y = (3 + 1)(x' + 1),

5. ” ¢

" . = 3x6 +'xh + 3x?'+ 1 ’ '

a5 . .3 . 5
...y1318x + l}x‘.+ 6x > )

v

Cpeeened

~ . ." " . ’ - .

¢ = (1 -v2x)(x 2, x'l)* - . )
- . » L]

. : -2 ° .l ' e o, -

% =x =X -2

o 7
. N
L ’

.

{e) y = e® +.e2xA+ cos x *

LT y' ‘=;ex+2é2x~sinx N -
t ) ' - ) ‘X‘/ — '\\\ ’,
L )y =Rz ~
. RPN ‘ ‘ :

) . 2 - .
vy, (@) .y=x+log, x -2%og x

A )
LY
n

.

AN

‘e 1\ , ~ -
-
¥ ) -
g ) A = X . . B
ot N N . )
¥ v ,
3 : ! . ! w bk B FE , ,
toe SRR 1 SR, | . P Y S Y . . ,
R i E ,
.

'>£+2ldgex-2logex

: - i, e X .
Lo oam) Ty x +e . .
: - 5 R .
Ty e-~1 X - )
¥yt = ex + . . .
- » . 0




,': E T N P 8-5- .
& ’ oy : . -
Bl 4 . ~
¥ o ‘. 3 R
. . g * . . -
h 2. f:x—n{;?+’:-t-,,. for 0<x<1 ' . '
. " X T . . s ‘ .
s K _ e . y ) * _—
f“ . - - f(z) = 2 + 2 - . .
{ e vowrxook i : . o
Al ok = 2 : F
R ' . e
» , e
2 v.:s X "’l . N ¢ . .
] , X |, . - . -
1 t .
e = e V(— = 2 [ ' *
. 2 . : .
. f':ic—»—]é—-—l‘a- . . e
A\ -~ . ., 1 "
. . /% x ’ | oy s .
, ‘ k) R 7 e x ’
v, Bl =5 &, - . .
. 2 X v R - -
/, ut : x —>,—1—- - . .
4 2/% . . . ) ’ v
* - S At rot r -
. e 2 .- © .o x N
\ 2 al ‘ / A\ . - - e d T
b -9t RN N 2 o i ’ x T
1. o s gt 35 s ‘ \ EE X
: T <X m=s 707, r\mz-h, . " # .
bor '(J_) . , i . . « - o
oy - v 1 e # 'h:.«.
S . , Tangent lines at x = § . 33
I N hY d .
i T . (N N
; o .' /2 /2 o
& - to fzy-,(—-+2)-=§;-2--h)(x--2-)
P;‘ . ‘ .. % . v . . . K 1 * . )
i;"ﬁ - ‘ . N * ) to u 'y - ./_5. -‘,__.( - ) s w P
B - * 3 el .
: , to v:y-2 -h‘x-—) . - ]

kI

The eyuation of the tangent line to’ f ,is ,the l.inegar

1

o
¢

s

N
&

()

¥

T

H

#
v

Wi

combination of the j

tangent lines to u and to v,
B = [ : VT I '
{ ‘o o g ' / -
i 3. (a) y = sip X - /3 cos x - Y ’
. N B . . P . '
. . .y'=cosx + Y3 sinx N s
Y“xw * . - v . R ’
I ’ The tangent line is horizontal when y'-=0. ’
S .4 . N . -
= . ) . =4
0 = cos x + ¥3 sin x Lo . .
s - . . -
o , tan x = - = .
« AN 3 . .
“ -'_ . N - 7 B » . e . . v
A : - ;-g-nsr,n=o,t1,t2,.=. ' ®
i < - i '
y % " Co
) ) i 399 -
L f ¥ -t
. 3 . _{ , } 8’ p ’
4 .
¢ - - ¥ gy - pERayL it




S 9

= Lo
%w A , e} ) .
P n ’
will be perpendicular to y = 3x 2 if yt = - é—' . )
=25 10 2 - 2 ‘ - e
’ S . ’ 1
- - . i P
= 3 10g .2 o}
e

- p)
7 log (3 log 2)

< - S
/ 1og 5 - log, 3 - log {log, ) ot
N / . A > = ] j J.Og 2 o T e A s
M : N T - ¢ ’ . R
- - 1.61 % 1.79"- 10g (0.69) " >
<o A R ] . ‘- o e o
B, ' ) o ’ f 0.69 <o
3'" ! * ) . P e’ ’ ) > ;
RV L Lelieotea) |
§ N : - ’ < . | 9 . ’ .
‘f‘:’:‘ S / " :
£ N . .Olh ..
YR 2o T 0 e o
) "le) If ‘the tangent lines of* y =5f(x) and y = ’(f(x) are parallel at

$ x=a then 5f'(a) = 7f'(a) or Ef'(a) =0 which {mplies that
5¢(x) and ‘y = T£(x) ﬁmve horizontal ’

?.4 594:):»;*3.’,,\}5,1{@’;(?2:92 X P R »
[ )

f’(a) = 0.\ Thu}s y' =
A B tangent lines at. x = a. RSP S )
/ (d) 16 §1 and v are differentiable then £1(x) = u'(x) + 3w'(x) . and
'(x) = ut(x) - 1lvi(x). Since £1(a) = g t(a) then - i\
3v'(a) = -llv'(a) or 1hv'(a) =0 apd’ '_('a) 0 whichmeans
that_the tangent to v at (a,v(a)) "1 horizenﬁa?‘l A
? \/ f - ’ .
* If a and b are, (:Onstants then .
. 13 ! % M A
. D( av +\/bu) D(av) E D(bu) oy (L) L
" , D(() +p0u) - by {2). '
< . L N ! ' ©
‘A . C e
e N, . - . '
' ’ < - ~
'l 4 N | ¢ .
LY L . N [ L . A
'\ !‘. , -
. . » F:«. ;fi"ﬁ
) -]
. o }
e -

¢ 5 L
1]
¢ ” ’
o
* J s
ey ‘x_ ” /‘
' " A -
. ; . Y B ‘
NOIRN Lo
: ] il
. . i
#[ lC : i~ ’
2, . ‘ i1 ‘
E R i e a;, - w4 i .
}‘,7,, oy o ey h , 2, 5.1 x
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iave, 93 (8) £ ix-ox-cos %k, O0<x <2

t
., f¥; x =1+ s5in"x, " - Tt \
e T ’ . s N .
' * f": x 9 cos X .
& .t - . .1’.\’ - ‘o ) .
’ &{1) £ 1is increasimg in 0 < x <@2x
a " ¢11) £ is convex in 0 <'x 5% . T
) LI R ‘andin.%<x52ﬂ ’
. ws £ is concave in Lex <',-3-g-
: Pzt rE :
’ * o (iii)} Mo asymptotes. ‘. B}
. . (Y b N
. s x ! che, .
(b) . £+: x-oe -2x, 0<k<1 .
M - 1 x oe’ -2 . .
$ f X e

X .
( : M x—e LN

Q. - (1) £ 1is increasing when X >2
Al A4 - - *
e 089 <x<1
N S . " £ 1is decreasing when OX x < 0.§9°
. . ‘ ; , st .
‘ (ii) £ is everywhere -convex. ’ T
T S . e : i
N (111) 'No-asymptotes in 0<xX1l, - o ~ * . )
' s . “r P . : { . L,
. . There is the asymptote y = -2x for T when Xx = -», -
e \ .’ o . PN ' ~ o - " -‘"
(c) f:d:—/)t2+%,0<t p - N . .
. * - » . s
R PR <7, s '
¢ 2 .
) t . ) .
Mt 2+ % ' - <
. 4 . t * b . L
v o ) £ e
1 . Lo N . . . "\f;‘.‘ >
b (1)° £ 1is ipcreasing when - 3/_%--5 t e ) A T w
e, ] = . .
- ..+ £ 1s ddereasing in 0 <t < 3/? -
. . ) Y ' - . L, ., i -. .
‘' (i1) £ is convex for ,0<t . - ’ 4
’ ’ ‘s - v PR ' <. A . .
¢ ox . ii) A rtical mptote as” t.— 0. R Lo
- i (111) vert c? asymptote ! v
o . oo

- ' y - S
o E . e ! -,

wd V. s~ . ‘ i » - e - - b PR X



S R PR P
o7 7 .
" .. . i 2 .
vo. o @ s x ext - /2—X,«~¢O'S x <2 ) g )
s it et & wn v Y h - hd 4

e ,,f':x—bexéﬁ} L ' ' '

ot h ' - . a2k

i \ - h . a » ™
,75 A hd . . ‘

L fErx -2+ ' .

f s M," CETUSE S

(1) If 1is increasing if* %— <x<@

/ .
- B P
P 54

is deereasin& if 0 < x <t~ &

s e - e ” '
. ’ ‘_ (ii) is convex.in X <;2'"g ] ~x = ‘
x—’(&i) No asyr Wgﬁé‘ﬂv‘ >- R .Y
s-!:; . N . . \ ,
.«f@(x') = f(x)o *
ot b S L F
Then . 2(x)ax = f(;)] = F(b) - F(x) :
. i X X h v
) " > ~
_ , D| £(x)ax = DI¥(p) - F(x)] o s
\A . x . 1, l N N . R
‘ “20-F(x)  (£rom (5) of Section 8-3),
. ) =-F{x) ¢ ’
: \
. © o= -P(x)
- C(b) et F'(x) =f(x). . . - <
¢ O ) ~ ) B N
o D f(x)ax = <f(x) (from part (a))
g :
- : 0 48 2 N :
* . - D e 4t = -e ,
. X . s
, e L
) 7. The motion of a particle is defined as .
v L, . .. 2 s
i i+ os5(t) =2 cos t +t ) . . .

» .
. . 4

the velocity as '»v(t) = sMt) = -2 sin t +_'2t and the agceleration as
alt) = v'(t) = s"(t) = -2 cos t + 2. .Since ' |-2 cos t| <2 then
s 0L -2 cos t + 2 < L and the acteleration is alwaysg nonnegative.n

»
o i
[ ‘ > ) - s ~.
.

. .
< * .
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AR R B J 3 . LW Ly -

R ;- g AR
Q ' 0‘.‘»1"' N * s iy P i X Y I »
- 8.  Consider the polynomial function P ¥ X'-a, % "‘1 ¥ X"+ B anxn. Rk
' P? : —)D'(a +ax+ax2+...+;{xn) o
: PR o™ % 2 n
' ‘2 . ny
~ . ~
. - = l?(ao) + D(alx) + D(aax T D(z?nx ) by (})
—~ ! ,
e =a D(;co) +a. D(x) + a, D(x2) + ... a_ B(x® vy (2).
=70 1 2 s “n .
- . , . , = . i
Finally using Dx"'= L, X ) i : )
. - -1 0 1 R .
‘. . . Pt : x ey " Ox ~ + él Lex +a, 2x” + ..f-:,a‘n." n o x ‘ i
j.ﬁ"?z’.mmn. Ao e \ N | . » . ' . ~ . 3
R . =8 + 2a'2>.c +'3a3x2 '*:-'hghx'3 LIRTTI nanxn-:L '
’ ’ > ) ) ~ y ) ]
. (a . .
9 ()‘ ( | ) _
é o = .
: -~ . ”
I .
. .'. . , .
. . ' ot -
- 4 “
1
PR ,
3 .
’ . = i N
. - % b7 x> -2 - . ‘
(b)) Ix+2| = ; ;. .,
‘s {x+2), 4f x< ¥ .5 g .
' ) : A - .
~ 3-x, 1B7x<3 % % ) .
T 13 - x| = : R ’
Co x-3, if x>3 o
¢ . - , ”} v .
PR '

" g(x)

u

-{x' 4 2)(‘- (3-x) =-5, if x<-2"". - I

g(x)}
g(x)

u

(x.+?) -(3'..x)=2?:-;1~, i -E%'Sx‘<_3

1 x >3

V4 e 3

(xo8 2) - (-3 +x) =5,
o . . o

. Xy :
(c) f£'" is.not defined at x = -2 and at x.= 3. . v

. =
- 1Y .
/ E « A& ‘
. e oL
\ v " ot
» ° N . . .
A . . cz‘;
. . 4. . .
T, , .
.
- > b . " >
) ~ ' v .
‘s - ’ ¥ ’ ¢
<o
- . . q .- N
.
* 2 '* .
- N h - -
* 1 » - .
¢ .
- b l"'03 ! A
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Aruitoxt provided by Eic:

»

< ( ‘(,‘ -~ 3
! o . e B cene e 4 -
- x2 x . .2 : ) T
g 0. (a) THx+F<e 51+vx+x, OE“‘XS}QA . -
l X } x2 ‘
. Let f(x) = - {1+ x + ?) .
¢ - g «
‘v f' f'(x) = éx -1 -x ¢ ) <’ .
’ . - : d
. : The $hinimum f occurs when f'(x) = O. Since £1(0) & O we have
found at least one minimum. - - : .
¢ s . 2 er N
N Let . g(x) "1+ x +x - e)_(
c - cgt(x) =1+ 2x - } N
- . _Again a minimum oceurs when x = O. . \
. . ) s
* (b) Let - £(x) = w(x) - u(x) - : .
__Then ' £1(x) = v'(x) - u'(X) © . by (D).
, . Since . v1(x) >u W (x) A it follows that
. y - 4
’ R £1(x) 20. - > ‘
. : Tﬁ'us, by Theorem 8-2e f is an i‘ncre_asing function. When @ <x
A ’ then .° ;
. ) s2(x) )
- 1
; .-and ) v(a) - u(a) fxv(x) - u(x),
. . - s ‘
Since u(a) < v(a), . .
. L e osve - Dol
implies that 0 §.v(x) - ulx) ‘ "-_/ L
N . . A
- — and T ubx) < v(x) RV for a _{x..",' T
(¢) From part (b) since u'(a)-< vt(a) and Dlu'(x)) < Dlvt(x)) for \
- a < x then { ut(x) < vi{x) .for a<x. - . N
: But we now have exgctly the conditions of part (b), thus u(x ) < v(x)
for a < x. J ’/, . { v
1 :-_-':I. "f: ‘- [ .
B - v . - _“
+ ket ¥
3 50y -
Q ’




f‘ e ':w,' '71"4*'—."—‘ o .v B . o ',. ¢ . 0-5
i . -+ 1 P ' R - oo

- e - . . . o B R

', 11, (a) If y=u 'and y =V sressolutions . __ 't L o,

) L] +

yll :"33;" + 6y =0 > - N e .y

&

I s e e SN
then y' - 3ut+6u=0 7 . . . ,

: and Syt I3 6v =04 " . ‘:R ULl LTI

. Substitute ° , y = 3u.+ 8v

" - 4 ‘ L. S
. . . 3 yn' 5_13“' +'8V. . . ,
kY . - v - -
- and u -y'-' -:'—-3&!" +“8V" . v - ‘—’_'wn—" - on S
s N - r T IT - TGS .
? (3u" + 8v") - 3(3u’+ 8vt) + 6(3u #'8y) - 7 o
] . - . - . t
: = 30" ~-3u’ +"6ul-8Ev - 3! + 6v) ‘
¥ . - Y ¢ ]
’ . 3(0) +8t0) =0 oo - CoT-
. - E Y ! . ’ - -
Thus, y = 3u'+ 8v 1is also a solution.. ’ o .
- ( ‘ - )
(b) If y=e" +e* If y=ex-ex= . .
yt = ex - e;x N ' y';'?!' ex + e_x . B , )
. yn = ex + e-x,‘ yn = ex - e-.-x.. . u- -
. . In each case y" = y. . - . _
%f y=a(e¥+ e +p(e* - ™) for o, B constants. '
. . . . CIN ~4 .
y'=ale® - eT) + ple” 4 ™) - oo
. x -X ¥ . )
, y'=ale” + ) +ple” - e ), L .
’ Again "= . > - ) ‘:M -
— g y .% y " ) ot -’ M E‘?’ ‘3},. ‘ B
N 12. “9) = v(x)-+ ax + b, for a, b constants. . «
(a) u*(x) = v(x) +a and u'(x) - v'(x) = a. _ T g S
N (b} Since D(a) =0 then u'(x) = v'(x).
TN BN e e . ‘ . -
< (e) .1t uw’ = v" then u' = v?! +'a by the Constant Difference Theorem.
® YSince u' = v' + a ,then us=v +'ax,+ b by the Constz‘a'iﬂt D‘J,f_ference’
. Theorem. ) ‘ ' ’ ! .
‘Then uw - v = ax + b, a linear function. - T .-
“@,’ . v !
.. o - 405 . .
ERIC : . o R |
’ Ay 124 s o
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G N . - -7 . . ’ ’ ’ . \\ -
H 13, If" u and v are cont s at x =a then uf{a) and v(a). are defined ;
“ X and lim u(x) = u(a) and lm v(x) = v(a). . ~
.:.. . . x S8 , J \ X =8 . . ~
; - . Examine - A f =2u - 3v T
o . t(a) = 2u(a) - 3v(a) )
X . - s
is defined and ., - . L
N . ‘ .,n. . »
;. . s Tim £(x) = lm " (2u(x) - 3v(x)) J -
H . / - X . 'x'-)'a X _)a. - R . \\ ‘ \ ; X
= lim 2ufx) - lim 3v(x)
.- - x o8 X —a -,
to , ., =2 lim u(x) - 3™ 1m  v(x) , ,
v . x »'a; x-a -
; = 2u(a) - 3v(a)
. . ; ) . )
. . = t(a). -
TS > ) ..
# Y Thus f 1is continuous. .

s e W
~

LRI

3 J]

The fact that £’ ‘is differentiable at x = a does. not i_.nsu‘ke that both
u and v arealso differentiable at x = a.
‘ AN {
Here are three examples of functions of the form £ = u + v such that £ _ |
is differentiable at a but u and v are not necessarily differemg./able'
at a.. ’ .o e
. * ’4
(1) £=Ix-e| +(-]x-a]) - vl
. ) . r - ‘o’ x < a / .
! (41) £ =u+ v, where u= ¢ .
2x, <x .
~ « 2x, x< D
. and ={ , SN
. 0, a<x
e . hos .- i x +1, if x:.is rational_ PR
(111) £ =u + v, where u =, ) ' 1
. 1 , if x 1s irrational. ,
¢ ) \
-1 , if 'x is ratiomal ¥ . *
apd: v = : " :
T , x -1, if x is irrational
RS o @ . 3 “ . "'V>"
< \ |
] f ¥
- i ° .‘\
¢ ’ e “
o ) . . *
- . , ho6 * v
. // — ‘
¢ o 12") P N .
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Solutions Exércises 8-6

ia2, m, '= 2a.
3 2

m,.= 3a

o
]

[
H
<
]
n
]

Ll

If‘ u-*v =f":x—>x5

' Thus the tangent line is

then f£(a) = a2’ “and f'(a) =m =5

(a2' + %a(x - a))(aS "P’382(X“' a))

= a8 + Sah(x -‘"1_3‘2 + 6&3(x - a)2

Y

y =a + 5au(x - a),

. which is the desired result. ,

(k) D(/x cos 2x) = -2/x sin 2x +
*{(2) D(e3x sin (x + 1)) =
s L
v
- g

_ Dx(ex - 3) =bx -3 -~

4

>4

D(3x2(x2 - 5)) = 12%5 - 30x J

+

D(hx - 2)(4 - 2x) = -16x-+ 20

R

= lix3' + 2x

+ 3a/x (ax + b)2 ‘

1 ‘/ Il [
——— cO8 2X
-

&y

\

If we ‘ognii; the last term then the expression: is a°

\

v

&3 cos/(x +1) + 3e3x ‘sin (x b 1)
, = ésx(c /(x +1) + 3 sin (x'i 1))

-

e
a .

.

4

t’Sau(x < a). 7

“~
-




S,

o
=

02 108, %)
- (o) D(x

3

] \

»
¢

A}

X -t2
e
|

H X X sin t x ‘sin x X X nt ‘
(p}) Dle o dt) e = e +- dt ,
1 . : 1 :
i

n

. QQ) D(xe* sin x)

~ r

L ) Dlx - DM o xR e

nx2
dat) = xe +

e*(x cos x + (% + 1)sin-x)
4 .

X + 2x log, x = x(\\+ 2 1og, x)

..t2
e

0

b
dt

«-

x x Cox
xe” cos. x + xe” Bin x + ¢ sin x
‘

2

\

1

' 2(x - 1)1';2 ©

=X

.

-

.

(r) (108, x)(hx" + 2x)(cos 2x)).
+

(s) D(2 sin x cos x)

‘

o

-
.

-2 log, x( h@n 2x . (1oge x)(cos 2x)(8x + 2)

+ (4x + 2)(cos 2x);

-2 sin2 X +2 c032 x

2(cos2 x - sin° x)

‘

2 cos 2x .

This was not unexpected since

.

" and :

]
H

\

£

2

(t) D(xe* log, (2x +1)sin x) = xe* log, (2x + 1)cos x.+

sin x cos x = sin 2x _ ‘
D(sin 2x) = 2-cos 2x. .
, 2xe™ sin x
2x + 1
‘ - + xe* log, (2x + 1)sin x
fr + eX log, (2x + 1)sin x
- ®(x 10g(ax + 1)cos x + :2*2’: T sin x
! ¢ PR P - N ’
. r+ (x+ 1) 163e (2x + 1) sin x)

-

(@) D(#32%)

. XY,
xe(loge 2)2* v ox2®

/

2.x ;2 .
x°2 (;+ log, 2)

C b
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AN R
B

I o ' ) | =‘$ (5T + log, (3x + 1)) \
| . ‘ . o
T} (%) D(x°€®) = x% + ee® &1 s
oo =xeex‘(1+§) K . -
3 m'm£+n-n%mm%@;¥m£Qn-n /
: R = (3%% + 5% - 1) (6x + 5) +“(6x+5)(33,€2+2x"1), )
o . =2(6x +5)(3x + 5x | g
ORI CRESLEE R SIERP RIS ’” :
= (3 - 5x)(3 - 5x)(-5Y + (3 - 5x)(-5)(3 - 5x) .
= ‘ WARTEO LR 5%)(3 - 5x) |
L | Coaas3-s? ok

L e D350 = 3 - 5033 - 5x) .
SO 53 - 503(-5) - 15(3. - 50033 - 5%)
- ~ ) =03 -3 T -y .
,‘ R ‘ f‘. . L
, ) XV~ 1P) = Bx(& - 1)(F - 1)
' . e . x(/—x;/: D, x5 -1), . ~ _
‘ 2/x - !
; S THE + B 0y
* X _ . LAk - 1) (2/% - 1) ° ) , ‘ -
- . . e . . "
(o dxePPenlxabedy -
} ‘ = (x.+ ;];-)(1 - x-l§) + (1 - x—é)(x + %) . )
=368 e 568 - . L "




S

’ <
. et

! ¢ L

B . A;Lterﬁafively, . -

. PR P 2

: ,D(x-h%)'2=D(x2+,2+_1§)’=°2x-.%, .
. . X X )
+ V . N
32 a2 /2 12" [z -3/2
(£) D(T"Tf’f ) - .

(@ ln(uﬁ o +'j_;)1=

-

(h) \(D(eJt sin(1 - 2x)) = 2¢* cos (1 - 2x) + & sin(} - 2x)
. - Al A.' , ) * L3 ¢
= (-2 cos(1 - 2x) + sin(l -.2x)); . ..~
(1) D+ log, x) =£ L 1og'e P .
: =y 2/ i
' =—(1=r-;-10ge' x) ¢
, .t x o, ’ f o
- .
or X1+ log, )T o v
x : .
(§) D" 7 = xﬂ\(loge )+ ﬂxﬂ-w
; T (E +/log ) i
x e
5 . o . )
(k) D(x" cos x) = -x~ Sin x + 2x cos X N
, » .
" = x(2 cos x -'x sin x)
(£) / D(sin x log_ x) = SiB X . cos x log x . :
e X ; e -
log X * T -
. e 1 1 1
. () D( x)—§'§+(';2_)1°3ex' .
= —]:2— (l : log x.) + ! .
X PR
‘ -
(a) I£ '£(%) = [u(x)?® ‘
then f£(x) = u(x) - u(x) _‘ .
and £1(x) = u(x)u'(x) + ’u'(x)u(x)
. g - £J2u(x)u'(x)
P : i
*
410 ot .

-

1 '
./‘,‘(‘72&—3-\ . o }

-~




i T S R S
B(x), = lu(x)1> * . /é - -
Clnt 0 then () =ulu(x® -
T e ()P S0+ (0l 1 C C
' o = u(x)[eu(x)(u'(x))]lf ut(x)la(x) 12 a .
F = 3lu(0 Pur(x) | -

R A Mu(x)1 = plue) - @3]
S G L R L
| o = §lulx) PPu' tx) — {

P

y - ) - n-1 .
o (a) ° D[u(x)}‘ln = nfu(x) ¥ u? (x) -
Y, *
5. e) oy = sin® x - e . ' RN
s S y' = 2(sin x)cos x 4 B
’ . (v) y-= cop3(1+x) - ’ ;
Fi . . v
yt = -12 cbsz(hx)sin 4x
. ) . Y
2
() v= (w08, M . ,
v o, 5 ) . -y
- y = ;‘1oge x ! ) 3 N '
h'? . ' i ‘
- (@ oy = . . .
. . . -
N ) ] - y! = h(ex)3 . ¥ . R : ~ . .
L - e -
. = h(ex) . , ~ .
\ 2 2 , . " u
L. (e) vy=(x+1) . L
= () SRR '
e o (B) oy = sin3(2x - 1) . N e - .. 8
¥ ', ‘ t 2'; M ‘ B - «
3 ¥y = 6 sin“(2x - 1)cos(2x - _1) ' .
- > ' VR
£ .t X ) :
ke 2 h ' v * 4
N (&) v= (& sin t%- at) .
1. . )
. x } ) -
¢ ., yt=b( sin t2 dt)3‘sin x2 , . L
. * . 1 . v L4 &
! . < v . .
O M «
) / e
> N . 2
. 511 . ¢ )
B - . J -




“ *e o
4 ks
‘X
o e
M
-
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w3
.
h L
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.
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k4
®
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k]
v N
. .
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. J
.
.
w
k
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.
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.
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Aruitoxt provided by Eic:

-3

‘o

S -

y= x2(x2:+ 1)2 v ’ - .. ..
yt = x2L2(x® + 1)2x) + 2x(x2 + 1)@ LT ,\
2 S22 | )
= 2x(x" + 1)(2x" + x° + 1) - N
® . . - .- LT
= 2x(x2~+ 1)(3x2 + 1) . e
or 6x5»+ 8x3 + 2x : — ) __41 )
y = (x+ 1)3()(2 - x + 1) I
. , . KN
yto (6 )3 exg 1) +30x + DAE S x0) o
% (x £ 1)2((x + 1J(2x = 1) + 3(x° - 3+ 1)) -
= (x + 1)_2(5x2 - 2x + 2) . L .
N I ) « i ' R
y = (ax +%x+c)(dx2+ex+‘f)‘ K -
2\ 2 iy
y®= (ax” + bx + c¢)(2dx + e) + (2ax + b)J(dx" + ex ¥ )
.= l&adx3 + 3(ae + bd)x2 +2(cd + af + be)x + (ce + bf) e
-2 TN ’
y = (cos” x)sin 2x . .
yt =2 c‘os2 X cos 2x - 2 cps X .sin x sin 2x . »
v e /
= 2 cos-x{cos x cos 2k - sin x sin 2x)
= 2 ‘cos ;( cos 3x .
“ L3
y=e s‘in?(ax& b) ~
( ”
y? = 2ae* sin(ax + b)cos(ax + b). + & s%nz(ax +b) )
R Y A ‘ 1Y i -
= ¢* sin(ax + b).(2a cos(ax + b) + sin{ax + b))
v ' ~ '
x 2 x .2
! N - 2
y = (x| ¥ at)? = X% ,_et at) .
0 Jo o A
S 2 2 ’x 2 B
X . /
2
yt = 2x2eX ( et dt):L + 2x ( e* at) /]
0 o7 Jo oL
'x L2 .2 x ,2 , te
= 2xS" e¥ atlxe \§ et at)
3 ~ 3 '
0 9’\ . n
. M ! I
v ( .
. ' hid ’
> . e N
s S




. R . " /
: 3 )]3 .
{g) y=x [1oge(x + 1 . , i
° . 3 2 3
S 2.9 + og {x + 1
. 'y' = ;1;'—1[loge(x +13] 3Xa[3\ Se(X r )]
2 x -
= 3x2[1oge(x + 1) Wlig5T + log (x + 1))
- . - "'
7. (a) ¥y =x1log x, {>b .
) & 1+ 1oge x -, -
N 1 . LI,
# o &
o= X ° & .
/ » A, 1
' The graph increases if x > = * N
.t The graph decreases if 0 < x < }e—
. . )
The graph is convex if 0 <x .. .
’ . ) ! -
£ ) : S
.Y ’ .
. ' * -
. X IR R I I I I I I RPN !
M -
, ' ' !
% .
‘/ { By N N
Jy = xtlog. x .
e . e
-7 : II ' ‘( )
. | y = log x
' 1l S : < ;
. o R . . L7 \__,/
- / - ¢ ." ? \\_v ,
'S ] . . > . a L
1 ) : bl ’
¥ 1 . i
o e l-g N § )
o~ ; e X . .
- NG ]; St 2 e &
’ - —T v -~
e * )
. P “ )
N W] P b A‘ bl /"
L -~
N e
- oo ¢ E
L) . o
- " ) N N s .
-» ‘ - L]
- h13 . 4 > ° -
o : -
IC . . 132 - : \
. *, . i
. . LT . 4 §




A& e e T R - . - - o - - a B R S S
o . . ~-
“ ' . v "*‘l v . *

: > . . TR
’ . (v) yv=;1{- log, x, x>0 & T
LY
‘ 1.1 1 ‘ » - %
3 | U . < TSl
y' =2 e - 5 log X } o ] k7
A} , X r_. .
1 . ‘ '
—— — - - F 4
= 5(1 - log, x) , S :
o X <ot oo fot
y 1is increasing when ;2-(1 - log_ x) >0 or wvhen x <. S :
. X i - -
. y is decreasing when x > e. * s
. A ‘ "
9 . ’ it _ _1-_ l _2__ X - .
PR " = 2( x) + ( 3)(1 168, x) L 1
i X x .
. . ‘l‘ -
b =-1§(2logex-3) o . .‘
\ X : /.\ * .. ~ v
; 1 ' : 3/2 '
) ¥y, is.convex if —5(2 log, x - 3) >0 ‘or when x >e”/“ & L8,
\‘ - b v
. . y 1is concave if 0 < x Ze3/2 \ . »
. ) . i’ b ,
-
y;
L
1}
.
r
“k - ] -
7" ¥ *
4
-
taat s ‘a

BRI e roviddin enic | .
[ \

HE & .




(¢) vy-= .
. N - 2 | v -
" y' = 3 sin” X cos x | g S
B ¥ = 3( -si.n3‘ x.+ 2 sin x cos” xg . N - "’)t .
. L oe Lo : T ) .
+ We see that  y! depends solely'upon cos x for its being positive = _.
" EE A ¢ ; . X ’ g e
. or negative. - -

o .

. . \ f L
X -Thus y 1is int?'reasing when cos x > 0, .that is when, 0 <% ‘é% or’

. - . ) ,
> ° = 32—ﬂ <x<2n aﬁd y 1s7decreasing when % <x < 3?“ .” Analyzing y" .
is more involved. & LT
' ( » ‘ \” . 2 ) - ‘ ) N
) y" = 3 sin3 x(2 cot® x - 1). -
" We see that y" >0 if . .
{1) both sind x>0 .« _— .
N » A}
! ;. - and —2.cot2 x-120 or’
. »”~ o . ? 3 . J ¢
. (11) voth sin” x < 0
- and . 2 cot2 x-1<0. . -
L4 '?’ 3
. ~ Case (1): . sin” x 30 when 0<x <= .
' - »‘ écotex- >0 . . ‘ I
. = N .
. - , <
: . : cot? x > % *
. . . =2
. " Jeot x| > .707, cot .955 % .707
- Thus . ’ )
: YL 0Sx<.955 or mo- 955 <x<m+ 955 or ®- .95 <m <.on.
- . . ; t.
- Combining both, conditions of case (1) y" >0 when o
< L d
0<x<.95 or = -.955 <x <n. :
E“ S . Case (i1): sin x < 0~ when = < x < ex -, .
H o ¥ - . . . . r
- _ - 955 < x<m - .95
. : 2 {:ote x -4 <0 wheh e k9
< A ? or m + ,955 < x <21 - .955 * ¢
: C 7 Combining both coriditions of case (1i) " > 0- when -
¥, , . ' — - : :
Lt N n o+ .955 < x<2r - .955. , ( ™~
Ty Thus y 1s convex in the following doma'i‘;i 0 < x < .955, ;ggﬁ
S R 955 <'x <w, or =m ¥ .95 <x <2t - .955. -
B . .~ : o ) ~e : . -
N . - . ‘ - .
N ~ ‘*,15 0 e /-“\-z:w?_*
. Q ‘ . h . LN . (\”' ~' . :
. ERIC . Db 3{«11‘34 , S
;. . 4 o - ) R P N

2 -



% N 8
“ . i We can assume that y~ 1is concave in the complement of the domain
. " for which y" >°0, " namely . *
L) - ~ 5 ’ ’
955 < x <wm - 955, < x<w+ .955, or 2n - .955 < x < Z2x.
; ' decrease.,: . ‘.
T i l -
)
. . - .o
(@) y = N 1ogce x, x>0 A .
. ’ : . ' ’ -;& Toag »~ ) ,
y' = x + 2x Tog_ X' ‘ . - >
/ . =x(1+2 log, x) . ' -
: / . T Rane . e ¢ ..
/ . yn =2+ (1 + 2 .log x')‘ i N -
A / . N el » ¢ As«e - R .
I T = 4 . . .
: # < =3+ 2log, x , o
] . . ~e . ’ 1 H N
. " Since x >0 then y' >0 when 1 +.21log x >0 or vwhen
Cagk T AV -
.. x>e a\:; .607. Thus _y increases when x > e and decreases
f- had
. it 0 <midll?, . .
. - ° ) ‘ﬁ)’ KA ’ N A 4
The function “is convex when 3 + ’2 1Q.8e x> ¢ or when -,
Lo K x> e'3/2 % .223 and concave for’ x < e'3/2. —_—
o e o7 -
s ‘ . ’ o vt .
. . .. .
N . ) . 4316 . . ~
o ’ . .

ol .
{




v

.[ MC

P

Since

Thus

.

=) L <

2
x>0 then /x>0, e >0 and (1 +§1£)>o.
D(Vx

e’) >0 and the function is increasing.

b7 :

i*flkfffi . . |




Y vq \ . . ’
g P . : . e
. IS b
' 4 .y »
. - ex.“ a ) < «
() x 2 X >1 ¢ . ¢
. - o ' - -
- X X X
ey, €, el
CONRETZ :
» ’. x . <
. ) >
- ° - % (x - 1) .
. . X hd . -
4 T ‘}.u. ‘ ’ 4 . ¢ . .
- .. - ~.> h X 2 . .
- . .70 If x3>1 then e >0, )‘c/>0 and (x - 1)'>0. >
~N Y .t o
. . o~ . . . . ex R A
. Thus D(—x—)‘ >0 and the function is increasing. -
- / . :
. X B . . ‘
(e) x -, x2a>0 '
x‘
| y -
NN & R & ' . ’
1 M) =55 o N\
v— . X X. X ' N
T .
’ e ( L4
' = X - Q)
/ T .
' ) oo . - s
. LI TN . < . ..
+
, I x3a>0 then eX>0, X150 ana (x -a) >o0.

X
Thus D(%) > 0 and the function is increasing.
i . - *

x ’ -
“{d) x - x sin.x, dfxf%
., . , rl i
PR . D(x sin x) = x cos x + sin x -
. »
) ( '
f Of"f% then % >0, sinx >0 and cos x > 0.
Thus D(x sin x) >0 and the function is increasing.
s g - : A * s >
ﬁ 9. If f(x) = (x - a)eg(x), gla) £ 0" and g is differentiable then

" °

£1(x) = (x - a)° g'(x) + 2(x - a)g(x).

Since (x - a) [ is a factor of each term then f'{a) = O. Y

Q o 418
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s T2 n
H + ¥ [ )
Lpt D: x .~ a‘o/+\hx X + +ax

4 1

e d .
> -

o-9

_be a polynomial function with] ’\

-

the zero a of multiplicity at least '»'3. Then by the Factor Theorem
P(x) = (x - a)3Q(x) where Q(x) 1is a‘polynomial of degree (n”- 3).

3

C R = (e - %)+ 30x - a)%e(x) '
TP = (% - 8)3Q'(x) + 3(x - a)PRr(x) ¢ 7
. AR )
. - - U 6 - B . A
7~ q +3(x - a)%Q'(x) + 6(x - 2)Q(x) ‘ o

The’ expression for P"(x) has a factor of (x - a) 1in each term. Thus, °-
P"(a) = O whenever a 1is a zefo of the polynomial of multiplicity o
greater than two.’ . : i / -

The converse is not true. A tounter example is called for. Assume a £ 0.

i L3 W

.Supposgsjzhat P'(x) =x - a, and P'(a) = 0.
.- . x2
mther ¢ 'P.(x) = -—2— - ax, a
and” ) ’ P(x) = < - Eﬁ ’ ' v
=% T2 ¢ .
But P(a) #-0. R
(a) '1If . ¥y = e®* cos bx
then -yt = -be’* sin bx + ae®* cos. bx L
. and y"' o= -’t:2 e®% cos bx - ab e°* sin bx
- -ab X sin bx + a2~ e®* cos bx ‘
\ L eax(a_2 cos bx :=.2ab sin bx - ¥° cos 'bx)].

Substituting into y" - 2ay + ( a2 + b2)y we get

. - . 7
eax(a2 cog* bx -2ab sin Wx -b2 cos bx) -e®*(-2ab sin bx ~9-2a2 cos bx)
g . : . +eax(a2 cos bx + bé cos bx) .e »
» . , - . . - ~ o
. Simplifying yields - o

f ! [ {

|
’ ‘ s '
eax((a2 - 2a2‘+ a2 - b2 + bé)co§ bx +/(-2ab'+ 2ab)sin bx)
|

P

e ' {
: t
or A J .

ax( ) ~

®*(0 - cos bx/+ O - gin bx)

which is clearly zero.

3

1
i
’
|
i
i

- -

&

g




w;///’f . ‘ | -
(v) 12 . . vy = xoeX + 2xe* = Zax(x2 + R)
then y! = eX(2x + 2) + X O 2x.),
’ . o= ex(x2 + hx & 2Y7
* ¥ o= eX(2x + by + ex(x2 +)1&'x + 2) .
. AT o '
and oy i eN(ex+ 6) 4 X2+ Bx 4 6) ;
. '= ex(x2 + éx + 12) . : .‘ T

s

Substituting into "y!**'- 3y® + 3y’ - y gives

o,

.
ex(x2 +8x +12) - e ( 3x2 +18x +18) + ex(3x? +12x +6) - ex(x2 +2x%) .
*Simplifying yields

e«x((l-3+3;1)x2+(8-18+12-2)x+(12-18+6))

. -
B AN

. 2 ALY . e .
Let u=x and v = cos x. ‘Then u! = 2%, ‘u" =2, v! = -sinx
. & s ’

. " i
and v" = -cos x.
v a
. . . » v
Thus from\(a) N o
oo '(x) = -xa cos x - Ux sin x + 2 cos x. - .

P Ay
() (uv)®? = uv'™ + wv"™ + 2u'v" + 2u"v! 4wy + U o+ !
. ’ ‘ . ‘
= uy't + 3u'v" o+ 3u'vt o+ utv,

t L

3

e .
() (uw)" = uv(n) + nu’v(n-l) . 2l (g - 1) u“v(n"e) e
) o }

¢! "y in!: “m fn-m) N
M ' m!? znl - m; e .
' Q - (nr1)], . (h). . ‘
‘- ‘ ' +nun11\ll'+un ' for m<’n-.‘

i

f
p ; i \
‘I‘he coefficients are the coefficrnts of the binomial expan'sion.
4 {
f

e

’

,,,,:,4_ ;ﬁ? ‘

‘. X 2 -
N T ' e (0% +0+x + 0)
which is clearly zero. ' .
# ~ >
(a) (uv)! = uv?! + vu' . v )
st (wv)" = uv'" + ulv! + ulv! +u'v " .o
. = uv" + 2utv'-+ u'v, : .
' P - . P . T D
(b) £ :x —»x"*cos x. L




. Solutions Exercises 8-7 ' -
1' (a) x _}1 - x2 . ,f::’ ! - ) . . . A
. \ et : .
m‘@,& “ . P P 4 ¥ lowiws
* . Let Ll £u) = Yo ~L ‘
i ' . .
“and ‘ Fpu(x) = 1 - ¥ 2
o orlet . © f(w) =/ -u |
T -7 ana , ©ou(x) = x°. N
’ 4
Then ' \(2()) = h - ,
(b) x -=e )
Let ‘ £lu) = e .
. and 'I JTu(x) = x?. 4 X ) .} -
. N x2 M ‘ . .
Then flu(x)) = e . .
~* N ' P ' )
(¢) x=- cos(x3 - 3x) ‘
Let o . ' f(u) = cos u , . '
- _ 3 ’ . v
and u(x) = x” - 3x.
Then flulx)) = cos(x3 -3x). A .
. * N \’_ " : -
. (d) X - —— v “ . .
) A+ x2 . ] . - .
’ ) ]: ! s -
7 Let ? « f(u) = = - N
s, (w = X
L3 « 2
and@ u(x) =1+ x°.
/ ** Or let S £(u) —{ 1 e
: “1l+u
) . .2 ’ ;
and ~ u(x)e = x~., . Y82
’ ; 1 .
0 ) Then flu(x)) = . . 4
g 174 x° . ¢
= ! - ' I3
< > . . t !
. (e) x -1log x2 +1 : \ » )
e - v
. . - } '
Let' £(u) = log_ u . ' '
& » e -
R and ' . u(x) = x2 +1.
‘ o -
Or let f(u) = log, /u +1
. «t J ) . .
&7 . ’ N )
Qe 4 b2y
"ERIC - 140 -
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-

and , u(x) =%,
1
Or let ' £(u) = 5 log, u
3 ¢ . 2
and \s(x) =x" + 1.
l. -~ 1
Or let £(u) = 5 log {u + 1)
and . u(x) = x2.
1 Voo
Then flu(x)) = 5 ILoge (x +1)
= ].'oge ¢x2 +1
x. = (2 - 3x )100 ‘ C
. . R
Let . £(uf = (2 - )+
and } u(x) = 3x°. '
or let T pt) = 0
and x) =2 -°3x2.
Then . u(x)) = (2 - 3% )100.,
Tx o (2x2(,- 2x 471!.)-1/2 .
) ‘ .
"Let * _ féu) = u')'/2
. and \ ul(x) = 2%% - 2% + 1.
Then u(x)) - 2x + 1) 1/2.
2
X —>1oge(sin x) - ‘
Let £(u) = log, u
2
and ' u(x) = sin x.
)
. 1
or let £(u) = log, N o
‘l '4 )
and - * o ow(x) = sin x.~

Or let ) £(u) =2 '1oge u

and . u(x) = sin x
Then flu(x)) =2 log, sin x
& ./J ~ ) ‘ = log _(sin x)2.,_h
b‘ ate YT e I

,
g vt

Y

TR T TG o




C o )
(1) x = eCOB X
Let £lu) = e
. and . u(x) = cos” x. .
. o
4 u2
Or let flu) = e \
and . . u(x) = cos x. , "
- . >
Then- u(X)) (‘cos x) . -
(5 x_)3e2 sinx I <
. >
Let flu) = 3w - ‘ K
and ’ ul(x) = 2 sin x . 4
or let f(u) =
R and Cwx) = 2 sin %.
or let (u) = 3e rt
and ’ u(x) = sin x ¢ .
; Then , (u(x)) = 3e2 sin x|
e I
(k) x> 2(“1) ) ;
Tet flu) = 2% '
:: ang ° ‘ u(x) = (x'+ 1)<, "
‘. ' 2 .
or et L -, fw) =2 , ’
) and . ulx) = x + 1.
i : ) ’ (x+1)2 ’ °
Then ° \ flul(x)) =2 LY i
@,
(a)- x--»:Log’a'l‘Bx2 + 5x + 2| ‘ .
et ﬁ‘?éﬁzuf(u) =log, u ., * Te o
. » oa . . . .
L : u(v) = v} .
and - a v(x) = 8x o+ 5x +2.,
"' Then . f(u(v(zc))). = ,lo,ge|8x +5x + 2.
R ; . °
* L4 -
' R ¢+
, ! . . ) : . » , 5 P . 1),




(b)s x =» V1 + cos x

¥

Let o t(u) = A

u(v) =1 +v
and * v(x) = cos x.

Then £lulv(x))) = V1 + cos x.

(e) x - cos(sin(cos x)-) ‘

v

Let . £(u) = cos 4.
~ ‘u-\ N
< a(v) =sin v
v(x) = cos x.

Then f(u(v(3c))) = cos(sin(cos x)).

(@) x o (x%1)33
/ Let . e = (w5
' " u(v)
and w(x) =
- Or let s _£(u)
u(®) =+
and . v(x) = x + 1'.'

Then " glv) = G 1.

() x =41 - (Llogg x)8 i ) ’

 Let * £(u) = & -

u(v) =1 - v

v(q) = qe»

a(x) = log, x.

.

(ul(al) )Y = A - (Log ).

5

L2

Lohay
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» l—
el .
x*
1«
' £(u) = = .
wWv) =1+ v ! )
g vig) = . )
A= ' -
. . . . - ~ -
: . . Then £(u(v(q(x)))) = 5% ‘
. . JL+e .
l 3. If x —|x| then let f(u) Jfau end u(x) ., Thus f£(u(x)) = E
which is another way of saying lx]. .
. A
. * b, (&) Let f(u) =au+b and u(x) = px + q be linear functions.
I. . — ~ . . . -
‘ Then f(u(x)) = a(px + g) +b
. ’ = apx + ag + b
' which is.a linear function. .
- (v) Let Plu) = au® + bu + o - .
£ - . e
| and - u(x) = e + 8X + ¢ ‘ '
. ' - ~ * .’
B .o . be quadratic functioys. ;
s * &
¢ Then' ~ ! = ’ et
. v . ’
) . 2 2 2 v,
Y f(u(x)) = 8(2‘)( + 8x + t) + b(rx-mﬁ- s8x + t)' + c _ 't
e - = a'(rth"-}- §2x° + 45 + 2rsx3 + 2rt>é2 + 28t) .
P ‘ - - . °
“ +b(rx -r-sx+t),+c B e’
% 3 +
P \ .
T .. = arth + 2rsx3 ‘4 (as + wrt + by I Y e o

/

function.

-

$

+‘“‘;:°""9‘“ gz“c%:- 2
whi\ch is a fourth degree-p nomial, . . ‘%%?”’, - -

The composite of two \polynomial functions §s ggafn a polyxpéig.l cet, ":;-«
The degreg of 'the cmnposite P
equal to the product of the degrees of the two? contributing‘fu%ctions.

~If u:x-x and £ :

s

Y r

P e

nomia}. ’function willﬁbe

x-)u(u(x)s then' ; Lo S

. S‘ ' .k
. R (L e -
£(3) = w(u(3)) <
= u(3) . ‘
= o : . :7
8 ’s “«' L . '
? h25 e ~@L_ - . .
M 104'4‘ ) » .
: ‘:\3.);:)' . ﬁ's;f :n
S Sy ,
%f'i"ﬁlcé - o

Qy

A?
,H J
Q!
“ L
k.
<,
P
V7
i &5
Ry
o
e ":-T-




Cw [N

| 2 . .
, ‘ . (_b) If u: x —)% then £ : x —u(u(x)). Thus
; o ) - plx) = u(u(x)) = u(%) =x and f(x).= x.
]
: / "\l a b
mo.¥ 6. (a) If uMx—>x and Vv:x-x then .
‘ . . . b
. y u(v(x)) = u(x’) ., .
) - ! = xb)a
. ab
= x
. and ‘ v(u(x)) = v(x%)
% ) = (xa)b._ . l
. / _ xab ? ’
. . ¥ . . ,
Thus u(v(x)) = v(ulx)). . -
(v) If u:x-cosx and v : x -sin x then ‘
. o u(v(x)) = cos(sin x) N
. - rs
i and 2 vlu(x)) = sin(cos x). . ¥
} A counter example will establisf the fact that u(v(x)) # v(u(x)).,
-~ . . N . 2. . .
. /Le% i X = ’-2(- , . !
b the.n ) ‘u{v(x)) = cos(sin %) z
¢ = ctés 1 N
. % ,5403. :
But < v{u(x)) = sin(cos %) N
= ) = s8in O -
¢ ’ E} .—_-’7'6‘ "‘ 4
S
S I 0 # .5403 )
Therefore . u(v(x))';é.v(u(x)).
. (c). Let u: x>a" and v: xpbt .
5o . L 4 .
g 1 X “ -_
Lot ; N u(v(x)) .= a(b‘) - -
< ) ‘/ . 1 Xy . 5 v
and “wlu(x)y 2000 L . =R
. ) O B = AR A
‘In general u{v(x)) # v{u(x)) unless a = b. The counter-example -
, . .

which gives the quickes‘tﬁreSults is to et/ x = 0.

)
- . .
«
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Ay o e 23t T e,

e n a p g s wn e e
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0 () Let u:x—e" and v: x —1log, x then ' y
\ ’ 4 108 i N .
- u(vix)) =e T=x *
) - 4
and \ \z(u(x)) = 103 e” = x. -

e , In th;.s case \x)) u(x)).

q,. ’I‘his is no surprise singe 1og x was introduced as the 1nverse
function of ex.
t ° EY .
x2 R ' . {
> 7. (a) x *g t2/3 dt ' . s
i -2 . . . .
’ u i .
. : Let f(u) = t2/3 at ’
. R _2 N 5
—— and J u(x) = x°, LT
. ) ) ’ xe* '
' then . £(u(x)), = g /3 4.
) ‘ -2 . -
1 4 . )
1 . l t
(b). x = . ,e at
sin x !
k) s ﬁ
1 N I -
- Let w(u) = | e at P
3 ’ 4
, and u(x) = sin x. . ,
1 —
- 1 t N
¥ Then ., flu(x)) = e’ at, -
- o \ .s{n‘x
2 o
. X -t2 * -
e (e) x —)g e at . s
B 0 il 1
—_— ' u 2 ‘
’ -t
' Let £(u) EJSA/ e at )
A g - N o
: / ‘s .
and * alx) = X,
B . r . .
- 2 , ) ’
s * X -t2
’ Then “ x)) g . at. _,“‘
. ) '
by ) ' ‘v
P - ' : ,,/ .
. . : > d ' e ’
Q - ] L0 . : . Lt
ERIC - . b
. A -

IEX
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8. «x —)A - (1og, %)2 .

is only defined for real numbers when

1 - (log, x)e'z 0.

Thus .ot -(1o0g,_ x)2 > -1
. (1oge‘x)2 <1
(Lo A

1 -

_— - .
log,_ x| <1

-1 <log, x <1

”

L)

(10 1 d

<x<e
.

The dopain of the function 4s the interval ?1?-

-

- . ) ,
¥ s
e

‘ ’ First, lqge x 1s only defined when x > 0. Sec::ndly,
o

"
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‘. Scélutions Exercises §:§

«

f(u) = cos u .

u(x) = < - 3x

f'(x)‘='-sin(x3‘- 3x) - (3x2 - 3)
¢ (3 - 3)sin(x - 3)

(-4
=
-
il
S
[

£1(x) = - s 272 . (2x)
- -2x
(1 + xe)? »

°

o™~

b4



- ? e ’ - '
-~ .
g L N ‘ f(u) = logu - ) ‘
P o e - . «
i R - B ' u(v) = ﬁ L R “a
r v \ . : - . ‘

. 1y ’ v(x) = x2 + 1 e "
[} Y - s 3

2 e W gt Y

,.
/
]

(£) x »(2 - )P :

v f(u) = . - .
u(x)

2~3x2 . 1

. N f’(x) = 1002 - 3x°)%9 . (-6x) :
.’::- N - i b v
o : = -600x(2 - 3% - ,
L ’ T = o
: ¥ -~ (g) 3x —>(2x 2x+1) 1/2 . . \
i ' s Vo - H 1/2 ° R
. . & ’ . ‘ . . f(u) = u- . £ -

. S ‘ ; * L
. . ’ ufx) = - 2x + 1
- PR 1,,.2 /
: ®. i : f'(x)=-§(2x‘,-2x+1) 3-»- (4x -~ 2) X

< = (1 - 2x).(2x2 -2x + 1)-3/2 .
;J ' ~ ‘ * 2 ’ " !
‘ (h) x -1log (sin x) . ,

e . \ v, ‘% . .ot
R - " L. f{u) =dogu~- * - ¥ - .
. : u(v) = v2
I ’ . ) i ‘ |
-, § v(x) = sin x Y
7 e R CF(x) =— 1]2“ * 2 sin x * cos x ' T
v M o 81 x i co
S \ . =2cotx . )
&, K “dos bl . )
é‘?‘ . (i) X "e * K |
P . C£(u) = e
. 2 < v

- " L u(v) = v ~
O . v(x) = cos x
;4"" . ) ' R - . ’ .
4 . . . .
BARE TR . A
e . W > w149 : S
;‘ B , . . i L




2
£1(x) =\ec°s' X, 2 cos x «.(-sin x)

2
-26%%% *{cos x sin x)

. 4 a2,
08 X Ein 2x)

- fu) 392u
u(x)

A

£4(x) =1 o2

|
/
,l
!

£(u) = 2%

s ulv) =V

- -° :av(x) = X +'1_
. - 2 L .
- (108, 2) < ("D o e ) - (U

k]

2
2(x + 1) (108, :2) (21"

|
i
-

vy

1 + cos x
- >

* (-sin x)

T +cosx -

. - '2
, (b) _>5>?~/1 - (1o?gpev x)‘; R

= 1oge X

-

~

. T 1

- ~ . (-2 1oge x) . 3
/ 2 !

2/1 - (log, x)° .

- 1
log, x

x»/g -_f,(loge x)2
R 11

P A .17 provided by Enic a v
& - . h i
S ' «
f

A

-




- O=0 e o . - B
i v o -~ N
;' ; ¢ . - 4
. () x »— 5 .
) X R °
. 1+e
v q
; 1 .
. ) £(u) 3
i [y 2x
. ’ u(x) -~ -
: ; ’ 2x v s

. ’ _ -2e2x' -
R @+ )2
.. . | Q
- . v , y
‘. (3) x - cos(sin(cos x)) ™ ., . .
» ’ ’ : P .
f(u) = cos u . ' | .
M - .. .
. ’ . u(v) = sin v X .
N . ) v(x) = cos %k o Tl e
ot £1(x) = [-sin{sin(cos “x))](cos(cé)s x))(-sin x) N . )
.“ -~ N\
° v . -~
' /2 : ~ .
3 () xo G2 DTG 2 : ST

! - -l/‘ N ’1 ° -1 . 2 . ’

. . £ = «2x + 2x . "
‘ . ( LW = I RS @ .

A “ N ’ L v
e _ x(x +1) - R . L o
oo T ECN S

. . . 3‘ -

X

oo = _ . & L o' . P
« . (’& ¢ )3/ J X T / Sy
s A Y % ® . v N ' T : ‘
-—— :\‘ v da s - 2)}/2 (x = ,27 R PRSNG: « - .4 P S . 3 ,.',,,:

(b) X —’(-x -
M) = R 2212 1)(x + 8°) 3/2(ZX) + (x + -3'/.2(l) -

-

» IS N . y NP (x2
. . S 7 . .
< - s Ca (B 2) 1/2 (x° -+ a) 3/2'(-:6(x? a2 +.x(% 2. 8)) R

.2y 1/2(2;()'\ )

- ‘ ;= 2a2( x(x a2)-]t/2(x "+ %) -'%/2 . R {
EEER . .8 S,

. o7 ) . 2ax ) ) T
o or e ‘ ' 7 2.3/2 _ . .
o ! (2 1<82,)1/2(x‘& + a2)3/ ) . . e .
, - - [ \ 4 - .

[
. ’

- - ¥
- . -«
A4 . 4 *
. 7 - . ¢ ’ N




g . ] ,2 i ; . ) 55 , W2 .
¥ . N ~ - 45 ! . L ,"‘~ .

(e) x —)3:(2x2 +2x +1)° -1/2 , A _ i .

> £1(x) = x(- -)(2x + 2x +q1)" 3/z(l&x +2) + (2x +2x + 1) 1/2
* \
o . .
=f( o s D202+ ) 4 (22 4 2x + 1)) A,
. 4.,.” Aot
(’f s1)(ef s e )32 ;
‘ ) ' . \W! . "
. ¢ ) - SR .

(8) px ,'/SilT X . N i oy .

o . H’ f'()&) = x2 S—t cos x + ¥sip x (2x) ',K
t ' \ v 2¥sin x iy . . s *
K} i )
\ ‘$=§¢sinx(xc%x+h) .
L 2 ‘5(*’
(e) x - sin ¢ ) ~
. l!‘ £'(x) = 2 sin ¥ ¢ cos e* . &F
. , o
%‘ - = 2e * sin et cos e (
wﬂA\W\ . ex sin éex .
| e A
T (F) x - X80 1 ' ' ’ ' )
: \ Y ‘f'(X)‘ = oF 818 X(x cos x + sin x) ' M
. (S) « - log, (Vx Los x) . e

.

) S
‘ f'(x) —l—— (/-( sin x) + -—j/'—_ / cos x)

T e T . r/)?cosx 2Vx ) .
. - s
=“'tan x'_’___l_ . » ;.)/\.

. . ! ’ 2x _
AT Tog, x tgosx , @ -, . ' - )
Y (h) x»e 7 g AT oo " ’ Se e A
~ s - . i - - log X £ cos X~ . .
. ot é"(-x) = (-:-L— - sin x)e °© D ) C .
LY L Y : x .
s PRl . . . ) ‘
, R '
(4) -%-% sin x cob x 1og.-fx—-«~x, . : . -
;.‘.'\- ’ o . ‘ . .— ; ‘{""“«A . >
, ] £1(x) = sin x gos X(i) st x(stn x)1og /% + cos x cos x Log, ,/‘; "
) | [ 4 L4 - r x N R ' :—.m
‘ 0= 1! 2!
.o S = 57 sin x cos x + 1og x (cos® x - sin® 2) L
. ' . . 7 . . .y “ >
’ * N . - « s
: ' *  or ! Iz (sin 2x) ¥ log vX {cos 2x) - j‘
RS R { X - e , €
Tt - ! R Al t R ~ .-_\
.. . . ? ” ? ) < ; , . . .
/ ' - . » - ' N Lo ~ >

ERIC. - : [

o T Y B oy ]
* ‘ .




Bt R b
= ko ,
. -
» Jia 2 )
- L, ' d

e } g o
. Alternate method

< v

; x_—s}-si'nZ)cloge/;

2

£Y(x) = -é- sin QX[-alx—] * (-g—)'logev/:? (cos 2x)

. , = %;:(sin ox) + (lpgem(c'os 2x)

" (3) x- cosz(].oge x) + sine(].oge x)
g / ‘ }, -
. p ) . L f(x) =0
" ' . g(x) ‘ . o
. 4, (a) f£(x) = ‘n(t)dt
- et a . . .

Let Ll Tou=rg(x)

~

“ u .
. £(u) =§ h(t)dt
a
then £*(u) = h(u)
£1(u) - g'(x)

R h(g(x))g’ (x)
& . ey

®  fx '
(v), F(X)=§ f=-§ 4 . e
x2 - b

Let ? X =u.’ v

and ‘ ’ £1(x)

&
i

1

’
\
=]
x4
-
rz
-
—
o
o~
i
L}
[
—
=
~

- . . s, '
and Cut(x) = 2x. .
.
- . - - » N
i . 2
< . Thus o P(x) = )X o,
2 a - 3 -
. . - ;o \ = -2x f(x2) .
‘. ba s - .
P v e 3 bl B - . N ST TR
3 ! 14 3 . B
¥ , ]
. ”~ - -
" K4 R
3 -
‘e “ [ 4
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’ ¥
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s
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L I 0¥
o, A J

T e S Y

4
%

X ':x\,—‘«;,;?

g

R
o

A
i
=
2
—— e
3
«
*»
/
.

A A S

Exet
)
-
~
[
L
T
e
.
»

{c) e(xy=¥} sintdt = -cos t e S
. o . ‘ )

. -ﬂ ’ . -ﬂ . L
L . £ ‘ .

(=cos ,52)' - (-‘cas( -x))

]

g = «c0S X =1. - .
T T e e ey

-(-=s8in fxa)(2x)' .

,

g3
-
—
>
~—r
i

]

2x sin x2 ‘ .

-~
: -

allow x2 =u then‘ the first result is the same as

\

‘ Cer(u) - u(x) = sin(xd)(2x) . ¥

x2 i
23 at -
» -2 , ) .
v (x) = (xa)’%},' 2x

i = 2x7/3 I

= 2xe N t ’ s,
v

X
-»x, x>0 . . -

- -3
x log x - ,

f 1 x-e

" x log_ x

A s 2 9 =1e1) (x.--l

~ -

.

. ‘
X
. =x(1+logelc)4 .
.o .
' -I ' . r 18 =
7 ; .
-
.

L \ . . - . \
. Ld -~ ~ -
A , ’!
2 . D . e
” o - X x

e

- o - ‘
ERIC . 154 $ N\ )
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(‘sz“ Minimuh value of ‘£ occurs when f£f = O.

o Since x>0 then x* >o0. .
A~ Thus f' =/0 when 1 + 1og;3 x=0
- x . N °
. | 1+ loge x =0
. : ) loge X =-1
’ "1 e
. ’ X =€
N Y The minifum value of f 1is ,
::" o » -1 : .
- -1 -l,e
~ . _ : (e 7) = (e )

ne | - (1)1/e 5 (3679) () 5

N =

; (o) £"(x) = D) ¢ (0 + log, 02 :

: x,1 2 '
L . = x7(2 + (1 + log, x)<)

;‘E‘é,zcv ) ) ‘e R -

By inspection since x > O then f' >0 and f is copvex. -

;- {' N 7-‘ b Ko 2 x . . ) , “" . ~ . .

K v x° -1 LY e ) -

:\ T \a";‘:?‘\ - - ft (x) = X 't .__-1_ . 2% + 1

: - . 2 ) - o

f’:’ . P , % (x - l) X = 1 ’

e : ' wne 2 2

AR IR -2x” + (x7 - 1) .

B3 o = 2 . ¢ - -
. . : X ’ .

-2 + 1) Tl - ST
(x° - l?&,

- ‘& 2 2 2 ’
S . > - > 0.
o X +1 0 and (x 1) >0 . s .

“uafhus  £1(x) < 0 for all A/%%‘ £+, N

1 f"(x) = '(x ? ) 2 3 f 2x + _é(ex—)z *
SR e e - ,,,.. = l) (x° - 1) e
s o , je ‘@k - . ™
PR ) v ’l;x(x + 1) x "’l')m I ) .
- \ 1 '1)3 4 L e

) . T 2x(x> +'3) S ag; )
] . (x2 R 1)3 ) i Fe



. ERI

Al

e 3 >0 for all values of x.
10 ) I,
(x2-1)3<0 wvhen -1 <x <1

S )3 >0 when 1 < |x]

-
.

X<-k|-1<x<0|0<x<1
T i .
4 /'\
+ . + + .
K
+ - . oL
s N b
- T 2 o - i
f 1s concave if  x < -1 -
f is convex if -1 <x <0 .
f "is concave:if 0<x <1
f 1is convex if 1< x.. .




*

I o o o e - ;"" T e - :? ° o
:’ 3
(v) f:x,—)e}/ g S
2 = ML (- D) :
. + x
N .
e v
X ,
W e - . , o
© fThus £'(x) <0 and\ f is a decreasing function whenever x # 0.
’ ‘ 1/x
- L
P (x) = RV 3 =2 e S A
3 2 2
x , x X
el/x ) . . ’ . v
= T (2)( + 1) A :
o x ) N . A
R A £'(x) >0 if 2x+1>0. .
& . 1 ] , 1 -
Thus f dis convex when - 5 <X and f 1s concave when x < -3 .
. ) ' )
. . y - '
\
' €4 .
e e
- - »
. ' asymptote y =1 ' : — ’
—————————————— -—‘-—--q:—- - - ?—————-‘-—
N _ S
1 2 3
Ld , m
i« - - 4 .




.. . ;'--:2 N - : . .'a - . I
. - .
1l+x " . ’

- o fe) £ xlog; 3, -l<x<1 PR
l-x .

e 2 2 o0, o : 3 S
i . pr(x) o Lo X (L= xD(2x) - (1 + x7)(-2x), i . o
j,(g\ * 1+ x? (1 - x'2)2 . . * v "‘

fu 0 ’ . .

o - 2x3 + 2x + 2x'3’ . . .

: ‘ = 2 ‘

- ¢ aeda-BH o 3
Lix * .- ' &

l-x ) .
ot _ t is increasing when 0 <X <1. . ]

* o f 1is decreasing when -1 <x <O, ‘e

’ : YW - i3 . - .
et . f“(x) - (‘1 )(h) 1(;71”2()( 4 )

o (l-x) . o . -5 L~

< &

e o bt gt ’ _ ST
| -2 2 :

o . o+ 1kt N - ' S S

1 = 33”0 '

: . . (L -x) m

. .-

£ 1is convex when -1 <x < 1. . ' 4
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W

2

8. (-a) y = 'x.,~x=o

¥ xu*)ua)+e

. -l
~ e'x (1> - 2x2) :‘—h’b‘w . ‘
_J» - ’
¥1(0) = 1_.(1 - o);=
:—‘?’5.'(0/) =0 l T
:The tangent line at ¥(0,0) is y = x. .
3 hd S .
2
(0) y=e*, x=1 . c
-11
< y(1) =e e, .
2 .
N -
5" = -22x e llx »
A ]
y' (1) = -22e”L - X
, - -1

The tangent line at (l,e ) is «

~ . . Y- e-ll = -22e:ll(x - 1) *
y = ~22¢ -n, . 23e—1‘1

(c) y-sinhr\\‘.::)}/e =y . .

y(n) s 0 . )

y' = % sin(n - xe)'lr/2 * cos(n - Z) + (-2x)

>

Y'(/x) =

The tangent line at (/x,0) is y = 0.

(d.) ¥y = 1ose(1;<2), x ;’%\'\ (
_y(!é-)‘= log, (f—) ' o y
yr =—L - (-2x) b " | )
1l -x ‘ T :.a- N
y'(!e'-) = - % a2 |

. e _ 1
‘The tangent line at (E log, ) “is

{
;'-'logeg-=- x-—), log, %2.2877
or \ ‘y s - g-x + .95hL
 4ko «




The' tangent ]‘ine at (0,e) is

y -e=ex “

-

or y =ex + e.

‘ )y = (ex)x’ X=e ) .

<

@ - y(e) - e'ﬂe '

/ y':ﬂeﬂx\ ~

+ ) M -
y*(e) = n"¢

The tangept line at (e,'eﬂqs is . = -

L ) "y - e o qe™(x - e) . -

. o
v

9.F(x) = (Ax + B)sin x + (Cx + D)cos x and £'(x) = x sin x. . .

=~

. £1(x) = A sin.x + (4x + B)cos x + C cos % (Cx ¥ D)sin % ot

- .= (A - Cx - D)sin’x +{C+Ax—+DB}cos x «

@+

Twod conditions must be met.
/. « t *

{1) _ " (A - cx - D)sin-x = x sin x -
1%_01"_ _ A-Cx-D-= '_ ) o )

(11) 7(C+Ax+B)cosx=
’ or C+Ax+B=0 '~

! . o

Ve £irst observe in (1) that ¢ = -1 and that A= D. In f11) A 0. .
“*{g" obvious and also™ ¢ = :B) hus A = 0, B:= +1, C = -1 D = 0.
"Then f(xg) = sin x - x cos £ . . ‘
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a .

' 10, g(x) = (sz( + Bx +'C)sin x + (Dx2 + Ex + F)eos x and” g'(x) = £ cos x

2 v -2 ¢
gfx) = (Ax/‘b~Bx + C)cos x + (2Ax + B)sin x - (Ix° + Ex + F)sin x
. .
) o + (2Dx + E)cos x
=(2A-x+B-Dx2-Ex-F)sThx+(2D>c+E+Ax2+Bx\+,C)cqu
W) .. . . C 2 . M
o * (f) 2Ax#B-Dx -Ex-F=0
-F . i

* - . (41) oD +E+ AR +Bx+C=x hd :

From ({) D=0, 24-E=0, and B-F=0. Twus D=0, 2A = E, and
B = F. Rewriting (1f) we have :
) ‘ - - '
. 2(0)x + 24 + Ax" + Bx ¥ C =x .
I . T ‘
It follows that A =1, B=0, &and C = -2A" Thus A=1, B=0, C= -2,

D=0, E =2, F,="0.

v g(x) = (x2 - 2)sin X + 2x cos X N )
11.._2%=g%'_.%x€ o s <F ' - .
“ 4 X <
R . %‘i—: cos x = cos(t +-1—')
dx 1.
, ®x=2-=3 . .
SR . »
- ’ - et — ~ ! -~a
. L 2- 1 1 s .
oo g‘—{- ="cos(t” + E)(at - —é) ‘
’
. 1 4 ! " e e
* : g—‘}é- = cos 2 / o
. N t= * °
3 o« R - - ‘
o dy 15 9 - N ~ ‘
4 =5 = cos ¥
atf,_, T 2 . .
SR - ='f(h(t)) aE oo ,
8 . s dy
_ = 1 1 A -
e . “; f (h(t))h (t) *and dt b=t - f'(h(to)‘)h'(f'o) s
. ’ - 0 . ‘
VAR < A y f(X) wnd x = h(t) imply %xy-; '(5<‘)§',%3é-~= n'(t), ; o
: —- f'(h(t)) . h'(t) ' e “

B 1 . h'(4 <
=, gx‘!‘ = £(x,) = f'(h(to)) l (h(;?()i rh (o) . e
[ X=X 0 SN /

. 0 . s

1~ " B . g&;l ° i ) da. ’ .

R ! e’ LS %
e : = = O - : N < .

) T ° ,
[:53 ’ - .
. : o ! !
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5.

8 \3%7?3
1 N . -
D #18 Xxeo

4+ D“s,in,‘xlx=ﬂ/h =vcos O + coB il =1+,

2 3 \
- ' s o, ’
x=51/3 = 2(-?) + sin a sin 3 i N
N \ =h-]-'9t--gsina. " °
(c) E(x -‘a )Ix_a = . | X . .
. ? R N . i
(d) D(f(a) sin x + f(x) sin a + f(x sin x)lx-aﬁ , o= .
= fSa) cos a + f'(a) sin a % f! (a) sin a + f(ag cos a \ ? |
= 2(f(a) cos a +-f*'(a) sin a). ‘ ' -
° 'J fand ) ) a“ - ) ;
vesz ard ‘ : ' . _,__
R (%)1/3\ . :
. ‘ <
v = 100t . . ! ~
BO T = (%%Ct)t_)l/3. p , \
1 300 - - ) . ’ -
./d_r = 3- .H;f— ; A
*t o dt 300t 273
(Tu—') R i -~
Lo L)
When r=5,1v=%ﬂ-53-100t s0 t %’L ! ‘
1 <+ n ,vm
. 100 25 . ,
. - Tn_ _x _1 .
“le=sn/s r00 0 N3 (B o0 :
I v . . } 5
When the fadius 1s 5 inches it is incressing at the rate of % 1n. /uin. *
Be-p) . L oy v

train )2

= Asos)? + (72t -
S(2(kot)(40)) + 2¢72¢ = 1&)(]2) Coe

[}
I

~

car 1101: R _div= .
' W B8 f(rot)® + (720 - 18012
L - Ve ' ™~ . -
Be ot =1, » .o .
. = . “ v, . . 7 . .
ds - 1;02 ‘+ 54 .72 = 5488 x 81.9 "'.
B PR 51;2)1[2 (1;516)I/2 L e

. - W . .
Hence, the distance between the car .anq train is inéreasing at the rate
. - b DS -
of +81.9 mi./h_z‘,. one hour after thebc,ar crossed the intersection,
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* s s AT« (o)
e 3 =.é?i§%§>(ipb)
] 1/2

115 + (aoot)°1

}ds .. -1oo2 3. 30000
- e " ! Tles, T2 + 300712 3990

. - o \ ) -
C 'I'QB rocket is reced:i.ng from‘the observer at the approximatg rate of
S 97 J.‘t’./sec. 3 seconds after take-oBt.. -

.
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- _|Solutions Exercises 8-9

(a) x -="/sinx .
[§

S

£1(x) = %‘-(s\in x)-l/e cos X

or % Yeot x cos x
A3 ]
1

(®) x - (108, )"

¢ )ﬂ'l

' 1
£'(x) = n(1og, x © 2

% 2-1
;( log, x)

(b - (83 + 38)%°

£9(s) = 25(e3 + 35)%

‘(382 +3)
(@) o (e S .

- oty b

. ~—A
-10e 10t .

>

¥ L

- 20078 ()

_ %(1 R L i
2

. 3¥a - w2

. e

{2) tad+9W3u

ey o by b LA Ly
£1(t) = 3(1+ %) -z

4 1,13
= _——-ﬂ(l‘.}.—) .
3t2 t .

.




. = -20 cos 2v &in 2v . :

FRCEEN
LA .

4

: : x . b T '
S (B) x S(| A3w1an)?

:i oo o ¥ . S *

. . ’ v ‘ : £

: R X - R

- »(x) %‘K v 3

L , | 0 : -

_— / . S A3

- : x‘ . . ‘
: SR - Z(X ,/t3 +1 dt)l/2 RIS

* (¢) vy __EE

v,,;. . (1‘. + EQX)Z . . / - .
‘ o a - 1 .

\ ("Q (a) Y =1+ 1oge' X o .
3 , £ . ~ ) l., Lo . 4
Lo Ty e—X "

. (1 + log, x) -

~
[

L
. ? ’ * -
. .
»
) v
e

e ’ - ' R p
N QO . i - A fodd ~
| L , . 16’o° .

; (8) v - cost0 2v , ’ ‘e . tov~

x, ) . , . i | e, @
& £t(v) = 10 cos” “2v" ¢ (-sin QW\ ‘

-
°
i
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-
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A
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G

bt AN

..]E | 1 . (1: 1., )
- - 2 ! 1 - .:Té -
; 'Vl +; X M .
= .. L ' o
T x ' v
kK “ o / AY
. 11:- x2 ’ T~ *
T 2. . L3272 ’ '
2x @bé + x) & " n
! - . )
y = (sin x i+ cos x)'l g . .
g = _g(coé x - sin x)
(sizjx X + cos x)2 ,. . . -
*" " sin"k - cos x ' . . ’
= i
(stn & + cos x)2 . e -
y = sin§/ | (2x), x = % ° .

2X + cos 2x - 2

‘s\inl,/g 2x cos 2% - .. Y
. I} .
1/3'-)1/2 . _l_

3/2 z
' The tangént line at (ﬂ, (ﬁ) . ) 1s < C.out

f‘ 3/2 3 1/2 . 4 ’ "o»
/ 3B =
| \ \
AN ‘ . .
/ ’ t ’ L]
4 . L

2 o hy7 o,

w1

- —— e ve - .

g s o @i e o e e




TR A -

H
¢

) ~{ x -‘tQ . _x2
yt =201 e~ dtde
. o .

y*(0).=0

¢ »

The tangent line at (0,0) is y = 0.

(c) s =+t += st =1 .

t ,
s(l) =2
ssie s HR L '
2 t ° 2
- - t
st(1) =0 |
The tangent line at (1,/2) 1is s = /2. N
4, (a) 'y = 1..2 - .
« 1L + X, - L

»

(1) © 'y 1is defined for all -x.
- -2%
(1.+x°)°

<

. (112 !

= 2x(1 + x°) 2

is incréasing ‘when 'x < O.

is decréasing when O < x.

(111) y' o= (-2x)(-2)(1 + x2)'32x + -2(1 + x2)'2 ;

_ 6x° - 2
(1 + 553
A
y 1s convex when /g’s Ix]

.

y ‘is concave when |x| < f%

(1v)‘ Horizontal asympfgte of y =0.

*
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%p) y = fslnx

(1) . y is defined when 2nx <x < (2n+ )m, n=0, ¥1, £ 2, ...

. -

C(11) e rlos X L5y sin-l/e x . ' -~ ' ’
2¥sin x
v & » 1 .
, y 1is increasing when 2nx <x < (2n + §)n. N
, , . ,

1

y Js decreasing vhen (on + %)n <x < (2n+ 1)x.

(111) y" ='}2-(cos x)(- }é)(sin-3/2 x cos x)- + é(sin x)"'l/e(-sin x)

2% 42 sin® x) -

h sin3/2 x

-(cos

y 1s everywhere concave.

(iv) ‘There are no asymptotes. s .

’ . o

.........

.
«
.
b
-
—~
]
~—
H
i
L

o (1 - ¢ . B ] ":

X N N

P .t
. - © L (1 - eX)2 ) A . N -
£1(x) >0 thus £ is éﬁkisc;éasing function. . A 4
] .o ..
449 . :
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L}
—
L.
~—
1

. , . o
= 10(x3 + 3x)2(3x° + 3)

- | g 3062+ )63+ 307

£'(x) >0 tl}us‘ f 1s an increasing function.

L] , -~
1 . - .
. . . 6. (a) Yy = 8€C X = E.O—S—)-(- i
T I w»«},_ -(-sin x).k'm.,x/:’ﬁ‘
LR cos” x ’

= tan'x sec x

N 1
(b) Yy =¢sc x = Sinx - B
. s _ -COS X .
yo = 2 ’ : .
sin” x . , ‘
. .
= -cot x esc x
) . sih X - -1 N
(c) Y =tanx = = = sin x(cos x)

L}

'sig) x(-1)(cos x)-2(--sin x) + cos x(cos x)'-l }~ .

.n2 x \_\) .

2

2
ftan” x + 1 = sec x

.cot, x = S = ©0s x(sin x)‘—l

#
ke .

Bos x(~1)(sin x)-ecos x + (-sin x){sin x)-l

cos® x 1 ! . C
- ‘ e
sin x
= -{cot” x + 1)
= -csc” x
W - 5 R
D(tan 3x) = 3 sec” 3x
s . .
2 sec2 2x
D/tan 2x = ————= . ‘
o 2/tan 2x ™~ ) ’
D(sece'xe) = 2 sec x2 - (sec x2 tan x2)(2x) K
= bx sec2 x2 tan x2 "

S {

>

/El{

Aruitoxt provided by Eic:

a




5? wv(ff {h) Dlcsc 3x)1/6 %(dsc 3x)” -5/6 .. (-esc 3x cot 3x)(3),

t 3 - = - —(csc 3x)1/ cot 3x

s ]

e .y (1) Dpisec{csc x)1 = [sec(cse x)tan(esc x) ][-.csc x ;:ot x] ' e

7. £ :x-2secx; £ 1is
#sft: x 2 gec.x tan x =
&

! .

1 o ~ )
{

1

not defined for x

(n+%)1r, n=o{ * 1 +2,

sin x

cos X

£1({x) >0 when sinx >0 or when 2nm <x < (2n + )&, x #(nt

2 Lo ,
¢ £"(x) = sec x.sec” x + tan x sec x tan X .
[ 9 2 2 .
. 2 2 sec” X + tan X
= sef x (secT x + tan” x) = = .

g £'(x) >0 whedi” cos x > 0. N
" o ' ,oly 1
= Thus f is convex when (‘2n - E),f <x < ('2n + §}n.
‘ " 8. (a) Dsec x csc x) = -sec x cot X €sC X + c8C X tar(x sec X
» ”
csC X T sec X
> C °=-secxs ~ €8¢ X + gic x —— sec x o
. ) (1) - = —c8ct x + sec? X . .
; (ii) = -1 - ‘cot2 x+ 1+ tan2 X o 34 .
’ ~ : %
e . » = -the X + tan2 X , [ "’_‘“ .
(111) = -b csc 2x cot 2x ..
< P . ‘ ’ 7)//.
“-i(b) (1)  Dftan x cot x) = N1) = .
e Y (11) D(sin x csc x) = D(l)
(1i1) D{cos x'sec x) = D(1) 50 // -
. - (¢) (1) .D(sin x cot x) = D cos x) . T
& ‘-~§~‘}’—- -sin x
’ . ’ . . J
. -@ (i1) D(cos x tan x) = D(sin x) :
S . = CO8 X
o 1* . -
;o \ ,
. . - proen
N - B
. / -
- ' bt o - 3
. Q ’ .
: Egiéé;_ - 1|7() . '

S T 4

cos'X b \v‘




! s . 4

) ¢
(k+1) L 1)-
( D(ta: ¥ 1 x) = (k + ) * t_an_(.(§++)11_)x * D(tan X) N
= tan® x sec? 'x ‘ ‘
k('bé). D(l-];' csc‘f x) = k[-l]-;f csc(k'l‘QD(csc x)
. e (x-1)

= ¢8C X c8c x cot x

.
-
>

k
= ¢s¢ x cot x
- 2 .2 B
(¢) Dleot® x) = Dlese® x - 1)
= D(csc2 x) + p(-1)

v = D(csc2 x)

a1 f
L - ] u — .
. v v -
BV =u e (B :
7
=iy ¢ =—— 4yt . .:.L.
P A
_vu' - uv!
B 2
v . - W
R 1) _ P ) - (6 1)(6x - 1)
» A 3x2 _ (3x2 _ x)2 l
) . ] ___~x2-6x+1 . AR )
(3{2 - x)2 N ( - PRNPTRRSS i .
% . -
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B P ‘ §¢§ ~f§*z’
g Solutions:\ Exercises 8-31'0"-‘ .. ‘
Vv (x-1)() - x0)
1. (a)- D(x): 1) = X (x _ 1)2 . .
... S
(x - 1)°
. . 2 2 2
- X _ e xS (ex) - (x7)(ex)
(v) D(l . x2) 1+ 2)2
e
Y. )
(e). 001 - B2 o)
-1 _ 'fr art (a).
o 1)2 om p
2 2 2
3+2x) _ (2 - x7)(4x) - (3 + 2x7)(-2x)
(d) .2 - x2 ) ' (2 _ xf)2
1Ux i

} x X -x

N (2 -#D)P -
(e), D(Slc' + __.%__) A D(l_*_xﬂ), | . "

D( 1.2)”‘
X -X

-(1 - 2x) e
(x - A )
2x - 1
(x - x°)°
P
. oo 1+ 22 2= Klex) ;:)
© () - —
"N+ x (1 + x%) -
'1; 1+ x2 - h'x? ’
) 2vx (1’-E,-x2)2

1-x2 ‘

o2vx (1 + x2)2

.

< /‘v
&
E . u53
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i !
4 A
TN : . )
evx (1 + &) ’
235:»: . V 2 i ‘ . '
T (%) (fe 1) b(x 1) . N
L A e
A SN ;
e S (x2 = 1)(2x) - <x + 1) (2%)
‘ . v ‘ - 2 i
< “ ' ' ( - 1) ) .
— "hx ‘ % *a
:' (x2 - 1)2‘4 *
, . ) gt
(1) p(—Sinx y _ (1L + tan x)cos x - sin x sec” x .
1 + tan x’ ~ 2
. (1 + tan %)
. { . . 2 ¢
9& ‘ ___cosx+sinx-sinxsec X
. (1 + %an 5:)2 y
- () Hty) 2D o .
. N 4 o2 (1 + x2)2 '
~ ex(x2 - 2x + 1) A
N /
I (1 +x2)? , T
. }
. e (x - 1)2 .
. . (1 + x2)2‘
* - - . Y 2
log ' xy (1 -2x)(x « =+ log_x) « (x log_x)(-2
© (k) D(X e ) _ X e e
. 1 - 2x B L N2
. (T - 2x)
do. ° 1 -2x + log X ’
: . . . e
. ' @ (1 - 2x)2
e R -’
+ . (2) Dlecos x sec x) = D(1) = 0O
) .
(m) \lD(:x _.e-X) ) (ex + e )(e + D-X) - (e _ e-X)(eX’ - e-x
, . x + e X . (ex + e ) , -
" . ",g B '4
(ex + e-x)e . .
?( i //
. N &
. <
R — N
. ‘ .
- rd .
, > t . : ' .
— l&SLP’ . .
Q ! .
: El{l‘fc 1 78 R e




. ‘ o S - O

. -1 . _ 1 e
(n) D{(1 + x)(l + 1?86 x)} = (1 + ;) + (1 +'loge x) |- ;5)
2 ‘ v .
- L1 - 1)
= (1 + x)x‘+: (1 + log, x) - 2) ‘ .
4 o X
1 1 1, 1
. =xtZ- 2 log.x
b X X
= S5(x - log_ x) _ -
. b4 - ,
i ./ . -
J
) log x2 2 log x
o £ = D £

v 2 x2 + 1 .
x2 + 1 .
' . Yo 2 ! 2
. ‘ —=  {(x" +1) -x log, x)
. _Xx x2 + 1 ) . > .
< - 2 4
v o (x° +1)
. ' 2 2 ’
| y . - 2(x® #1 - x° log, x)
W = ¢ -
' . x(x= + 1)308 5 -
; cos X
s 2. D(cot x) T x)
’ _ sin x(-sin x) - (cos x)(cos x) ) .
® Y. ] - © . .
. . sin” x 4 -
- 1 . .
~J ' = 2 -
: sin” x .
. ‘ 2
o , =-tsc X .
., - ,
x+2 . . .
co 3. (8) y= - . ‘ ~/
-:_”m‘ X ~1 « : M .
‘ This function is not defined for x =1 1. To the left of x = -1,
v - B y = +o and to the right of x = -1, y = -», To the left of
Sy, . x=+l, y 5 -» and to the right,of x = +1, y —+». This -
Lo describes the vertical asymptotes at. x = +1 and x = -1.'" At °
A=-2,y40 and at x =70, y = -2. , -
: : ' . , ~
i \) 5 h?.74 . H A
B ; ) Lo L.
5 » . ‘. . - ¢
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* 508
i " ) . X x . . o -
RS . y = 5 Y o
s <t X .]_'. < - . ® ;\
Pt / ' vt 2" 3. e
g . R T X X M . N
3 - . 4 . Iy)
M @ .
RN 1,2 4 . . .
i 2 X 2 . . ’ -y
3, ! ) ' ¢ = X e b
:\:,“ N - ’ s ) . b 1- —]-.5 £ o o
I b's T '
‘ ! ° As X - 4w, ¥ 50" and as x -+, y -0 . This describes the~
3 : wit, . 3
. horizohtal ‘asymptote, ¥ = O. S
. ) . 2 o i :~a—~.
v x5 -1)Q) - (x £2)(2x) ' .
: yo= ) 5 s
' . (X - l) L. .
; . ' : 2’ )
. . . o=xC - bx -1 -(x +hx+ll . - .
{ . ° . (x2 :ml-)at (X < l) ! . -
n: A "
- . . + - ! P . .
. ) y'=0 if x = b2 5 =-2t‘/§- d . T,
T\) There are two extrefmum points, ot is a minimum po nt when
( . x = -2 - 38 -3.732 a‘nd the other is a maximpm point wherr
Vox=-2+ 38 -.268. Ve see that 'y decreases for x < -2 - V3,

increases for -2 - /_ < x*< -2 3% 3 s and finally decreases again,

e E
o *for "2 + /'3',< Xe - PO .
P
s ~ 'ﬁle discussion of y' is rather tedious and does not greatly in-
. crease our unders"banding of the i‘unction.
~ Il ” 5
' ) ~ ” , > . -~ " A o
-~ : Los g . S\
- L] PN - ) A ‘* ° [
B, ’ 4 ' ) o« 7 s
e - ’ - ol
o - (sl -
i s ’ ’ $ - \J A “
- b . - v, N »n .L‘ A
: , " o - o - .
N .
N ~ N ‘ * . :‘ r ’ K
o ol ) . _ . M
iy J ” .
e ~~ - '\ ) ~ . t ! ¢ ¢
3 N A - "
¢ 4 a - ~ ¢ L .
?» A a . ~ . . 4 " €
4 . : , ? ~ - e v
: o ’ 3 -
5 - - - ‘ + "
- ¥ &
" R L a { by
, * q < k% - <
< L) ” (-q f A -
¢ - ~, N o Sl A ‘ T
. : N z a - ’
L e / . . - E ~ v s 2 - .

PO ’ /0 175 T .
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I o e &
- Y ‘
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. ) dq.
L 2 . » R
. of F
\ ‘T t
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. L4
~2 N

vo

4 .
-, :
/
x + 1. ‘. -,

y is undefined for x =‘-:‘L. As x = -1 from the left y 2 4o . -
and as x = -1 fromﬁthe right y —= -», This “describes t;},"e vertical .
asymptote at x = -lg ’ “ ' e
There is & zero at x = 1. ' ; . ,
Rewriting y =- 1 Vve see that as x 2 +»,” y 21 and as ' '

L+=

i

a . . X . -
4 x - -&\y > 1. Thus, there is a horizontal asymptote of y'= I. - .
z Ml . - -

° * . . . "




- ' ) 7 D R

) - N

ey 1) - (x - 1)) \]

L w7 ORI '
T 2 L - .
Ax +.1)2 ’ N . AR
¥* 1is always positive and y is increasing. ‘.
Ly : o= . € e
-l’ :’ 5

Yow

S y=1 .

= ﬂ"x' PR is }mdeﬁned at x'= -1,

W ", . As x--1 from the left y — - add as % - ..1 from the right o
Ly o, "This describes the vertical asymptqte at x = 1.

. . | . r'.‘\ " }'
-When J;—)-I-m, y—)g_O. . < . / . '

?
.

%
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. e
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vk . C .

- « \ I
%‘ . . " From previous discussions in Chspter 5 we know that T—r— is greater
Lee
e, thsn any prsdstsrminsd number ‘when x 1is ilsrse enough. It follows,
% ’ thstss %X = -» we have e2x>0 and 1+x<0, thus/,y-*-w.

-_ There is an asymptote for x — +w which is y = 0, but none for

e N x e, . '
EP . -
' Cogr e ae®) - SR - ,
' (1 + x) ;. P ..
» . ‘ _ -e (3 4+ 2x ) . n
N B - \2
R . 1+ x)
y!>20 if 3+ 2x<0 or xg-—g- :
) i '3 3
. Thus y ~is increasing when -x < - 5 and decreasing when - 5 X x.
) .“_It app?rs that, .x =13 is a maximum.
. 3 / .7 . o "
- - % » ) ., "
* . . . . _f:
» . N
¢l . " r ~ ¢
N \
.. 7 ‘
). ' . .
.o LR |
\ . .
‘ v 5 -‘ A ) i - ‘
3 }-é;,.’ ! .
/ ‘ , i ,’ : '
. ! | .
» | * @ . & "" ; .
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sec X

x tan x dx "
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AR
NI

’ 1]
< ‘ ' — x € 1
- 5/ (a) 'z =35 . ‘ '
. Ll &y *
. . dz _ - A
R ' \
a_t- -
, Gy , Gw
. g G _d dz_a  V'aq " V'T Con
- an H - a.—x- dt. E [dW]e ¢ _‘3
. : I
” (b) ¥ = £(t)s=w= g(t), end t =h(x) implies . %
/ ) ® . ) ‘ . o g - -
H (dl_{ = f'(t)w&%{= ‘g'(t)) 7nd %—2 = h'(X))
- X' ) o . L.
) ‘ & iz g(t) - £1(t) - g(t)g'(t) T
. . (g (t)]
. = h'(x) - g(b(x))f* (h(x))n'(x) - £(h(x))e'(h(x))n'(x) ‘v
. - . , [g' (h(x))h*(x)1% - ,
L _ &(h(x))£ (n(x)) - £(h(x))g!(n(x)) s T
» '{g'(h(X))]ev. 5 - T |
¥ . . : A
S RN
o -3 .
f‘ o _\
N . e
: d 2 < ¢ .
. } ‘ ) ' ' ( : <. I .
:.’ \. ‘ ’ . , ‘ . ' ( ¥ « s
2 . !
L ' ’ 4 0 - > .
: : ~ .
N L |
o b s P ! , v
. . ’\ . .
‘ ' 461 . -

>

R

$n%,
: 3 3, - . . v s 2 .
< ¥ w i) Q{g gre o e & %«;qwg E m‘:&r-‘% o
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. « ' Solutions Exercises 8.11
e e - s ‘
1. (&) 2 : x - arcsin’ (sin x) - o ‘,\ .
Dokin: the set of all real numbers.,
~ Range: theé set of all real numbers 'y = £(x) .such that - -’255 y <2.
) . . Ny
v . ) e .
KF 3 ’ ‘ .l
o
, & _.
4 ) x
. b ove Ve
, s ¥ . ‘ . * ¢
(p) £(x) = sin (arcein x) e ’ -
- . . . ‘n \‘v
- Domajng - a1l x -Buch that -1 Sxs 1. ° : .
s Range: 411 y suchthat’ -} <y<l. - L .
L . .
/k,f, ’ y g . '
r ) Q
r 4
. . " -,
“w P - . N -
« i X ~
2, ) : : -
. . cr L L e " gean
. e "y o T g
(¢) £(x) = aresin (cos x) . ° V
. : Domain: set of all real numbers. T ’ ., e
j%“’ Rang_e;’ all|y = £(x) where - %5 y<£% . , . .

" TR

%




- e &-u ¢
4 o - . “ ~
) f*. - ! - - 3
(@) f£{x) = cos (arcsin x) e
T Domain: all x where -1 <x <1. .
ﬁa})ge: gll y = f£(x) where 0<y <1. v
The graph is the semicircly with center at origin, ra Hus = 1,
e and y > 0. . .
AT d
’ /'/1 '
o ' ¢
& - 1 X IS
) . : ' 7 &
, (e} £(x) = arctan (tan x) ’ S
N .
Domain: all real x except x = (2n + 1)% , 0 an integer, {
- N '
" Range: all y = f(x) wherng -/g,-< ¥ <-’-2t- . . d
N /w d ) K S
x e
4 ) W
. " s ' - : - ) )
- < ) ‘
2. Lety g 4 x varccos x and f : y - cosy, where y = jarccop X,
. -1 <x< 0<¥ <. . o -
gy osmge - L
. et s T 4 o .
» Then g'(x) = 757 - (for £'(y) #0, L.e., fof -siny # 0) for
: - L] ]
0 <y <sx 8and hence for -1 <x <1, . . :
,} D arceos, x = g'(x) = m, where siny > o, N \ 4 PR
‘ N - [} o ¢ = —— -_1 ’ -1 <,.),( <1l. ~ ' ' i
-, / o ’ / 1 - 2 - . //._,/ - .
’ , 1 463 y . -
v, i , [ . v
. . ‘ a“ 82' - - ~

L




FEFEREEN -
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3. (&) Let.g: x— arccot x- and £ 3y —cot y wm;re yﬁ arccot x for
all real x .and@ 0 <y <. / T,
' 1’ 1- -1 /

g'(x) = =7 = —— = ’1{'@ <y <, ~ 4
f.T,):) —cec?y 1+ cot”y LA :

, L —k 5 , for all x. ) LE
- . - _l + X ) - . .
. N ‘a - B Te
{v) Let g : x —arcsec x and £ : y 2secy where Yy = arcsec X, ) i
b4 &a . .o
"|x| 21 and 05y<% or %<y51(. Co

: . 1

‘ Then g'(x)=m

SRR l ¢ 1 it
" secy tany’ 0<.yv<§

14
’ 4 .

or ’-2‘-.<y </<

ares o

30
Py

X

f
!

[}

5 = , lxb>1 o "
E A / ‘ - = . }x ' /x2 -1 ) s ..
,@v , L

: 2 .
‘. . 1. _gos ¥y
- Note: secy tan v . sin v >0 for O <,'y <

#

e
7

>

IR .

or . .

RN 1

B

<y <=x, hence g'(x) >0 forall x & ch that |x| > 1.
. T T ) 'ol . .
(e) “Let g(x) = arcesc x and 2(y) = ecsc y where y =arccsc x for

13

x| >1 and o<|y|<—. . )

tfv;im\ &
JOiA

¥
P S

IS VRO

%2 ; Then 8'(X)J f'ly . T
t

) ! - . had Al

,:,;;; . _ l £ .

s ) - = -cscy coty’ o<yl < 2 - .
“»:-;. > \" . e
Lo ) = ]xl >1. . .

o

) , e |x|/—_ .

. B 1 -sin y .
ro s ] v P
‘ . Note:  g'(x) < 0 “since == = cot S = "oos 7° < 0 for 7 " .

..(

o< |yl <f%. o A_ % '__.° '

- . ~

VSR L ATARN e S Y




- 8=11

N . ) A /
8 1 p ! :
) 4, (&) \D(arc.:sin X + arccos x)A =

+ -
Ry - ¢ A_Q‘ 'A‘x2

- v

Note that arcsin x + arccos x = -g- and {(’—2‘-) = 0. .

‘ -2 2 1 .
- (v) D(x° arcsin x) = x° «+ —=—— + 2x arcsin x .
‘L( . , . é -‘x2 ‘ ) - ~
. \ e = x|—=— + 2 aresin x
. 2-
X , - . F 4 '
- ’ * Vs

2 1

- 5 Zx %Brctan x - 5 ' .
ry (c) - X ) ’ 1+ X £
arctan x - .

(arcten x)2 N

ox(1 + x2) arctan x - x°
T
(1 +'x2)(arctan x)2 . ¢ "

(&) aresin )3 - Hezestnx® - o
. PR .
(e) o L~ 1 . o

) = =
. : 1l + arcsin x v “ - /
R - . v -/{ - x2(l + arcsin x)2 _ 7

.

&J T (1 + arctan x) -1 5 - (1 - arctdn.x) 1 5
a - ‘ . (£) D(k-arctanx)=/ o l+x . l+x ey

2 ‘ 1 + arctan x (1 + arctan x)2

[} > '

‘.. . c. - -2 . ‘%

- = ¥ - N
- - ! (1 + x2)(l + arctan x)2 , ! . a
,‘A’ " "5, - Let £ : x - arcsin x. ‘ A . \ i
= .. 'I‘hﬁn f(x + h})‘) - ﬂ}l , (for X = O) B - . ‘

_Marcsin h

arcsin O 3
4

h ‘ - e e

: , : .
L -
& co 2 o bresin
.o ed = . - ' . ’

x.i. 1inm m_h=f1(o)=__l_r=l. ) |

h~0 .h L-P L i

L -~

. .

¢ -
.

s
’
’
L]

e . g . T
i ) ] RS ol - . . d X R N Lot
. FRIC" A 184 | SR v

u!




Tup "‘
~ . -
\

6. (g) y.= arcsin x°

S T 2x t .

! ('ﬂ’\: _°x

\1 VT dx ‘F—t

SN R - x .
. v . "7,5,‘

' . (b) y = arctan (3x + 2)

& ___ 3
dx 9x?+12x+5 ) , -
' (o) y=efTesinE RS

) ’ . - aresin x A
&y _e -~
[ s ) .
: . <& ‘ ‘ ¢ .

7

-1 2x

o -+ 2é arcsin L
2 b4

"

7/6 = 0.5236

3 ) . 7/6 L -
: (v) ——— 3t = aresin t,

' ‘ -:t/ll» g'_—- te . , . v-ﬂ/!& o -0.;'-"(‘8511'
¥ , .
% aresin(0.5236) -“arcslin(-o'.785h)

'% 0.551 - (-0.895) = 1.45

o ‘ " - | s
D s @ R ff 2w ﬂ L

2




AR R @ o T SR

Lok,
Ao g

e sin x ) o
P (¢) F(x) 5 dt .. . .
L 0 1 + t )

cos %

1+ 'sin&x

[}

L4

. - F(x) =

. . n . t "a .
g. lim 1 dt = lim arctan |} ) .

n-oo 01+t2 ,n-ow» 0

.- e~ ;

(1 + x)2

*° 1f, 4 >0°

o
S
®
%
!
»
=
"

-~ 21 x<0 _ . C
N . T ¢ o / ; * N EE
) ,' ~ é.)., . . > ,./?E, if x;>-o N R
L R * )= 1 x<o A
. : = if x>0 ‘ - .
’ o 2/x P . . .

.t

v
H
.
S
b
b
¥
¥
-
B -
SRRy
Db w
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é ’ 11. If £ and g are inverses let g(x) = c. But then f(c) = x or by
b * substitution £(g(x)) = ) . )
- : ) The gerivative x))) £1{g( x))g (x) =1.
: : A 1 -
' = .
o _'I‘heib ., T g*(x) ey
The only diffez"ence is tﬁgt rule (5) was develoged for a strictly increas-
N ) — . T !
ing functionm that is £t(g(x)) >o0. ;,{ .
. '
12. fl and f2 ’aré the invé”;%es of gl ,and g5 reSpectively\and -
. g(x) = g (g,(x)). o, -
. . . v ,
. - (a) Since - fl(gl(x)) =X .
s - then £, (g(x)) = £, (g, (gy(x))) .
. : ) Lt - ~
. . . o _ . . 3 .
Y . ’ \u_ = ge(x) . . "VI N
N4 oo 7
. Since . - £ (g, (x)) = x T : -
, e , 2 B2t . S
3 then fe(fl(g(x))) fe_(gQ"x))
SR ' . ="x.. . L '
" . It follows that fe(fl(x)) ) is the inverse of g(x). .
l.\l - e - - N
e e - ___2_ . . ST T A
- () x—*(BX+2) ;o x2-3, SR -
P . N 5o . ..‘
- Lo o 2 0 - .

Let gl:x—*x2 argd ge:x—a3x+2. T

E Wfidthtf'x—b a x 2322
e n a /-an tg“? 3

1

. . Finally, . ,f(x) =..r S8 (%)) N RN ¢

1 124 o ‘!). H

- LI

. 65 . - SH Ty

. . . v . AR
- e 3

[1{1‘ A T

T {

7 AR

- &




| =
L 13. f and g~ are inverses..
. ' L4
= g(x). and x = £(y) ’ .
‘ ax
. —_— = f‘(a) - L
dy y=a ] . .
: . day = gt( '.’ 1
5 = gt(£(a)) = HOK by (5).
B - X x=f(a) f*(a e
A - !
' dx 1 . e
Thus . . = . . ~ .
- . . dy y——a -d-l ¥ -
' ’ .o & x=f(a) '
’ \ - .
14, (a) y.= arctan x. meancq,ﬁat X = tan y.
, . Thus %’ﬁ = sec2 y and g—% = 5 1'
L Y ’ sec (argtan x) .

¥ ¥ - . %}{.: 12 -
1+ x
. a »
! 4
e
‘ ' ’ log X ) ’
. 3 N g -
(b)\gy 1og.xthen x=ey. Thus_%:ey=e € =x and .-

dy _ 1 T . - ——

. = e= ..

. . dx x ° ” ) ) A \ N - .
) dx ) ’

©. " {e) If y = Yx. then x\=y2.. Then $X = 2y = 2/X and dy L ¢

« -2 ‘ R v dy . . dx 2& )
(d) . If ¥ = n . then X = ﬂ/y provided that X > o. ‘ . | . \
it . . -} | )
| ) ' s, ok (1/ﬂ 1) | (1/ﬂ 1) 1t
. o,dy T om tx, ‘ )
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' Solutions Exercises-8-12, .

~ .

xr, vhere r =§ ) X > 0. If yq,= xp, qu = P and<

-
.
<

1}

-~ 4

. a1 . p-1 . Y .
. %L 1y = oY) whence " 1y =,§‘xq_1 . g <P/a 1‘= oL .
y .

2.°(a) 5x2+y2=12, - ‘ i . -
T ax+yyt=0 Ama y e . ¥
2 o

i
o

: ) 2x° YR+ x~ b

. - '
¢ bx -2y y* +,1 =0 % ' K .
) hx +1 . - '
? o — ~ R 3
s . T y . 2y
(o) PemPeby =12 : , . .
/ - . [3 » . . ’, ,

. 2y y* - 6x'+ 6~“y’ =0

. . ) y'=-—3—x ' i . v
. y+3 - :

. (&) )53‘+ y3 —2xy =0 | 'e ¢ -‘ . | , )\/

3x2+3y2y'-2xy'-2y=0
. q - 2 i ¢ r - - .
‘T‘_‘-‘—__:— y’~= %‘- - . * », -
R 3y° - 2 N
’ - e o2 L x ) ) . .
: ‘ 3. (a) x —L_y+x . . )

vy -1) - (y - x)(Dy + 1)

w2 . ,
! . Ay + %) o l‘ o .
. ) Dy = x(y +-x22 +y ) - - i

. ‘j'..(b) x2§7x§2=x3 , /
. . i

2xy + x Dy+y2.+2xyDy=_’-5x2 ‘ Py //




+
.
N\
240
[ §
b
s
.
v
s
A
“w
1 *
. .
5 <
T
P
- -
e
z
T
W
?
/
i LS
S,
Ry
‘Q

,"iﬁ-‘ . B
H . . 3
(¢) ™" =10, (m, n integers) S
N 4
‘ ' . -
m;cmlyn+nxley=o . .

Topy =

nx .
e . (§ B ‘ | |
(@) ay+x=y - .

M * L) . . Al

- 3{%(xy):1/2(x Dy +y) +1=->3, .

=
“—

”»
gy
%,

~ N . - Y

b, (a) 2xé +3xy + y? +x -8y +1=0 at the pdlint" (-2,1). -

1
bx + 3y + 3x y' A4 2y y' + 1 - 2yl =
At (-2,1), y'=-

. [

wirn

v - PR
>
T e

(o), xS+ 95;2 + y3 - =0 at the point (1,-1). .

3x+2yx y'+axy+3y y'io e

I LN * . T p )
. At (l -l), = "5‘ s . : R .?/ 'i B ; -
(o) 2 xV§§ - 6?2 -2 at the point (8, . 0
f ) :
4 )
e

s

jm (4,1), wz%,.

- . AR . ,‘
(@) x cosy = 3x2 - 5 at the po{.nta (7’5,,&:-) v

0 ~ a, »

x(-sin y y*) + cos y = 6x

o o
; , 1/2
At'('lé‘, %), ¥ ="'l."2"" s .

a
-
[ . -
o )
o i
’
4 ‘e
. L
.
AY ”»
.
r - S
. ® . - ~
<,
. LI
2 -
«
Ld L
i L]
<

L4 '
-~y id
=y
'? by

~a
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v oL C N

- Y

5. (a) 'x3 - 3axy + y3‘='6 : ‘ C -

.

- 3%° - 3ax Dy - 36y +'W Iy =0 T .

. n R » . s .
- _ -mx /—\ - - .
: Ly lxzy - m-1 N . 1, ’ ) ' »
’ . ) my x=y£ 0 N
. » ’ . )

(c) x°+3y° =2caxy + 05" .

.2.x+.2yDy=28kDy+Qay' _ . ] " i \&.,
Y7y - 28y - ex =1 . .o p

o7 xsy 7P|y L ' :

- ‘

- B

A1l three curves are éy&ﬁetric about the line ¥ = x. Thus at the

~ t point where x =y the tangents to the curves are ofthogonal to the -
line. , ’ e - Tl e ¢

- 6, (a) asiny +bcogx=0 (a, b constant). . -

o

’

acosyy’-tﬁsinx:O S .
/. . . .\ N . Yo, . fe

v yh = sin x ¢ e
ot ) ’ cos ¥ . v . .

. ) (b) xcosy +ysinx =0 > T, . )

o sy-xsinyy!' +sinxy? +ycosx=0
[y - M ’

\ o
e S ¢ _cos'y +ycosx

. « S T xsiny'- sinx = .

e - .-
- (e) sinxy =sinx +s8iny - ° . . Y

‘ . > . . -

. (cos xy)(y + X y') = cos x + cos y y‘:

N .

‘ ¢ Y _COS Xy - COS X . . ’
4 y' = » - .
" . cos y - X cO8 Xy J

O

(d) eselx +y) =y
AN B . R . ' . . - -
- . + 1+ ¢ = ¢ . . - R
' cs&(ﬂxj y) go;SX ¥)( y ) \ kA . o
. - ' cse{x + y) cot(x +y), - ) =™
y's -
csc(x + y) cot(x +y) +1 .

» N R .
3 . - <

A SETE 3 S
ERIC - -

P nc I - . ¢
0 . L . A



+ AR

S S, o . . Se, AR 8-12° .
* N @’ /' LR » ‘
* 3 L4 tae e ¥ pe—
) - ¢ 0 . o ‘ . . ¢
(&) x$any -y tanx =1 . N :
K ' ¢ * M , [——
' * tan y + x :sece Y.yt - tan x y' =y sec2 x =0 X ¥
t - sec‘:2 X - ’ ~\ .
N ¥y = an ¥ y 5 . . ‘ ..
’ tan x - x sec” y “ . -
+« Y(f) .tan xy - x? =0 , Ay L ‘
v i "r . ) o c -4 - 4
to(secf )y +xyt) Jax=0 4, ' o
) . _J. ,,_Qx-zseceg“ . ’
. . y - 2 ‘%
- X sec xy - s .
(g)" ¥ éin,x =X tan y ) ‘ . P
3 . ., ‘o . v
sin x y' + ¥ cos x = tan y + x sec y y , \
' . , tany -y cos x ’ ‘ <
. - : 2 " i 5 ,»/
, sin x = x se¢c™ y . . » v
- -~ R . . . ",
' . - v . h
7.' _l_.. + _l_ y‘l ‘=0 . .-
* ok 216’. . - " ’ !
' y! = - ‘_,Z— which- is alyays negative' sifice x, y > 0. .
: X B : T,
. ’ L '
* v . .- ) N
8. v :‘i ,(ra . - .
. 34 . . °,
» dv _4 . 2dr o ) )
=3 3f' ax v .,
LA 100, sowhen r =5, 100 = d n . 3(52)dr P \
¢ © 3., at
-, dr 1 . - .
. i and R = ; . : .o .
- . Ay 1 ’ ,A \»
Hence, ‘the radius is increasing = in./min. when it is,5 ‘inches long.
— v oas ’ . - »
. \ . .
- . .
. - ,
(, . I '
N S . -
- ./ ’ K3 . Q N l}? ‘. . N
o ‘ ("9p




A - . . //
N ‘ . p/ . -~ // .
‘ - 1‘ //‘
™\ > . R R .
¢ v =,l h o ;yrz .
B - . 3
l . . -
i p] dv _x 2 &‘ -di ’ -
10 . E— = 3(1" i + zhr dt“ .
“ \ " ~ '
From the similar triangles J P
) g ’
h 10 k N .
.3 .
. ‘ by = 5 h . '
ar 3 oo
at ~2at '’
L}
. and. % = ~3, 80 ' ‘
. , e~ .
M TN ! . 3 dhyy
-3 = '5(6 St 2{“)(6) 5 @‘.‘)ﬂo -
Sorving, . CE®T IR .
. and, hence, when ﬁ water level is 4 ft., it is dropp'ir,xg at the ra
A ‘df 5 ft./min.*, L, , .
- ' ¢ » .0 )
! 10.
[ 9 ’
\" :
] .
.- ) by) = 5hby + 5t
¥ b,
4B 2 dkr . .t
Srar PO g i @)
> |+
1
RY
O

R ui70x provided by Eric:

K




4 .,
[
W 7

By the similar triangles formed we see that

-

~ L »
. . ¢

/ol

=@'and9‘-‘-’-

a, .ap.*
at ’ at =

v L 2

TSmO w

" P ) dh dhy

=510+ 1) I Frag)
| .

1, (a) L 4y’ =oxy + 1 }
2x+2y§%=2x%+2y

.

ey -0 F =2y - )

o

-

o
' " . .
g =1, y£x , ) : .
— ' R . i
If y=x then 2x° would equal 2x° +1, _vhich s impossible,

and ‘(c) Graphs a}@ the same.
‘a e, ; N

Aruitoxt provided by Eic:
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5" v
ol
\
v
\
-
.
3
.
s
[
. .
. .
‘ ld
. «
" [
“
A *
.
»
. o

ERI

<
L]
\
\
. . ds ~ 300 + 100 . o '
3 . . -
The rocket is receding from the observer at the approximate rate of '
97 ft./sec. 3 scconds after take-off. Solving, s
. : “an 1 . ‘
‘d-€ - H F RN ] \

.

and hence, the ‘water levelL is. rising at the rate of 1 ft./min. , -

4 : \ -

.
- N " -
.
[y -~ R
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- - ‘ ¥
4 1 -
L ¢ ’
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+ A v
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\ .
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. Chapter 9 ~
o . INTEGRATION THEORY AND TECHNIQUE )
. ) p s . . . : ) 4
° ’ “ . - ’ 7 . \
The integration techniques of Chapter 9 are e;tended in-hppendix L to . »
~  include the following: ) ) : '
* . . ’ . . ) ' 0
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tan u 1.8in’ u : .
) e .
- . v =.8in u . . .
v ® ° 1 iy .t
¢ - . "
: dv = cos u.du " .. . .
- V4 . .« o
‘ J -y i v'3 > - .
v dv = —— .
N -3 .
[ . . .
[ v
* : ‘ = - csc3 u T
’, r'd - -

csc% arctan X a

1
wir Wik W]

o . (1+x2)3/g ,
. ) = - —'———3 ’ . ) o
. ; X , . e -
* . . ‘. s ’-
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% . ) g 9. ﬁa) It §'< o, then: -=x=t>0 and dx = -dt, so . b
¥ , ‘ .
. ‘ - ‘ [%d.x::!(.- %)(-dt)'=[%—dt = log ¢ :
: e - , -a ) - N
since. t > 0. - o
g . ' Y 'l ,
‘ = S [}T dx = log(-x) = log|x| since x < O. . ’ '
) . , . - . - R .
- (b) If a <0 <d, we would want Q
~ - ) ' ., -
. I b 0 b
. . -J( )-];-dx = -]iéx + ;‘-d.x, T
©o- - a a®™ 0

) . hd * * -
but these two integrals are infinite if indeed they can be said to :
exist at alls (see Exercise 7-6, No. 37). If we persisted, we

S ‘
wolild arrive at the meaningless nonsense that -

N P ¢ ’

. . - - (‘b‘

. ,J’ 2 ax = Log 0| - 1og |a| + log |v} - 10g']0], - o
a <« A

'meaninglegsfbecause log O 48 undefined. We cbnclude that the

.. ’ . e >
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. , ! . Solutions Exercises 9-2
v . . / . , " ‘?‘

1. (&) *f-':/’lx.—i'3x2 + bx ;.7, -L<x <0
. /' -~

. ;L o 2 .
. e )] ,[-1 (35, + bx - 1) = &

' f 49504 4 ©
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- ~

~, - ~ n = 1 af 1 - dx v
) , 2791 1 3x +1
) L T . ¢
. N % 4,19 g Y
-. . . -
. -,
0 > '
) ) O ! m <
L 4 ‘ Iy .‘ 4
¢ T -
'Q‘ .
. i - )
2. £ ¢ x-sin x .

. n

(a) 0<x< .

2 -

——

2 A
-

sin x dx,
0 .

- >

AV

- .} .. -
7 02 L '
L)1+ m<x<1 e
“ 1+9x%
1l v > :
. m = - = sin x dx
, ] (O +1) - (Tn +ﬁ ST SN
* I
: = O ! ’
-, .
. ¢ b , € /' -
. {c). -n.<x<a .
- 1 ﬂ‘:. - . -
LN m= = J sin x dx ) .
T - . .
- . ‘___:o-
‘ - st (4
1 , -
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.(_d)c5x§c+2n . -
-  c+on ’ . o
n = L \vs.in x dx ! ,
{c + 2n) = ¢ , . - -
- c. °
=0 _ ' . D
If £ is periodic with period o then f£(x) = f(x +m), n=0, I 1,
,’f 2y +»+, forall x. = R . o )
“Let m be the average value for the interval [x,x + al ] ‘
T~ Cx0r ' .
Y . ?

fo=

Q1

x+Q .
J L{p(x + @) - F(x)?
X

YA
\’.
f(x + o). This is true for all

1
= 0. Thus

R=x+a -x

- ‘ <
where \Q(x) = f(x) and F'(x + )
values of x, even for a specjal value of x such as x

- " m=Z[F(a) - F(0)]
L4 ’ - '
which is 2 constant. . ) ' ‘ -
. T f(xy) - flx,)
L. fThe amerage value of the slope of the tangent is simply = % -
' ' , RN , 2 1
v In this case where f : x »X~ + 1 then for the 'intervql -1 <x <3,
g 10 - 2 ’ v
=51y < 2 . .
- Alternate solution: “# . e
The slope of f : x —>x2 +1 is f£'(x) = 2x. THe average value of the
'slope 1is ) : K . AT . / .
- I P ’: ' ) '
) ) m = 1 J' ’ 2x dx ?’
. = .
3 - (-1) 1 H
. } . o l v - ;i
Tn =+ (8) - v - . R .
; K 2 ..
. = 2 . %( , ! .
o i H
» ! . 1]
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- 6.- The average acceleration is

n@ .
» -
i m = .
- 14 p
.

. . . .
T. ‘Tlet £ :x-ax+ Db bea f:ineax" function. The average valui of £ pri

the interval p <x'<aq, is ; . .

- 1‘ q( - . '. .
. N ‘ m.‘=q-p pax+b)dx .
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.. ' Solutions Exercises 9-3 : o .
1. (a). Cross-sectional ‘érea at x is n(3x)2. . . .
T o (rw :
- . Average cross-sectional.area = 5——x a(3x)" ax Y
. . : . Q‘
.. .. * .5 Volume = (Yength) X (average cross’ seectiongl area) )
& - ~ :k o .2 N R -
Lo ~ 1, 2
o8 i Q; N\ = g 'Ar§ ﬂ(3x) dx ) . .-

-

SR - 2 - R

- . Cross-sectional area at x is x(¥X)" = nx e

1» . . ~ - -~y . .

¥e - - 1 ¢ \\.:\' . ,‘,:",-

3 ; L e

; > Average crbss-sectional area = L) 1 =mx dx o
:f . ) - T A 0 . * ;‘ ’ '. '-“

¥ - - P LN,
oo T e 1 L, Y _x R
- S Volume = - . x dx = = '
. lume = (1 -0) - gy | W& =np | =3 !

0 . 0 <




@ e total volume 1
s yevolution generated b

3+ 4. ! PVE] L
R X}
:

N ey * &
b e Average cross-sectiona} area = "G
" ‘o ’ - " )0 ’ [ 4 -
' T . S 1 3 xh 1
o'o ! = - o 14» dx = h =
Volume (1 0)” T35 | o :tex T, T .

For -1<x<0 y=|x| =-x 8 £ 1 X =X
, - N Ve
For O‘i'?.’_‘_<_x§_§, y = |x|7=x, s° X DX

s-of

g the/ sum of the VO

- ,
¢ .. * - flolume.=. . w_“:t(-x,)
0 [ R - P

jumes of the two -solid

y these functions on the indicated intervals.

. 2 2 ’ .
ax + a(x)” & .
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. . (e)“ .
¢ [ )
i .
R "1 .
> ) B !
e Volu.me = 2ﬂ['_(x: 1)é+h]2;.x J-e' - . y .
' - =) =)t 2.
° 1 1 (x- 1) 8(x... 1) +ll6]d_7{ o .

-
»

\{ - ) (x-1)° 8 i3
e = g2/ (x-l) 2 ,
- 5 - + 16x] = (L. 8 o
X . T 4 n(s §+32+'35"!‘§3£4'16)" .

a1 1 &

.

3}

Dy

O

b
*;}‘{f T T ;[( 1 x 2 _
5:”:‘) - o Y Oge ) _.'djx. b1 . loge x.d.x . . \ .
v T = :rgx log x . x) .
Tl ik v L =a(51 . .
‘  Be N [ °ge5‘5'108e1+1)

<
= “(5, log, 5 = b)) = Ko7y w1, 71

EgN
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. 7. The required volume con/sists of a cylinder of 1 %nch in radius phd twc;: .

.+ "caps" each formed like a shallow dotie .3 Co,

- . .
. .
L]
F
- 2
, J
-2 , "
[ _—

3

Loy

,.
.

Bow
3

YAy
S ag

el
pratits

”
0

e
. Lot

s
¢
£,
8
b3

N

-

i .

. The value of -x for which y =1 is x = /— Thus the length of the *;
o) . éylinder is 2Y15 &nd its volume is Vey = 12 - 2415 = 21 /5. :
; \

A The volume of the 2 "caps" is found by v

_l_ - 2
o Voo f_)(h 1r§16 xJax |

-

4
; & -

< n e 5 B * £ - ‘ .

. ’ - , ‘[ , ’

‘A 1 [ 3 h~ .
T _ 2x(16x -

(3]

- . . ’ - e

X~
3™ /ig“’ ‘ . ‘
. ex,[(su‘—% (16 /15 - 5 /i5)) 22T

2:; 1 = 'n["bf—gé - 22 f15] - . ¥
%“ Ly ’ ’ ) P " :
g0 2V +V = n[?—5—6 - 22Y15. + 2/15] = x[85 L_ 25 «°
S0 Sleap T ey T3 )
-~ < M L ! . -

‘ N = :t(? 87366) 2k.7 " .

MY 2

.- P | - N +
? roe It ( interesting to note that the volume bf the cylinder s % 24.3%, -
£ Very little is congributed, by the caps. - o
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n will have a radius

Thaucroﬁs-sectional area will
. be“the difference of the areas

of two circles. Phe~larger

Y = Jre - x?, the smaller

+Will have a bonstant-}adius of *

2, »2
r

-*h . The cress-sectional

¢ area is given by

» -

- quﬁq~vﬁ e
g Cz;j.' n((r_qamxﬂbn-w(rww-~h‘3)

ﬂ(h - x2) ’

U

B

<
i

IR L
2 (h-O)Q_'O n(h® - x%)dx
: 0

» 3.
on(nx - )
, -3 o

*4
it

K

.
[}

\
wl &=
. A

o

w

pecial values such ;s h=0

and

Vh=o

h=r yield

0

and V.

h=r ~ 3 = °

™ .

. 9. The volumes desired in this problem R t
) ’.gaﬁ‘bé‘accémbiished by translations,

f: of the shaded area 4in thé figure. A

' The Iines_about which we wish to ) il

revolve will be the axgé in ‘the

\  “revolved system, . oo - "

’,

v ~ ’ ' 2 ¢

" ’ .
B .
.
L= - -
» N

e 7 e e . . v -




N

a .
. .
. ’

as 'I: : '(x)y) - (’_‘)y + 4)

(a) Let us define the translation .
\ sy

-~

5 . [ .
. . Then T:'(y'=x2)—>y+h¥x2 ~
w42 T T L ! ; i
or i Yy = x2 - h. , ' 7
~ The ‘cross-section is
) he H
o(x) = «188 - (x2\- 1)2).

T % e =%:r(~x!‘t + 8x2). T . . )

t " ’ ' L ! . N » ) 3 : " had *
- . . Thus | ¥ = length x average C(x) . A . '
N 'Y l 2 * . e
' / = (2 - 0) -2-—_-6J’ 1t(-x!‘t + 8x2)dx . A . '
. . t ’. O + : v
, © a3y |2 o T

n
n
I

3o '
e v . 3 O )

. - ’ -
- ¢
2,6
. “ = n(_ 3— +¢-£) = 2_2-]-!:,( - ”
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(b)Y Let the transformation be T : (x,y) = (x,¥ - 2)

Thus T:(y:xe)—)(y-2=:x2) or y=x2+2.,

The average cross-section is
Celx) =2l ¢ 2)2 - 2D)

L R

I3 . 2 *
(2 - 0) -é—]“—aJ - n(xu + hxgjdx
. -+ 0 -

e, by |2
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2’5 3, 1o

Yy
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Y
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-

“ - ¢

Y o~ ,,-f
“(e) Q»I;e*- T (x,y) ~ (Z +2,y) :
¥y = (X + 2)¥ . y
or x =y -2 ., L - -
AP - .
T =27

aly - Wy + ’f)

%
<
i

: I
"‘°°T}-—0J’_O"\(“"M+h)dy

‘ . ) s .
3/2 b \ .
. y N , .
oo = alr TN A
2

i
A
®

1

l

1

-3 o
A L] , «
- “ .-,
l, SRSCnt
o~ -2 0
L
’ " ’ -
.
.

. - B .
"\ + Lét the tramslation to T : (x,y) - (x + 4,y). Then
T ry =D oy = (xe W) end x =

L

’
, -~
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£ . A




The cross-sectional area is

.

»2

%)

Lelx) = n((#5.- 4)°

)

.

w{y - 8/7 + 12)
x(y - 8/ + 12)ay

’,

+V=(4 «0)

4.
0

ﬁ

1
A0

v

4
0
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-

inflection

~
v

-

8 2 (2(0) + 2£(2) + £(1))

w1l b 1y . 31, A"
2 Ho - 2(5) + D)= %6 2 0.775

') o Bt . ,
i (t) Y ; ‘/)
. ()" = 2(3t2 - 1) i

(1 + t2)3 +

’

On the interval [0,1], f£"(4). is maximum whén t = O. Then
T e (o)) =2|-2|. Let M =1 and the error is at mdst

3W
20 - 9)° 1 . oz,

12(2)2 "2k
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XS
4

‘o -
.

*
“
n,

= 4 then to=0

%
.ofl' .

r—'ll—-‘l—‘

Slon

n

o

o -

Pt

&

«
Y
e

SR
=W oI CEy?

=.0.80 .

(CTE=4

1 e

J £(t)dt = Z—-}—E(1+1.88+1.6b +1.28+0.5)
= 0.6l © o Co

.2 ll%-iz 0.783

)

—

[ae) ol \l\n)lla‘\

L

\

-0)3
When M = 1 the meximum error is M—-

1
- L % 0.0104.
. 12(4%) 96

~—

' 1
, The exact value of J

1

: dt is found by integratiom.
01+t :

2

. 1
J dt = arctan t = ’{I x .785398 = .785
o [

[3

/
!

£

1.000 . . _ .
0.7788 “ax % 2 =-3(1 +0.7358 +0.0183)
0.3679° . . ’

0.5k e _1_7_2£ % 0.8771

«<

-

L2

e
g
e

.

T R Iy e 5T T e S A
A ] y
. s, .
-

-

N lw H - O

0.0183 "
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%

Lo . 2 _2, X .
(b) n=h I e* ax s -g-{-%(l +1.5576 +0.,7358 + 0.2108 +0,0183) - e
X 0 \
] 3-%2—22 3 0.8806 ,
i - ’ wy e
To determine the maximum error first find f' and f", '
. _x2\ > _x2
ft = -2xe and f" .= Ux"e
L /
.7 |£"] is maximum when x = 2.
- ©
l£"(2)] = |66 7] = 16(0.0183) = 0.2928 .
t . 3 ’,
Let M = 0.2928, then the maximum error is %928(2—20)_ s 0,0488 .
- ' 3 12 -2 / »
& 1 -
when n =2, or &28(2—20)— & 0.0122 when n =k, :
. . 12 - b - ~
1 - ' ¢ . ! 1
;. J 1 > at _ o . ]
- O 1 + t . ° ! - ) ~ _‘: .
{a) n=1 . Use the values of Problem 1.- ' . (ﬂ .
1
' 1 1-0 L 1
at = g———-(l + 42 + %) '
J'O 1+ t2 1 > e
) L. -
: = zz ~ .783
This is the same as the actual value correct to two places.
() n=3 Six such intervals are needed.
o
t £(t) multiple of £(t)
ty =0 1 1 . 1.000 ’ .
ty = % g—g 4 3.892 o
- 2 - ‘l 36 - .2 . =
ta g 1@ =10 2 1.800
= 3 3 - _,'£ h 20 -
. t3 E 1@ 5 ‘ 3.200 i R
3 9
R t, = 2= = 2 2 1.38
L] g %2 13 3 .
- 3 .
t5 =z T L 2.361 :
6 “36 -1,
t6 = g ° %—2' -1 -500 - N
1 " Al . '
j sum 14,138 ©
I A - = i
i “
{ 2 .
‘} -




- 1 7 . , :
N :
. o ~ oy 1-0 }‘
T : at ¥ 3—(14.138)
T J01+.t2 3. ,
P e % .7B5kl5°s 1785k
- f ' This is the same as the actual valixe 5c;rrect to four plarcé.s.
(Refer to Prob]@n'; 1.) Ik SN - -
’ The estimate of error requires lfinding the third and fourth derivatives.
’ Rt Y
£ (t) = ———— ot
ﬁ (1+¢5)°
. 2 A '
L;-\/ f"(t) = gl;—]é) . . ' -
. ; (1 + t%) ‘ . ¢
- 2ht(1 - t2)
£ () = ————-= -
/(s £2)
. LN . - h 2 - ’
Hontps i R4y 12(t" - 12t° + 2)
. i 1 o . f (t) = 2
\ 1+t .
-~ N Ll'
q \ £(1) =54=M >
. 5 . : L
- Then the ‘error < M ®# .03750 for n=1, and.,* S
. 180(2-1)* . : ' . .
. . ‘v _ a)d
: : _ the grror S‘M!{ % 0.0002315 for n = 3. ’
- : 180(2.+ 3)
2 2 ’ T
L, J' e dx
¢ 0 .o, *
v 2 R :
. x e-x n=1 ’ n =2 3
0’ 1 £(1) = 1.0000 £(1) = 1.0000 '
1 ' S
-3 - 0.7788 o b£(3) = 3.1152
N . 1 | 0.3679 k(1) = 1.4716 2£(1) = .7358 .
: % "0.105% ltf(%) = 4216
. 2 0.0183 £(2) = 0.0366 £(2) = 0.Q366
* . Sum ' r.5082 : ‘ 5.3092
N ? (]
A ¢ ‘ ‘nl ‘:‘ ) N ) »
.y . / ' - t
¥ )
£ 4 . . =
. - . ¥
516 235 ®
: 2
! - Z
A
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» N ’ Ve h e »-' "" -
e ospSTEEES

—_ "rhﬁ’,a - 2' / - S . i L 3
J'a -X2 d - o( d82) ." ) : R {1
e x:a——-—25 ewhién n =1
] . : . s
. % 83606 = 8k ) .
2 o LN
X - PR
e dx ® . 2 when n =2 .
I 3—:—2'(5 399 ) he g ]
L e :’”
x .884868 = 885 L ;
A -e \ .
the error we first- find M.
‘.,ﬁ'/ - 2 o .
£t = -2xe* '
R -x2
™ = Ze (2x2 + 1) ) S
2 -

37X

° " 3
£ = 16x 5

T L

- 2 )
(’ f(h)‘= ].6):2'e-x (2x2 -3) -

N

f(h) is its greatest at x = % on the interval O < x <2..
[Note: «x é% is a zero of f(S) 1
f(l‘)(o)l =0 -
7
_ - ey s qes” :
™M)= 5.886 ‘
o™ 25802
. Eg'*'t N
' f(’*)(z) A 117 oo
Let M =8 ‘then the error is less thar; -
. 5
8(.2-0) = {05 when n.= 1. .
- 180(2 + 1) )
v' !
and Yess than .
» 5 _ .
8(2-1) ® 005 when n = 2. :
180(2 -+ 2) .
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3 .
Lo 5. Let £ : X = AxS + BX° + Gx + D where Bel=2D=0,
o . . b ol . , N , o
oo The area A = K(b - a') by actual integra¥ton. . _ _ . 2wt
ix a . . .1‘\‘;1‘
- ) | !
e, 7 By Simpsons Rule ! . -
‘ ‘ P a3 228 [f:(a) + hf(a‘;b)»a- f“(b)g ‘

. : a ST , 2

~/=A(b a) +h(a+b)3+b3] .

p
’. B Alb - a) [83 + l(b3 + 3b28 + 3b;%2 +'a3) +)b?]
, H(b-a)( *ba+b32+b3)
. . = H(.b‘ - a )’ ‘ ,

6. ,If f 1is convex then each point of

-f between a and b is below each,

. point on the interior of the segment
- PQ. Thus the area of the trapezoid
_ABQI? must be greater than the area
& " b - '
) found by J f. B A
a .
. . ‘ ¢
: : . Ya  *ap *p
P . ' - z
‘ . T ?n the case of the Trapezoid Rule (3) the number n 1is the number
; : of subintenvals into which [a b] 1is partitiomed. Whereas in the
3 .
. ) _case of Simpsons Rule (8) the interval [a, b] ;18 actually partitioned
LR TIN -
L into 2n subintervals. o
i . In (3) .'n représents the number of trapezoidal regions and in (8) n
- ) represents the number of parabolic regions into ézhich f 1is‘'divided -
[ PR over  the dopain [a,b].
- k B , .
’ :

*
. - . K < .
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’i;;;f" 8. From problem 3 we dund that 54 < M. In order to insist on acéuracy
AP to Pive décimal pYaces, n must satisfy this inequality. .
. \5 s :
(1 - 07 000005 '
‘ 180(2n) ‘ o
‘Solving f?t an integer value of n, ‘ .
o ‘ . 2 * l >
- i < 1}
CE : ’ 260n" " 2 x 10° o :
‘? . /. * .
o / h_
. 3x10 nli
g = o
i y 3 6L.2k <n° L i
: and . 8<n 7will do quite well.
v 3.1 Vo *
9. log 3= = dx .
. e X '
N l ‘ 0
) 5 (1) Trapezoidal Rule: . vt
If we are to insure four decimal place accuraéy then
IR LPS =t \ ‘ -
- 125° T 2x10 '
. £ x o ’
v' x -
»q ? ’ f': x'= - _1-. » . -
° R 2 ‘
3 B . X -
q
i, . 'y x 22 -% . - '
o * X ' t *
; - j -
Jre B gw . g
B - o
] o o
. 2(2)3 < __1__1: ¢ >
— l @ >
12n2 2 X 10 @ - .
] 5 l} - L4
<. L amegu® X100 2 .
‘z!%» 12 <n Lo . S e
o° T s
- . . .7 . 163<nm ’
;‘«‘; i ' We had better choose a different rzl%thod!’ ’
' ‘ . b ‘ | .
}[ ‘ . - )
2 s \ 4 . - R

Saw
-~

E]

\

EE R Y R )
TN X
P A
«
o8
A
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‘ - ” e .
f’*(i‘i) Sim;y!ons Rule: . .

* T S -

o« - =4
. ¢ ' x *
' * SO —15- ;
3 X
. 3 }/*‘\.
. M =24
B . . . -
< The required value of n must satisfy this iﬁequality
f - -1 . ‘
. ST % - : .
s 180(2n) 2x1 ’
2 - 25 2 - loh < I ) . .
° T sn.
180 - 2 . :
24 + 2 . 103 .
1893 -
r . 3 ‘
16 + 10 < nh .
‘e v 3’ ‘— EN
5,333 <n .
s ) 73.5 n2 ' ? .
) 9 S n B h -
' We can let n = 10. This means that we must partitiof the interval ~
{1,3] & 2n = 20 subintervals. .
P X . ‘ 1 1
§' & - * N R )
”w { ) .ot ) ¥ <Y
3 ° * ¢ ) ‘\ r‘ -
- PN . - : i
~ . 1 ]
5, ’ : ] }
- ' - ¢
M . ’
{?«w N '
» ’,“" ' ’ ; 1 :
\ L.
i i '\:\'LY . 2 . & .
[ 4 . ) ) 520 ‘ 2 39 T Y ¢
' \.1 . - ) ’
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1X

Id

N 1 = :iu_l:;tillale
S X of T
1.0 | 1.00000 +1 1.00000
1.1 .90909 L 3.63636
1.2 83333 | 2-| 1.66667
. 1.3 76923 L 3.07692
1.4 28 | 2 | 1.42856
1.5 66667 | 4 | 2.6666T
1.6 b 62500 | 2 | 1.25000 |
1.7 .58824 4 2.35296
1.8 | .55556 | 2 | 1.11111
1.9 52632 | & | 2.19528
o ,
2.0 .50000 | 2 | 1.00000
2.1 A7619 | b 1.90u76
2.2 shshss |2 90909
2.3 ., 43478 L . 1.73912
2.4 667 | 2 .83333
2.5 . 40000 L 1.69000
2.6 3Bu62 | 2 76923
2.7 .37037 | 4 | 1.48148
2.8 .5571h 2 .T1428
2.9 | .3u83 | ¥ | 1.37932,] -
3.0 | ".33333 | 1 | _.33333
32,9547,
R SUM

-

ax z $3- 2(32.95847)

s PN
Tre actual value of log 3 1is 1.09861.
. be. correct to 4 plages as directed.
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Solutions Exercises 9-5

-1 <cos x<1

b
‘[ -dt < J cos t dt <
‘ 0

X

0

- cos t)dt _é J

- sin t)dt < J

4

L

cosx--(l—ie--)sx

0
3
s

- <sinx - (x -

3

-

«
.“?

«

th b . 2
T < Jo (cos t - 1 + Z)at <

ez,

x 2

0

)

t
-é-dt

X ,4

t

gy at
ot

If x <0 we will change each result defending on whether it is an even

or odd funct;c/)no
odd then f£(x)

.

-f(-x). -

(8) (%) < stn(-x) < ()

! X g0 -

—

2
X
2

2
x < -sin x < -x,
fan ! -

o
13
(n)
2
N
n

X
-—551-(:08)(5
A E(x)

= £{~x).
(-x)3

- T
.

S

’

< (=x) - sin(-x) <

v

.

. X .
§—x+sinx5--3-§-’,ﬁx5

kit

3!

o.

(-x)3

h)

If f is even then f(x)

= f(—x)\ vhereas if f 1is

. L7

, for all x. These are even functions thus

R




T B Y eI R
b - * - ¥
" B - * N “
& PR hY ’ 0 .

. % N

. h’ .

e 2 L
“Sue . (a) H<cosx - (1.~ 3(-?) <1%-, for ell' Xa

(e) '.L,;{_qm(-x) - (=) - !'_xz_) <£'_xz_ -
RS ;

/n

. ‘ is-sinx+(x+? -3 y X <O ‘
. Mehfas 3 R . -
- 3. £ix-o WL +x £(0) =1 .
' i .
© £Y: —)-13-(1+x) 2/3 , £1(0) —-1:; ’
. » - : s
f": X e = 4_2_(1 + x)-5 3 f"(O) - - _2_’ . .
3 < ) 9 ‘p"
i pht. o _,l . ..23. . %(1 + x)‘8/3 fm(()) - ;_g
) - ) )
. f(h) x»-}..é.i. QL+ )11/3 f()(o) -gg -
y 3 8%
2 -3 e
~ o = .1-'- - -2— . -x—. -1£ ) ..x_. ¢ "
N p3(x) =1+ =3 55Tt 57 3T,
“ =1 + =X - -;- x2 + 51’- x3 ¢ Co
- » . ‘ *
' :~f(x)=p(x)+R3 .
1 » ' 4
On the interval (O, 1], |f(h) (x)| is = maximum when x =0 and ,
¢

|f (o)|=8—<x. From (16), |R|<KJf1—<KF,O<x<1.

$ ‘Let x 1 since this is the maximum value of x on the interval [0, 1].
Then : ‘ -
* 4 e i ‘ ~4
\ 80 1 10 .
. ' - |R|< 'F=T”‘°”n5‘ .
4. ,(a) T X —)1/1 e X, “x on the ﬁn\‘pval -1<x<0 N
. .~ L 3
. :x—» -%(1+x) /2 .o S
Al
. a .
] .
If(,”)(x)l <K ' .
— K is; maximum when x - -1. ' 4
~
S o cum ) ee ‘
. ;~x --l T s N =
) ) - % n+l R s
i s I8, <X Ay v
F : i .. , o
. . b . h V
i ! Ryl € Lim -£7(x) (12 e - ,
) .o 3 oxoa o ‘ S0 !
) iThere is 'no error estimate possible near x = -1./‘/ , '
¢ . ’ - )
N ] ~ 523 “f‘ 8

242,, 7
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(b) A more realistic problem is to ®stimate error over a closed interval.

+We selected, -.5_"5 x <0 7 -

.
’

M5y - _,% L o1/2 fh(gs

\ e <2 2
%‘j‘ . . . L 5 , 2
30 ) ] =51 - 2¥2 '
< - Thus |R3! <% 2 J-E—L,. = 53 ® .02762.
: 5. (a) £ x ot " f(0) =1 ~
v ; ' 1+ x .
? ’ . ’ !M\ :-
' fts x-»—ﬂes'J / £1(0) = -1
- ¢ - L9 (1 + X) - ’ ’ * ,
- ] 2t ] :
; " x -»—3 “£(0) = 2t
. . . (1 + x) R ,
:\‘ " . < .
3 . - ' °” - ' -
DRI A, (o) £ (0) = {-1)"Hn - 1)1
ke (1 + x)
R ' N2t 2 3t 3 ’ )('n-l) n - 1;2 n-1
o ( pn_l_(éc)-—jl-x+§i-x -ﬁxq-...(-l - n.'_)1!x
: . Sl -x+x\ x4 ...‘(-1)n_1xn-1+R )
Yo n-1
5o L S . i ¢ .
£evm <P L0+ ’
Lo el sl e ml ol
i{j‘- o "(c) F ) (10) R < 106 . 9@ wl / ‘ R .
s R AR I TR ' L
This is very large as should be ‘expected. >
i’ ’ ' .
’ (@) lm I i - - 0. vhereas -~ lim |Rn| - o, . .
n = cw ‘ . n o L
When x.>1. Since pn(x) is an alternating series, pn(x)
oscillates wildly as n -, . ,9'
! ' ) ] m
M . *
1 ~ . o f'
N ~
! s -,
‘ ) , ) ‘
1 , . . $
A .
N 52 - .
; {
o 243, ’




R T 1 .
i 6°'f'x"’2+x"§( x) ff@:E
. 1+ > « .
: ) " -
. 1 1. -1 ) 1
" ° ¥, _- . = ' = (7
f ..Xq—’z, 2 X % P f'(O) = (2
i N (l + 5
? 3
. e x _,l L, L, S : ° £'(0) = (l) 2t
f ' 2
| feer. ‘x _,l L1 ’. 1,1, C -3t flu(o) - - (l)h ]
: 2.2°2°'7% R : =-13 3
7 (1 + 5) -
) R n-]_. . ~ ) ._ . RE
L ) £D(0) < ()" " ns
. ’ L+ ~ *

-~ [

B =} - B+ B - @Y L WM oL

: - In “/Zie e LRSI L

&
-~ @ ‘ v - R
. (x) (-) o
R = - -
o n-1 " 2(1 + g) (7+ x) - . '
As n 2o the ,onvly values of x for whick R . -0 1s when
‘ / . -
' |§|<1;/r x| <2. B ' ~
/ ! ) A ' . .
7. £ :x —/1086(2 + x) = £(0) = log, 2 -
1 1 N1 ‘
= - £1(0) = =
2+ X o1+ %) 2
POy S . S ! 3 - (0) = -(l)2
2 2 (l + £)2 ., 2 R
. - . 2 . i . n ﬂ:';
N t »
x == ° l . l 21 - fnl(o) = (}_)’3/ .2t
2 2- Xy 2 2 -
e (]_ + E) - .
\ . £
L/ , )
1%
£tV () 5 (- H? n - —h ! 0Dy - (- H™t L (a- 1)
. ) (1 ) i 8
i . ‘ ) n-2
< . X _Lex 2 1x3 L {~1) Xyn-1 .
Py (x) =log 247 s+ 3)7 r p (3)
'11 ‘ ~ ’ * "
: o 525 - .
ERIC , S
. ' - s - = ‘

v
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AT

A 1 P T _ .j
B miar A
g e ’ S
- ‘ : n(;L + 2) ‘ _ - : !
I : ' . “xyn ,'
The limit of R, 8 n -« is dependent upon (5) . If |~§| >1 .
then lim R 1 ooy 12 |5 <1 then 1lim R L 0. Thus,q -
‘. n-w v . o n-ow n- . g
i - - ®
O <x <la is necess&ry for R _, 20 as now, NS
. 2 . . . ‘\ N .‘ ‘-: :
Tl *_tana + tan B T
.8° (e) 'tal;‘ (& + p) = l-tanatanp . |, P
j ° { :‘{ [
", ‘Let a = arctan él- .
e i N L ) - ’
and B = aretan % "V . -
- % + !‘. 2 ’ tet
Then tan (& +.B) = 1 = —= =
' A 1-3 2 :
‘ s
Thus a + 8 = Ik - .
!/ . 1
{(b) =n = b(arctan L, arctan !'-) ’ .
. R 2 -3 .
- - I'4
The remainder term (22) gives us our esimate of error.
. .
‘ X ,2n b4
[R | = 1(-1)" I t s.4t] < |J Ty
01+1t5 - 0
2n+1 oL - .
an' £3 = 2n + 1 R .
Since two decimal place aecuracy is rquired then
J._ * - 3 ,'
« T F h(R (arctan —) + R (arctan —)) <5'x 10 -3 o T
. o - (_)2n+1 ' %\i'( Y
. 1 2 St ;
.also - Rn(arctan -2-) < TM ) o
e s ' .. " (ly2n+l
¢E. —— e el e 3 . ‘f :
. .}” ’ and. o ,Rn(arctan, =) < —5—_’_‘—1 . i‘ o
e ! p 2n+l | ,1,2n+l -3 .
+  finally m [( ) ("') 15 %1077, ;
We simplify this 1net;ua11ty to obtain *
. 2 '
. 8 x 10 (3 2n 1 2n+1) < (2 + 1)62n+1

—— Ty n=3 1,852,000 <1,959,552. Since n =3 just bérely satis-

fies the irfequality we will use n =<4 _to 1.nsure success.,
. .

S . 56240 T
\ /’%“‘;.‘;?\':




l&[arctané— + arctan —]

we

()

Before actually__calculating hgt

estimate .

arctan l

5

and S be the error estimae for

1
4[4 arctan = - arctan 339

b -
b G oA
L(4|R| + |sf).

.and S.

4

1
5

We do not have to-use the s

(2)“ -

n+l
2n + 1 [
As a trial.let n =1 to calculate
3

and

|R| ‘|sl‘ S 2n

S.¢
-
.

Nl ) . 1
ol Y (@)
n=1 < 3

Is| =2+ hx10
[

Let us try n =

)

3 fo,r R.

A
must investigate the error

Let R be the error estimate for the Taylor approximation of

total error estimate must be less than ™5 X 10

] the maximum error will be

~

2n+l
(=s)-

239"

~ ufloe - i1 1 1
. = M3 "“fﬁﬁ* ol A R R R -
=4 ’ ‘ . \
f" 2 3.14096 = 3.14 to two decimal places.
E;gg ! . .
e 9. (a) Let o= arctan = and B = arctan = .. o
: : , 5 239
1 .‘,\ Let 6 = arctan L ’
LA - ’ 5 :
Lz ! ' ¢
. . tan a = tan(28 + 26) e
2 . l ' e : . ' 3
. son 26 = 2 - 2
4 T e 1 - = 2 ‘
, . 25 N N ~
- 1% 120
tanor— tan 2(20) = — % = {15 -
AN 1 - _E'E- 19
" 1 S
. 20' 1 28561 ,
el . 119 ~ 239 ES%’II . -
. tan(a - B) =. = =1
/ ; S0, LT 2 : .
- . s - 119 239 288 LT .
. . N . B -1 e .
tl Thus (O’. - 8) = 'E' L \

H
S

arctan %5

-3 ., S;nce@

. The
-

J

ame n for both 'R j

+1

-8



D 4 { * ; v - t
o o | PR S
- ; IRl < 2% c188x200 - -
. b P ‘
. fthl57.312x106w731.2x108 '

LiRr| + |s| < 733.6 x 108 & 8 x 107 -

The total error est‘iﬂgp\e can now be calculated.

W{k|R| + |sl]<32x105<5x10 _ @
o, 1 .13 5
n nu‘#[h( () .55))
# 3.14152 8 3.14 to two decimal places.

o

239) IR

Obviously, we used-more terms than were necessary. ‘
I'd o * .
(a) Show that log 2 = -7 log, '-2- + 2 log, &, 3 log, 81 ‘ ¢
e 10 26 80 ° -
This 1s true-if 2 = (&%) - . )3 - .
, 10 ~,_. (5 - . ( -
13°, 7 ~1u : T~
. - 2 M 5 ‘ 3 [ 2 L
[ = = . 13 .
.“ ; 212 ] 57 ] 31 \ RN ¢
. ~ «‘“ -~ _ N

2L 81 ) "o
(b) /.number 0 s 25 and 8_ is very close to 1. The greate'st

rror in any one of these Taylor appmximations of the 1ogar1ﬂ'as . . -
wiil o@,ur for x = - yoéll this error R.

- . . *

- ‘I’l}e maximuin possiblgx accum\bated errc?i' obtainable from summing the
three serieg will bel greater than |R| % 2|R| + 3|r| = 12|r|. _1f.

five decimal place aocuracy is required then U B . s,
® . v = . - )
N ) . =~ ¢ ) 1
‘) 12|R| < 5°% 10 6 - - >
- P — 0 1
must be satisfied. f- . o .. ’ .
A . U . . ,-..-.J-" PR LR el
.1_._5 < - .- J——--‘»al n"'l" .- - B \,\ g .
> (10) y ,_"9 A R ¢ .
Colet AL IRl <SS grom (23)y S A
. e 1 n+l i . ’ .- ) - J- - o.;‘
’ ‘ 12(=%). ‘. $ S
10 -6 : -6 -,
Then <15 x 1070 < 6x 1070,
< T L G m—
2 - ; -
.or o n+1l., }
-5 I ’ P
- t 10“ * v L *. . T
We find thaQn >5 1is the integer solution of this inequality.
4 - - - ’ - . -
: - Yoo, %8247 : .
AN . ) N . . . . . ) ;
. - :] - « . . . . LA
) . * - * ‘ ’ ? “
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n is even..
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dat

n
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~
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’ . " = Teacher!s Commentary . .
i ) Appendix 3 I
SR - MATHEMATICAL INDUCTION =, .
o/ .
TC A3 l The Principle of Mathematical Induction , ~

The Pﬁ.nciple of Mathematical Induction may be thought of as a postulate
for the set of natural numbers N, rather than as a postulate about legitimate
methods of proof (Metamathematics). Thus, we may state the principle in the .~

i following form! i ) L ; R
: “ ¢ /
. Let M be a Subset of N satisfying

,

(1) 1e¢M, .
/ (11) if n e M, then n+ 1 e M, ) . .
then ‘M ='N. _ '

We can then deduce the form of the principle in the text by setting M
\ |- B
equal to the set of natural numbers n for which An is true.

,
, . . . ,

. As stated here, the Principle of Mathematical Induction can be used to’
play a cep‘&% role in the axiomatic development of the natural numbers. In

FRRTY T
Foundation Analysis by E. Landau (Chelsea), the arithmetic of the natu.ra.l,

rational real, and complex numbers is developed solely on the bagis of the
. Five postulated of Peano. The fifth postulate is the postulate of induction. ~
L~ " . .
L3 =~ . ’ . - i - . -
N - \, IO . c e ‘. »
IS S SR N .. DU Y. . . fra, s
. . a . Solutions Exercises A3-1 ' . g " %
. s { * ~ ( 4 T ‘:,‘

b + The solutions of several of the exer&ises follow the .same pattern for the .

v

» sequential step. In each ease:ﬁ&@_r assuming Ak we add an appropriate term -
T %o each side of the equation which is the eXpression of Ak, and show that the .
resulting equation reduees to Ak +1 For brevity we give only the soclutions
of two such exerg:ises, these will per found below in ‘2 and 12, . . ,

.
H
‘ . . o~ EY ’

- m

1. Prove by mathematical induction that 1 +2 + 3 + ... +n = %-n (n+1),

~ ‘ . “

’ .o ] "

ot
oo

<

'

+

LIYS

L _ Follow the pattern givén in 2.

PAruntext provided oy enic [
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By mathemaxical induction prove the familfar result, giving ¥he sum of
an arithmetic progression to n terms: g

a +ta.d-d)‘+(a +23) + ... +(a +(n - 1)d> =§[2a+ (n - 1)a].

¥ ! -
¥ :
P’ * )
‘

Initial Step. a = %(213 +004) =
|

r~

?‘.Se'quential Step. Assume A;{ ca+(a+d) +(a+2d) + ...+ [a+ (k=

=§[2a+(k-1)d]. . \ .
Add a +kd to both sides getting |
a+(a+ad)+ ...+ [a+(k-1)d] + (a + kd)

§[2a + (k - 1)a) + (a + kd)

(x + 1)a +
_ﬁi,;—lz(ea”:)

=52 L (2a + [(k +1) - 114}

which is Ak+1°\

~

L

By mathematical induction prove the familiar result, glving the sum of
a geometric progression to n terms:

-

. n
: & + ar *+.aro + ao_t arx} L 1(;';_’111
Rollow the pattern given in 2., . B

s

-

) B
Prove the fdllgwing four statements by mathematical induction.

]
s

e s® e v (en -1 - Hud - )

1
leow the pattern givef! in 2.




}
!
1

e

CC-

<k

2

‘w%.' iFollow the pattern given in 2.

o
- \
A e
-

5. en <2" ’ ' | | T
‘' Initiel Step. 2 + 1 <2t ’ S
. — - . - | ) : , {4-:5' .
. Sequential Step. Assume Ak\’: 2+ k < 2k. . . ’
Then 2(k + 1) £ 2k + 2 < 2k + 2k, since k >1.
| ’ | <2 2k<2 - 2K,
°© « o
by -the assumption Ak'
".Tnerefore 2(k + 1) <2} nich is Aoy : ;

This completes the proof.

M

) e W .
6. FF¥ p > -1; then, for every positive integer n, (1 + p)n~2 1+ np-

Initidl Step. (1'#p)  >1+1.p ’

'Sequentdal Step. Assume A : (1 + p)k >1 + kp.

Then, since p > -1,. 1 + p >0, and we may multiply both.sides ofthe

El

inequality by 1 + p without changing its sense. e .
A #I’herefore (L + p)-k 1 > (l/ +.kp)(l + p) - \
s - > 1 +kp +p+ kp2 and dropping the positive*

K*1 51 4 (x + 1)p which is “A__..

quantity kp- we get-(1 + p) K+

. This completes i'iie proof .

iﬁ“ . n/ )n.‘.,‘i B

__‘_].)_+2€2+3-V2>2+...{+n-2 1)2

~

- - A&\
P2l . % N
Prove the following by the secgnd prinCiple of. mathematical inducticm.,
>
8" ‘For all natural numbers B the umber sl

TETE o R . SLTTRS T el o e

be factored into primes. - SR

Y

We use the second principle of indug¥ion.

Initial Sfep. The number 2 :\;.s a ;iri%e. ;‘% <,
L = BLep ‘ z
T 2, W<
LT e e : ff%@ S T
N . 1 . = k
» » v e . "
- . o -

-

| o mpsr - T
MC R “ . . .

.

3 Yoni

either is a prime or can

+ -
- 1 (n %, Pt e mrwrt




9

~

L3

1 . : :
J | | - |
‘eSeguenttal §§gg. Le£ A Ve the statement of Exercise 8, and- assume
, that A .. is true for all natural numberss & satisfying s < k& In
Iother words, every integer, 2 l, 3, h, «vsy kK + 1 "is prime or a pro-
duct of priqes. In order to prove Ak+l we must .show that k + 2 either
‘ is prime or can be fagtored into primgé. If k+ 2 1is prime we are done.
If not, we tcan write k +2 as a product of factors r and t Dboth less
thay k + 2, hence, both less than or équal to k + 1, By_5§56£hesis,
then, both factors r, t must be ppimes or products of primes. It
follows that k + 2 can be written a®” a product of primes and that

Aﬁ+l is true. R

° , A ..

IS

w

. Por each natural number n greater than one, let, Un -be a real number

with thehpropertx that for at least one vair of natural numbers P, q
with p+q=n, Un = Up + Uq' . °

When h =1, we define U1 = a where a is some given real number.
Prove that Up =na for all n. 3
In}tial Step. U13= 1l.a by-definition.

o -
*

Sequential Step. Let -An be the statement of Exercise 9. Using ihe

second principle of induction we assume that for each number s <k
that A is true. 7 .

-4
" Now - Ak+l must be- established. But if:f0k+l is a‘rgal number such that
for at least one pair ‘of natural numbers, f and g ‘such that
f+g=k+1, ¢ : : ¢

‘ ¢ U = U + U ’
- ‘ - o . k+l . »
3 .-
we know that f ,and g must each be less than or equal to k~ and
/\

therefore Uf and U "are real numbers to which the sequential hypothesis
may be applied. Therefore‘ .

T - < - - Uf = fe.a and Ug =gea . -. - N

‘
and so - .

which is Ak+l' ‘ !

This completes thexproof.i




Attempt to prove 8 and 9 from the first. principle, to see what difficulties
,arise’ : -

In 8 note that the sequential step {s based essentiglly upon the fact that

r_and t are”ez.act_x at most k +1, not necessarily equal to k + 1. It

-

wotld ‘therefore be imposs’lee to derive Ak+l from Ak alone and, we& can-
not empldy the.first principle, Similarly in 9, we know only that f and

:

g. are at most K, not that they are\r;,ecessari'ly ‘equal to k. So we need
p .

to be able to refer to As for s <k, not to just Ak' -

B

“ . - \ -
In the next three problems, first discover a farmula for the sum, and then
prove by mathematicel induction that you are correct.

1 1 01 1 .

+ + e
T27237 3% ln + L

11.

N .

i

To discover the formuld for the sum, we might try writing down the sums

. .
in succession. >

\

A

-

,l,H

o=
’-l
+ .
NF D
]

\

2
2
3
8
4
5

‘o " n - .
) . S'q we g\J:ess Sn =TT and try.fto prige it.
R I SR VAP B4 P . - , -
-l For t}wfg%ropf\fqﬂow the pattern of &,

-
-

%

- » . j'r: . .
12. l3 s34 33 + ...+ s ) (Hint: Compare the sums you get here with
. Exdmples A3-la and A3-1g in the text,.or, alternatively, assume that thie
- _required result is a polynomial of degree 4.) . ~

{

To guess.the sumj we write down in succession the following:

) . 12 o
2

- - (125

@ - (1+2+ 35

(4

2100 =10° = (L +2+ 3+ 1)2,

e 53 253

T
. -

r




o~ e D ' b -
halEE A - i P
i ! .’ . i ' ‘\ ) i
. | ! ‘
‘g We guess therefore that S, =(l+2+3+.,.04 n) To prove this «
) dire¢tly by induction is quite messy (try :l.t) but if we remember fro
. Numberlthat l+2+3+...+n=£(n—;—1£,~wegetaformulamuch- ' 3
: iy ) T w / 2 " 2 :
% . easigr to prove: 13 + 23 + oee. + n3 = ﬂ%‘i—lL . - o ¥
- Now wg follow the pattern of 2, - : .
: 2 2 ‘
. Initial Step, 13 =L <+ 17 ;
: ~ . ' . 'k2 c.\2 $ «
,;@*ﬂ Sequential Step. Assume Ak : l3 + 23 + .ee +‘k3 = —ﬂhLLL . ‘
po Add (x +1)3 to both sides, getting the following: &
N & o )
. . 2 2 .
.’ &
i 13+23+...+k3+(k+1)3=k k+l)+(k+1)3
. . * 2,.2 " .
. " ,=g5+n<k{um+1»1 .

=@+1fm+aﬁ

_(k + 1)2((}: + 1) + l)2
=== T ’
’ : ; which is Ak+1' .-
This completes the prqof. - ' :
! ar ) .

[ . ’ K-‘\

13, 1 ‘ +2 ¢ 34+'3, bs see + n{n + 1).4 ‘(Hint: Compare this with .
Example A3-lg in the text.) ¢ S R '

- . :

—
<

To guess the sum we write down in succession the following:

; ‘ Sl =12 , =2 G

. 1~ .' . Al
- - * : ’ S = RS 2 . 3 = 8 e . . . -
, A 4/2 J ‘ __—
N S3 =8 + 34 =20 N : B}
oo . - . - Sh=20+1*‘5-1&0. R L. » o -
; This does not seem to be getting us very far., ‘We try another _apbroach. .

-3

‘ i you have-wvorked Example A3-1g (and remember 1t) try writing §,. in
T > this fe.shion, ’ o - RS .
3 " [ ¢ : - ’ 4 \
IS 4 e - -

. 4 \ I v . ‘ - >
~ o !




g 3 R { 3 k¢t
i } . i -
* ! o ’ . .
¢ A - ¢ Sn<=.l-2-+2-3+3-1++...+n(n+1) “
. o =11+ 1) +2(2+1) +3(3+1) + ... +n(n+ 1)
‘- ' =1 +1+22+2+3 +3+...+n2+n
. < =(1 +'22+3 +.‘..+n)+(1+2+3+...+n)
‘" . g T _nn+1)(en+1) n(n+1) _n(n+1)(en+1+ 3)
ry - . ,- 6 ‘ - 2 - 6“ *
_n(n +1)(n +2)
- 3 l. ’
i ’ ¢ ) e

Another way of guessing this formula would be to asBume,” as in Example
A3-1g, that since the general term in Srl is quad.;'atic, the formula

night be cubic ol . c
'].‘"2+2-3+3°1++...+n(n+l)=an3+bn2+cn+d "
s - 'l

. and then let n take on the successive values 1, 2, 3, and L to

+determine a, b, ¢, and d. Thus, Ey successive subtractions,

a + “;)+ c ;'d= é ’ © .
‘ R }‘7a+3b+.c=6 .
- 8a + Wb +2c +d= 8 T }12a+2b=6
- ' }1§a+5b+c=12' ' }6a=2.“
27a"f9‘b+3c‘+d=20 . v } 18a + 2b =8 ’
. ‘ } 37a + 7o+ =200 SN
6la + 16b +'he + 4 = LO .
; Therefore ; L o 3 ‘ .
) : va=%,b°=l,c=%,d=0,; )
R and . o h L
. : Sn=-]3-'-n3+"n %n _Jn+]3l(n+2) .
. {
N The, proof of the!(results fdllows. the pattern of 2 and 12,

. ‘ v
.

. 1k, Prove for all positive integers n

i i - . e
1+2)(+ 1+1) vee {1+ 2BELYL (4 12
1 ) 9 ’ n2 . .
. : - - j / '
_ Check the initial step. ’ &) ’
‘ Assume® ‘A‘k and multiply both sides of the resulting equation by the
o> appropriate factor, and reduce to get Ak+l‘ -
. - ‘ . s 285 .
\‘1 - ) : ’ 1 ~
ERIC - - , |

Aruntoxt provided by Eic - ,




0 T R e S S O s
H ! S H i}
. { b '
. ] . %
N i

B ! ' n 2 .
15, Proje.that (L + K)(L + (L +x") . (1 +7) = 255
; - . - xl
] . ; . :
i 5 A ’ t
o Fol;low the pattern of Solution 1k. -
; - ’ : - ’ ' v’ l‘ ) ) . e
; 16. Prove that n(ng‘ +5) 1s divisible by *6 for all integral n. .
. . N . } -
i B >
Tnitial Step. 1(1 +5) =6 and this is divisible by 6. - g

2

——r o

Assume, A, : k(k
* ‘Consider: . i

+5) = 6p where p 1§ a positive integer.

. ’ (k+1)'((k+1)2'+5)=1(kj~1)3+ (k+'1)' :. N

)

o =k3+3k2+‘.3k+1+5k+5

=3+ 5k) + (3 4 3) +145

= k(K% +5) + 3k(k + 1) + 6.

-

2
By ‘Ak we know that k(k“ + 5) = 6ép, and since k -is a positive

-integer either k or k +1 is an even integer. Therefore the secor;d

A L o E

. term is qivisible both by 2 and by 3, and therefore by 6. Fimally )

L

:: we get - 3 - : i . .
EN (x + l)((k +1)% 4 5) =6p + 6g+6

3 L [

: - =6(p+q+1)

and this finishes ¥he proof, since we know that the sum of three positive
° é ’ .

‘ﬂ.

integers is a positive integer.

- .
IS
PREEY

-

‘17.. Any infinite streight line separates the plane into two parts; two
intersecting straight lines separate the plane into four parts; and’
three non-concurrént lines, of which.no two are parallel, separate the .
plane into geven parts. Determiné’ the numver of partsfinto which the _, . = |,
plane is separated by n straﬂght 9ines of which no three meet in a

single common TY¥int and no two are parallel; then prove your result.

Can you obtain @ more general result when parallelism is permitted?

If concurrente is permitted? If both are permitted? -

o
. . N
Botil cruf ‘method of gues#ing the answer* and our, proof %ill be sequentilatl.* T
Let Rn ‘nee the number of regions #nto which the plane is divided by .n ‘
lines of which no two are parallel and no three are concurrent. If we
. drav an (n + 1)-th line under the samehcon'd'jttions, it must meet all the
c;ther lines in n new points of 1ntersectioh. Ih crossing n 1lines 44"
mist go through + 1 regions of the plane, d:}viding each region into

- two parts, :thus_ad ng n + 1 new regions. We conclude that
) \ .

e | 256

'.538: . ( ' . i

vy




IR M ] 0 [ . K . +A3=
b i P B
| = + +
l ‘B, =(¥1)+R. ;
- 14
Since Rl = 2,)‘&15 is a recursive definition for Rn. We have, ‘ -

- ERIC

. Te

plainly, : o T

o .

Rn=°2+2+3+ls+...+*n=é(n2+n+2)

AN
and this result can be obtained directly from the recursion formula by
a st.raightforward inductior;, A ) . . .
- . v

If parallevlism\is permitted, each pair of parallel lines eﬁisting reduces

R, by’ 1, since one crossing is eliminated. Thus if p lines are

parallel, you can pick L(EL]') pairs of parallel lines apd there will
»
be this many fewer regions ° v \ -
' oy 40n+1) (p-1)p° N
Rn =1 + 5 - 5 .

»
° 5 . o

For example if four lines are drawn, three of which are parallel there
will be ) i -

- 3 hgl - »
1\\+ 2—4221 - ngl = 8 regions,

fiet

t

Similarly, any line which concurs with an already existing intersection
point reduces the total numi)er of intersection points by one, and the

_ number of regions of the plane by one. Again’ve musg, remember, as in

h / )
)/ .
7 7 - R '
n=l, p=0, c=0" n=b, p=2, ¢=0 n=h, p=0, =3 . -~ n=k, p=2, c=3
. . Rll»=11 . - Rh=10 Rh—lo ) Rh"g -
‘the pareffel ééée, that -;;airs of extra eoncurrerlcies nitrst 511 be counted.
Thus if c¢ lines concur atPone point n
T . R =1+ nn+d) (c-1)(c-2) )
oo n - . 2 2
y 3
» °© ¥Fos . :
P : i °
‘ 2 .
> ! ) 539 . . o ‘
< 4, - . 2 57 i . \ ).
. L ’ 4 . * t



R - % L S e g ' *
s H 3 : .

N ! | ‘- - ~o. L

s ’

1%

t i .
}ir a line provides both a case ?f paralleli’sm‘and a ca.s‘e 4of concurrence,
. it must be counted each way in reducing the numberof Ileg’ions, as is
shown igx the figur(i. In general if there are families of‘pé.rallel
. | ]'\ir_xes. with Pys Pps -evs Py lines in each family and k families of

$e

o ¢ i

'n 2 .

. - [pl(ple- 1) . pe(peg- 1)<+ o B ﬂe(pje- 1)]

. . concurrent lines with Cys Coy eves j\lines‘ in each family, we have

w,

. ",
- [(cl = 1)((:1 > 2) . (02 e 1)(C2 - 2)_> . . (ck - 1)(ck - 2)]
. ~ : 2 —— e R Y 2
The proof of this is too lengthy for insertion here. . r
18, Consider the sequence of fractions ' . . B
, R T 1 217 1 b ‘
' . ’ 2 ’ 3 se ey Ty e EN
- ) 122257127 q . o
whe;re each fraction is obtafhed from the preceding by the rule )
- P + 2q A -
. R n-1 n-l | ) . N
.
’" qr; = Pp-1 * Qa1 -
\/ o1 ’ 1 ] ‘ -, opn
5 Show that for n sufficiently large, the difference between E_ and
- o ) ) In
. 42 can be made as small as desired. Show also that the approximation

" to 2 1is improved at each, successive ytage of the sequenc® and that’
the error alternates in sign. Prove also that \pn._and_ q, ere
. ] P :
relatively prime, that is, the fraction a-r-l- is in lowest terms.
' n- .

. - \
.

-

v S
.
-

, . * p
Let the error at the n-th stage be denoted.by e, = a.’l - . e ‘may .

-

-

at the rext stagé/z(;cursively in terms of e,

LY

define the error en+l
¢ -3

asfollows: . .
. . oo * s b . .
. .. P, * 29 L




'-"4_%) "-';‘ ‘ -
2 ' -
; —
e, +2+f' P
- v2
e, +l+v/— '
. "

e(i' f-)
ey +1+f: &

¥ o :
: Si:;ce 1 - {_ 1s:nega.tive , it f?ilows‘ that el has the "opposite sign
PR ’ .,from e , “and” the sign.ﬂterna'tes if the denominator is shovn to be “

. positi.ve., We shall prove ‘by induction that«k‘ﬂ,e | < —:L and thereby show
2

Seguenti ,ét_._e_g. Assume Py .and 9 have no commofi factor other then -

¥
1 If pk e and: ¢, ., had such mmon f{cto,r, then, by the above
fas! formu:lca it would have to be a commonh or of p and q.

.

EE

‘ simultaneously that the denominator ﬁaov9 is posit\e 3 end that the

,- error can be made as small as Zlesired by taking n sufficiently large..

N P S
Initial Step. eyl = '[1 R X A <§ ~
L S | ' ’ H ’
v 1 =
Y ~ Sequential Step. {lssume Iekl < g/ . For the deflomina‘u')c.)r of Ce1?
- 7 , ve have . . ) ' . -

) L v " vv ~ -

. o ek‘+1.+'/§>.,=}E+.)1;c'/§>--12-+1+/§>%+@'>1:,‘

. -5 -, - ’ -,
.. . .Wealso'have - . '/5-1<%. L g
e It followzi from the recursive expression for . etl “tha - " .

. - . . 3 . l . . . l . l l .

. o /J legaa! <slegl <3 %=7a1 _
) _ . L2 2, . .

» . . )

. ¢  Toprove that p, and g, have no common factoxcother thn 1, e note
s . . ] L4 -

. that . . S ; D NUPE ST

o a . P =Ppsl " %e1r 9 T 2qn+l' Ppere )
. We then reason inductively as follovs: - - .
’ - ' : . _\ - g . . Yt
~, Initial _.Steg. The on'1y ?Qmon ’facf,or of Py anfi of -q:L is 1.
o N N . N ]
\ - ','!» - .o &

“e
Contradiction. SN -
’ < » “
‘ .
. ' Y 4 ' 4, ) :
.é v . ) , 1‘; 1 -~ -
- 5 Y R Ty K .
. . AR S
+ r s ‘ ta B
. , 3w ' - oE ;
N 1] - ¢ ' ‘" + h
¢ - . s
LAY
’ : ¥
. .
Lo ¥ . ‘%;# . R 'S § 9 :
. \‘1 ';'ng id . . -v .
e y ~ L% . n PN
r . = - o ;‘" - - . ~ ! ~.
: w . ! <t *
. . . ‘;%*;.‘ N . v G .

-
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I - .
Let p };ag dny polynomial of degree m. Let q(n) denote the sum ‘ .
z @ .
(2) H (n> p(1) + p(2) + p(3) +. ...+ p(n), .
Pg‘ove ha‘t here is a polynomial ¢ of degree m + 1 satisfylng (1).
A .5@“ oL Y
Initial ’:‘Ste . We obserye that if P has degree 0, then p = ¢ vwhere ’
c is a }constant and we have: : © T
(1) ‘p(l)+p2)+...+p(n)=c+cv+c+...+c=cn. -
,‘Hence q(x) =cx 45 a polynomial of first degree satisfying the condition.

‘where the degree of ‘P is <k.. ' -

R &

" Consequently » g *

-
3 ' R s

. ) . ‘ .
S_eguential Step. We assume that the theorem is true for any pdlynomial o
’
p of degree less than or equal to k., Let
A2 1 :
(%) = +py(x),

(2) . (a'# 0)

Next we observe that. ) ) ‘

s -

(3) (e + DR 2552 0 (e 208 4 p ()

»m

where the degree of P, is’ '< k. v‘l;llis fact has to be proved by induc-

tion, unless the binomial theorem is taken for granted. It will-be*
proved afterward.j Setting : .
o, ' (x.+ l)k+2,- &1 =\{k‘+ 2)3':k+1 + p2(x) T
and solving for. &L e obtein in (2) o
! . . o
p(x) = ogl(x + ¥*2 - 214 p () (
k+2 3

- Lo

where . p5(%) = py(x) - =25, py(x) . \
L * ) P’ -4

and- therefore the ‘egree of - p3(x) is . < k.

. ¢

p(1) + p(2) + ... + pln) = B (262 - 1992)

. k+2

+ (3 n**2])

gk+2) Foaat [§n ¢ 1)K |

+ p3(l) + p3(2) oot p3(n)

P

-

By the induction hypothesis, the.re exists a ql(x) of de&‘ree 4 k + 1,
such that . ) 3 '

- .
»

: BRI AL)




: » ¢ q

B . . RN B
LN ¢ lff‘ N . ~ ‘sig ]

Furthermore the exp:qession in ,brac:es reguces by successive additions ahd

5 4' ‘
subtractions to (n +\1)k 2’ lk+2 ‘and ve obf,ain the desired polynomial

‘ ; ‘k+2 k2 "g Coat
- . : q(X).k+2[(X+l) -1 ]_}f()\ . ) co

- \ e

LN

‘wf where g n) = p(1) + ... +.8(n). o ‘ o v F AL
: af )‘ p( . +-p(n) - . ﬁmﬁ&ﬁ
. Now we prove (3): ° ) ‘g?izg\
» . S T
-Initial S‘t:egs If k=0, (x+ .'_L)2 =X & (0 + 2)x + 1 and the degree
of 1 is O, * ' K
. Sequential Step. (x+ 1)k+3 k+2( N 1) + (k *2) k+':l'(x +1) + (x+ l)ﬁe(x) ’
o . - 34 (k#9284 (o py (0]
. 20. Let the function f£(n) be defined recursively -as follows: o

Initial Step. f(1) =3 .

. SSGuential Step. f(n +1) = 3f(“)
' tay = 53 o 2T . -

In perticular, we have f£(3) = 3° = 3", etec: . o .
Similarly, g(n). is defined by . :

. Initial Step. g(1) 29 : T
Sequential Step. g(n + 1) = 9g(n) . ’ —— .
Find the minimum value m for each n such that. £(m) > g(n). :

e - . 1 ¢ 4 e

. It is easily seen that g{n) > f(n) for all n. We shall prove that ,
f(n +1) > gln). for 21l n and, hence, that m=n + 1 1is the least °

J value for which f(m) > g(n). l : ..
. ) ( . | |
oo Initial Step. If' n=1"1(2) = 33 =27, and g(l) = 9. Consequently
e #(2) >g(1). . I&ore_strongl‘y, £(2) >2g(1).+ 1; and we shall prove .

_generally fin + 1) >2g(n) + 1+ -

¢

-+."  Sedquentigd Step.’ Supposf:

i . ~a, . .
B ~ > £k + 1) >2g(k)"+ 1 > g(k)- ‘ . .
.. ~Them, . ' S - o
. plk ¢ 2) = f(k+1) > 32g(k) +1 >3 32g(k) '.

%{,} - . y > 3. 9g(k) > 3g(k + 1) ’
% , « >2g(k+1) +1 -
’ .t ) ’ . - > g(k + 1) . , ’ k.“
b ' s c 261 ‘ _ o
b Q o : ’ . .
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I L L. et .
) 1 3( B ‘¢ » . N
f‘ . R ‘. - - ( . '
- n n
*21.;1 grove for all na.tural numbers n. -+that (l 'F ”_) n- (l - '/-)
i + Cf 2 ‘/5 . .
! 3 : o
s is.en integer.- (Hint. Try to—express xn - y.n in terms of
n-1 *n-l n-2 -n-2. ) )
v\. - % i y ,"‘x my , etc ‘ - ’ C;\'\ 1,
. n n
5 Let F = (1 + o) - (1 - /) . We will use the second principle.
£ n n . .
£, ’ > : u2 6 LN
¥ \ ‘ " b ‘ /’ "’ .
¢ . Initial Step. F1=(l*¢“/5-)’(l“‘5)=1+5‘1+5=1
- 3 _—
S 25 25
_ o p 1+ -(1-5® 1+2B+5-1425-
:' . 2 ] 22‘/5 1]»‘/5-
! P ‘ = LI'—‘/5'= l. . -
, . - 4/5 f
' . s : .
. Sequential Step. Assume F, is an integer for ald s <k.
v, w & . o
£ ot g K+l K+l
, - ; (i + /5) - )
-~ Consider. Fk-i-l k+l/-\ . _For brevity ve
L IS M -
. write 1+/5=x and 1-+5=y., ’
. o «
Then ~ ) . .
‘, ~ .
e R il S i T
. k+l 2k+l /-5- k+l /- - .
& k-1 k i
(x +y) - xy( -y ) -y (x+y)
’ k+l «f5-
k-1 k-1
! , =L+y)(x D R L ol i .
" k'}'l (x" Q_.‘ 'ék+l /‘5
. k .k k-1 k-1\« "
. T cxryix -y ) oL QEL X _ -y - X
j Ce 2 . 2k 5 ‘:v' 2k—l 5 o
L NP € S ) R ¢ SE-) PR ¢ S 5) L€ ST I
- 2 . k R k-1
: =Pt - ' E K
o ) but by the assumption of the seq‘u.entiaJ: etep we know Fk 'and b ’k 1.
. i are integers.: Therefore Fk-i-l is an integer, This~ completes the
< " theoren. ) - . prd
- x . -
e \ 3 ”34 ‘}\::“" . ’ - - 2 é’ﬁ"’ rda
! , ¢ 2 5]:!-)4 z 6 Z
J k
~ . " .\




7 r.i,w(r t -
TN AT s
o 3
~ LU
.

-

2&;:; Solubions Exercises A3-2a

’i' . i . . v T~ Y
4 i, ‘Prove, - oL . -
s 'n v n n i .

P : Z(“fk'*\ﬁsk)”‘.sz*ﬁzsk .
. T k=1 k=1 k=1

ko N ‘ |

- The "linearity of sunmetion is a consequence of the additive and multiplica-

. tive properties of real numbers and follows easily by mathematical induc-

¢ - tion. ! ’

- 2, Write each of the following swus in exg;anded form and evaluate:

3 s - . |

2+4+6+8+10=30

: o
o A,Lb) 232 2§,.+ 32+h2+52+§2=9o

=N .

3 .

¢ Ce) ), (PerNe)  (-12) #(-12) + (-10) +(-6)# (0) = ko
?‘ r= -1 . . v \
:w 5 . ‘ . )
? T () Zm(m-l)(m-z)' wrnO+3e2 1M e3e2+45¢443 =90 !
L W
’ 10 . r .

(e) Z ?1 . 1403224234, 420 221 L1 20&3'

1=0 . * \_J(

(£)

4
Lty frvvEeveias
r=0

10
.
.
-
- ¢ “
-
r
. -
« - - - ‘*-‘.'
P .
4
L ~ g =
» -
s cresks 969
. .
» ' 5]
‘
. RN

e




AN A | .
..;.~ . / j‘ ] ‘?3 ,g ,I:; £
Which of the following statemerts are true and which are false? Justify
your conclysions. . ? .
T » . ‘s
2 . lo PR : ) S
(a) b =74 =28
- ,{V . j=3 . & ’ ..
¢ o < » n . R , ' ) -

R <?) E b=Un-m+1) . ’ .
5 M - ,j=m . ~
.. A .

L 10 9
s (o) E ¥ =10 z K2 ‘
. k=1- k=
- ) 10007 1000 "
>‘:’ﬁ‘ i 2 2
i, (d) kT = 5 + k . -
=i . k=3 .
< . n n ) f "
.@e) 2 03 > End .
4 v
k=1 3= \
{ 10 10 5 \ ek
S¢S E K = z ;'k v
R m=1 m=1 . N "
. 10 - flo \ 2
- 2 : 3 z ; x .
. (g) k = k . i !
. m=1 =1 ’
. sn n-1 . ‘ .
T (p) i(i - 1)(n-1) = z i(1-1n-1) .
-7 -’ i=( , 1i=2 : . T -
- o m ) % " R
(1) E O E 2(a,) : : a
’ . k=6" . ] -
(3) n z Ag E KA. E KA . . ) ) X
N ¥ .om T m mn "
3 g (k) (8 - A )=m22A -QmEkA L
Ly - k m-k m-k m-k [
= k= k=0 -
. e k=0 ’ L
. " ~ t i . ‘ ) ' / ( .
v | B - x ) |
\ / N k] -
~ ¢ ¢

ERIC .




2

=8-4 =32 '
co ot 5
: & “(e)y False, E Ve 1o + E K2 <10 E k
-l k=l . k=1
¥io st :
§ 4 (d)‘ gTrue
s 0 "
T 5. -{e) .True
3 ) .
S %?Q f‘) *False, uhless k =0, ' —
‘ 48) . False, unless k = 0.
(h) True; the missing terms are zero. .
) (1) True; m -k takes on the same values as k.
. . ! . - * k=0 i
\.\‘) .m
¢ ' -
/ (k) True; follows by applying (i) to Z (m'

K3

. o k=0
-n - :
!‘ 4. Evaluate Zf(%)(L;TE) if f£(x) = xa, a
: k&1 .
® ‘e N « -
(8) n=2 - . %
(®) = =4 %%
;- : . 102 Y
(c) n=8 e Q
_ ’ ’
™~
M 265

4

=0, b =.1 and

2., ,'
'2mk+k)JAm-k"




5. Subdfvide the intervel [0,1] into “n equal perts. In eath subinterval '

61;tain_uppei' and lower poundé for xe. Using sigma notation, use these
upper and lower bounds to obtein expressions for upper and lower estimates

of the area under the curve y = x2 .on [O,l.] . If you can eval\;ate
_ these sums without reading elsewhere, 4o so. L
T, - ‘ B -

.

¥
' SRR < DI~ Rty (‘) '
cew l/k 1 2 n -1l}n){2n -1
AR Lover sum = ) = (=) =% ) k" = - .
d - . z_:n B n3§ : 6n3 ‘/ )

v

- - .

o Upper ’sum = E 1 k)

& .

1
lower sum + P

-

6. (a) Write ocut the sum of the first 7 *erms of anvarithmetic progression
. with first term a and common difference d. Express the same sum
in sigma notat;pn.

£
1

- (a)'f'(a'*‘d)'*‘(.a'*“é%?)'*‘(a*éd)'}(a‘+’-l»d)it(a+5d')+(a+6d,)

X Z(a-l-(n-l)d}

T : . n=1
;o
(v) In sigma notation, write the expression for the;sum of the first n
2 terms of a geometric pregression with first tem e end common
ratio r, - B
- ., n > Ty ’ "'“’ - !
“ . E att N 4 _
*1 - y ‘ ‘ ’
o 1. (a) Consider‘q function f defined by -
\ . P .
. .5 £(n) = E ((r - 1)(r - 2)(r - 3)(r - 2+)(r = 5) +r).
. 45l w
Coa Find f‘(n) for n=1,2, ..., 5. .




A ’ . -A3-2
: ¢ . : : .
. N { R

(b) Givélan example of a function ‘g (simile.r to that in (a)) such that
6"
g(n) ln"'l-:e‘,' :]\O:’
3(106 +1) = o.

'g(n) =1 .m-2)(n-2)(n-3)...(n- 106)
: ’ 10°

r%(

.
.

e

8. 'Write each of the following sums in expanded f%&\m and evaluate:

(2) Z {Zrm i r)}

n=1 .

Z[l(n 1) +2(n - 2) + 3(n - 3)) Z (6n - 14] =

. n=1
N , R ) \
(® {Z (en - 1)} ' . :
n=1 r:l’ ’ ) ‘
N . ’s N .
N Z[(n-l)+(2n‘-1-)+...,+(Rn_1)]=ZnR R;- -R
- . n=1 ‘ =4
- , _ NN + 1)(R)(H * 1)
: . R ) . )
= | ' . roL
. / . b
1
- 9. The double sum, Z ZF(:L J) is a shorthand notation for

T —G i=0 j=0 .o ,*&
) .’ . 4\ ‘('? ) .

Z (F(1,0) + F(i 1) toees + F(i n)} or F(0,0) + F(0,1) + ... + F(0,n)
1=0 : .
FF(L,0) + F(1,1) + ... + F(1,n)

. . . .
i - ’
4 . s .

. S R ' . . .
L o ’ , + F(n,0) +F(m,1) + .,. + F(m,n).
. In particular, . . 4 ° A .
! . R . . - " . ' . edgae

' o _5&9267 J




a_3 LT ' .

’EE 1-3=i‘;11+1-e+1;-3+-2o1’+2-2f2-3_=}8>

121 j=1 : .
-Evaluste: |, .
SENSED D) DECFEE (o) szaxu,a) L
: 4=1 §=1 1=1 j=1 .
in n ' ‘
(b) DD ) () ZZmin(i 3)
i=1 §=1 . i=1l j=1
Zm: ) P CERNICEEY .
) (2) .1‘{ a} mnrl)iplint
B 1=l g=l ‘ :
xS 3 fop 2oty @) mlrl) metore)
=1 /

3

I

-

*

N,

' . , e .
! \ ()’ If n >m, we have e
E‘,‘ N - . - .
A : Tm ’
2 {E 1+ E } = z [12+“(“2+ 1) _-1(1;1)] :
A s s | 1=l -
o & . - AR
PR ’ . \ m - m
b , e 1 Z _ 1 Z
, R o . =5 i(1 -1) + 3 n{n.+1)
3 ’ 1=1 1=1
oo } (m - V)m{m + 1)  mn(n + 1)
¢ : = +
5 6 2 .
f . For m >n, Just interchange m and n (by-symmetvy). - .
v . (d) This can also be done similarl’y, i.ed,
B E {z 3+ E 1} _
A : 1=1 J=i+l {
Lo Alter!mtively, - .
2 .. 2 (m(i,a) + min(i*an = z E (1t+9 ,
, 1 gl ‘ 1=l 3=l )
‘ . B




~l1.

12,

» 1
() Batmte ) gty -
k=2

(a)- 1 =E £(1) £(1) = 1, £(m)

Now use’ (b) and (c), to give \

ZZ min(:v;)) = .;P. o fm - 1)(m)(m + 1) :

121 §=1

. -

1 - 1

(a) Shc’\(tm.f(k-ﬂ=.k-l-%;'k’!O’L - S

/7

1 k- ( .
= 'k"‘T_)_l 'qu—r’k“ ;

v

’ 1000

' -
. | -
1000 &
z : z : (- -4 -2 1 _ 999
(k-li k-l'k 2 -1 1000 - 100Q:.
k=2 N ) R LTS
- ?
z: \1 . g
In general, —(m . 4.
« k=2 ’ <
- »
. n e . + N

"r‘

‘1¢ 8(n) = E £(i) determine f(m) 1in terms of the sum fudction S.

~

i=1 i . Y ) A -
oL *
£(1) = s(i)
m-~1
S(a) < 8(a - 1) _Efm S D E) S, ms
i=1 i=1 '

Determine f(m) in the'fdllowing swmpation formulae: <{Sge Nmnbeé‘ 11.)

]

=0 > 1.
, - .
. k . N '1$’ 4 'I
. " N .
~ »
- ”
- .
. *
© 269
. A -~
s
> - A
! ."
+
- >
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i
A i Toxt Provided by ERIC

-

n
an® +bn +c = E £(1)
o =1

n

=Z £(1)

=1

@&
. 4

n

(£) 'sin(-an + ) =Z £(1)

crL iml

n

() nt =) £1)

i=1 -

-

Binomial Theorem:

ﬂ n ‘nt -

We defin‘el (c) = m

*0 <r <n. Also O! =
/m— .

-
S
!

J

£(m)

where r,’

n
and (r) =0

£(1) -

if* r >n.

R4

a+bdb+ec,
2 - 2 et
am -!:bm+c-a(m-l) -b(m-l) -c

a(ém -~ 1) #+ b, m > 1.

-~

cos X,
cos mx - cos(m - 1)x

X 1 .
-2 sin 3 sin(m - §-)x, m>1ls

rd -

sin(a + b), .
7 N
sin(am + b) - sin(a(m -1) + b)

. a
251n§cos(m+b-%),m>1.

.

1,

o - (m - 1)1
(m-1%m-~-"1), m>1..

n are integers such that

Show that




:'f,", 3 . {:-v - T o o o i
ey R : ’ 4 S Lo
PR . 4 . i [ TT? - R . f > ¥ @
e ' n ny ., . qny oot g _mi o D e
i ‘(a). (o)f (n) =1 . (o) = ator = & -1 1 . °.
nig ‘ ny _ s 0y _ " ny _ ol 3 0ic b ~
,f ()= () =n () = otnty ! g {
. ’ ?—- : 0 N i * (n) = ni nt: : s \
I e ’ h 1V ® -1tz (n-Dia-Ta -1)! o .
T, - - 4 5 -
RS " 3 E -(———T—n" =nt e T
3 (’ ! :’ . . n - 1 Pa QF‘o. R 4‘ s
Cee ; B ¥
- n n n nt L n! . &
? ) Q=G - S D E Al CERHCR CEr) LI
: ' ¥ ' n AN .
. L e ’ = (_n-r) ihand
o F . % FES . b
falo 0 "n+l ny' ny’ , b P
s - . } . . .
) ™) <r+1) AN (R .
i o " _ n! t + n! .
" (n-r)ir (n-r-1)¥(r+1)t vy
—— nt(r +1) ni(n -r) S
. g Tha-r)ir+1)t  (nlr)i(r+1)! R
. ( nt(n£1) (n+1)t =
- - BCER EC VIR ¢ S HEES
n+l ' .
; P / ) (r+1) ’
.. v g 4 .
? . (c). Establish the Binomial Theorem
- 3 - n %
(x+y)" = E (" y" = Lendt yr L eng® T ey®, n=0510,...
4 r=0 - } ¢ -
- ' by mathematical induction. ‘ '
4 nen , ) .
I . : For n=1; (x+ y) = (é):qo.-+ (i)koy =x+ Y. , >
‘Now assume (x + y)k E ( ) k-r y© for all k <h'
;. - =0, . - .
i._(; We show this impl¥es the truth of the theorem for 'k = n + L.
Caarc . . ' .
v 4 . 1 , )
< . , N
. ¢ - rd ?; .
T ¢ . v P -
. i o . 553 2 71 T 4
. o - o
i o . —— ]
Y “




L]

3. - ne. J 23 LY
n+l ° s} ne~ . J . ot
o VT s (x )T+ y) = {2 (D" ? vl x+ y) ' $
‘ "o "t r=0 ) .
., - . n s A -
. , -r+l + - + : I
: Z(‘i’)"“- et
w8 r=0 ' ~ . S
H i n s, ! .n % X “
3 E : ( )) xn-kr+]: yr i (g)xn+l yO + (g)xo ¥n+l\
r=1 * : ¢
. T v+ - 0
) (using (b)) ) S
- . e

Pa— ’ n
- *
ntly n-r+l r n+l, n+l O n+l 0 n+l
—E(r)x‘ﬂ y o+ Og)x Ty (n+l)

.t

. o p=]
& n+l

.o - 2 : (n+l)xn+l—r r
a T (" y
- r=0
- k ° .
o= E (t)xk-r yk, where k = n + L. ..
. r=0 )
~ - “), . ¢

N ¢ o

L

14. Using the binomial ~theorem,'give the expansions %‘or the following:

y(a) Tlxow y)3 (x+y)3 = @"3 +(g)x2y+ (i)xy2 +((3))-y3

, . 3 o™
e o : R e At

. .

JB), (x - )3 _ (x-3)% = 3 -3y 3P - 33 ’

]

- -~ \)
(e) (2x - 3y)3 (2x - 3y)3- (3)<ex>3 3)<ex) (-3y) &

- r(3)(20) (3% (330>
. l Y
o = x3 -36x2y +5hxy2 - 23y3 . T ,

1+ Dx*(-29) + Q1 (-20)?

&
;?“
o

Vs

e
%
2
=
L]

. T e D3 Ol s O) e

- ’ T ‘x5 - lehy +1&Ox3y2 - 86xgy<f ﬁOxyh - 32y5




KENEAE S

. M&te the following sums.

! n .n . .
*Since (1 + x)* = Z (:)xr , 2% = E (:) by setting x = 1.

[ r=0 ’s
. .

)

) n .
(B) () - (DA e+ (D) =.Z(-1)’lg"_)>
r=0 .,

If i{s%ead, welet x = -1 ,0 = Z(-l) (n)

=0

(4

I3

16 Sum Z r(n) by first showing Er(n) —E (n - r)(® ) and using 15(a).

r=0 . - .

* -

.

n,
By 13(a), E r(%) = Z (s - D) =D (0.
r=0/ T r=0 )

" Thus, 2 2 r(3) =n z (:) =n .2 by 15(a), and the sum is n. 2%"

~

1.

P ) ) . A \
: M. If gh(gc)’ denotes a polynomial of degree n su%?\'
x=0,1, B, +or, n find 'fn(n 1).

-,

, For this problem, it will be convenient to set

; : "4 ".‘ Q(x.) X(X-l%r;°°'(xfr+l)

”

where x is a non-negative integer. Note for any integer _n; =2 >\1\‘ that
=( ) Consider the n-th degree polynomial i

L}

¥ \

-\ /‘\\\




. Pn(O) -

Pn(l?

. 5.
Pn(g) 2 =‘? ’

Pn('x) = x=0,1, 2, ..., n by Number 15(a), and thus

.

satisfies our requiryemepts-
n+ly = /n+l n+ly .
Pn+1) = OF) (07 + oo+ (O7)

n+l

- n+l n+l
-2 S Gty

r=0

_Solutions Exercises A3-2b ‘

v -

&
Wr* te the ;ollowmg sums in tele‘:o‘pmg form, ié. , in ‘the form

Z {u(k) -a(k'- 1)}g and eyaluate

a

1
+ 1)(k + 2)

SALTY 4t s evsamary
Y p’u« Je s




YR oy
_ (a) "2{“(“1)(“ ) - (k » Dk + 1)) -“(“”)3(“’“,2) .
g - k=l : -
. «(b) k(ek - 1) = 2k(k + 1) - 3k, Using (a) and 3k = %[k(k«}-]_) -(x -1)}:},
+¢ the sum is 2n(n * 1)(n + 2) - 3n(n + 1) . - .
e ] 3 2
. () 2k(2k + 1) = bk(k + 1) - 2k, Using (a) and (b), the sum’is‘
P bn(n + 1)3(n +2) " a(n + 1) )
[‘“v (d) Bere, u(k) = k(k + 1) 0 z 2) (x +3) and the sum is R
o n(n + 1){(n + 2)(n # 3) P
oo "o [ ' .
(e) k3 = k(k + 1)(k + 2) - 3k(k +1) - k. Whence N
c ks aMe s )k +3) (ke +2) klktd ’
—T——u'(*k-)—"v h , 3 2
| end the sum is . ) .
o+ )0+ 20 £3) g+ P’ 8);- N
© (f) Bere, u(k) = - METDE D) and the sumi;s
1.1 B J . :
2172  Tn+1)(n+2)%V . . .
(g) Here, u(k) = €k + 1)1 and“ the sum is (n + 1)} - 1.
- ) -:rk+1 ‘ N ntl |y .
SR (h) Here, u(k) =37 = and the sum is =, T # 1.’ o
+ : N—i A ' g
” n g ‘ . . . .
: , 2. Using Z (u(k)‘ - ulk - 1)) = u(n) - u(o)j establish & short dictionary
: . k=1 , -
. of summat:.on formulae by considering the follow‘ingt funLtions us . .
: (a) (a+kd)(a+(k+1)d)...(a+(k+p)d) fl' .“
ot (b) The reciprocal of (&)- ' i
oL () - > ‘
l;'c . 4 (d) krk‘ : ) , )
7R (e) ¥r® < ;L PO y
- ‘ (f) k! ’ E o
3 @ o Co
: A nk ,




> ! ~
J !

c. (a) (p +1)a Z

(a + kd)(a + (k + l)d) oo (a+(k+p - 1)d)

. . k=1l - ’ .
. = (a + nd)(a + (n +1)d)...(a + (n + p)a) - a(a +d)...(a + pd).
S ‘,, (v) (p+1)dz:{(a+(k-1)d)(a+kd)...(a+(k+p)d)} *
5 i k=1 ; B
e (e + d)...(a + pa))” L. [(a+nd)(a+(n+l)d)on(&+(k+p)d))"l

¢ °

(c). :(r~- 1) i rk'l‘&{(- 1.
k=1 .

k-1 n *
E = nr or

k=1 ' e

) (d) (r-l)zkr

. ‘ Zkkl n(r-l)r -r“+1 '

T kel . ‘ 1,) 5\_\ 25 l
k-l _ 2

n- .
n . 2 :rk-l - 2 :k):k-l.
k=1

- . - )

- -1 (o3 -

- S ‘ -

n : ‘ . -
. (8) E (k% - 1)k - 1)1 = (a)2 -1
. k=1 . .
" n ] ' l o ’ - ; \ .
P L
(h) E a‘rctan 5 L %= arctan n ’ . . ’
lsél K® - ke 1 , LT
g . (1) sin -) z X cos(k - -) =nsinn -«?2 sin(k -y
: : ‘ k=1 k=l L - ,
(Now use Equation 8.) ' -

B ) . - . ’ . M
v \ * {' . ’ . [y
= R 4’ | . -..- ) ’ i .

v . / 58 276 L ,

, / 7, ' W G g
. . . . )
¥ R " oY 2
2 . SRR o KR AN -




. .
.- Simpliry: Pl .
3:@'5 P fy s \ ' ’
Sin x + sin 3x + .., + sin((2n - 1)x)
) K COS X + cos 3};;&—{—,,. + cos((2n ~ Dx) °*
. ) , >
S;nce : .S
; n . . an ’ -
>, . sin ==
; chb_s(ak+b-§)=eos(b+a-n —=,
y a k=1 ‘ © 7 e sinf P
\_ o ’ n - ‘J:
’ Z :sin x(2k - 1)~ = 3in xn sin xn
‘ A . sin x . "
. k=1 g . .
N - by lettin‘g a=<2x, b= g- » and !
\‘ ', |
: n . -
- 3 : - 1) _ ©0s xn sin xn
e E cos x(2k .1) S TTem e
B k?l ’ . ) ~
oo . by letting a = 2x, b=0., -
N Whence, : .
¢ . - . - ©
S - . Z ) }
: ’ z-i‘sin x(2k. < 1) Ce o
e C b} k=l = tan xn, <
2": ' L4
g,‘ ¢ R ] L E cos x(2k 1) ) \ ‘;/ -
v - o . . N
e
EA k. Another method for summing Z P(k) (P- a polynomial) dan be’ obtained
o ‘by using a special case of Number 2a, i.e,, - . &5
;' 4 ° .
; E {(kx + 1)(k)(k - 1)5..(1: =r+1) - (k)(K - 1)(k - 2)..u(k - r)J
éﬁ’ k"l o
bt . = (n + 1)(n) -ol)... r+ 1)
)[ UI'.m ' \ﬂ . . 2
k(k-l) k-r+1) (n+1)(n)(n 1)...(n-. )1
Z ; l r+1 !
Py Q
First, we show Miow to reprgsent any polynomial P(k) of r-th egree
in the form f
a,k( -1 " ak(k-l)...(k-‘r+l‘)
(1) P(k):ao ,ak+\+...+

that

IText Provided by enic [IE8

. If k-O,__then 3,
lk'-/a, tren 8, -P(2) -2P(1 + P(0),

2!

P(o) if i

ri « ot
= P(1)"- P(0); if
‘In general, it can be showh

= 1

then- a:l

q

,2.77.




A3-2 ~ s s » O
2) = eea ¥ (-1)"B(0),”

m=0,1, «ees T
e r and (i) is gatisPied o

o T - 2 (™p(a - ™p(n -
A (11), oy = P(m) = ([)B(m 1 + )P
" S ¢
des.of (1) are polynomials of degre

Sinde both si
it must be an identiby.

+ for m=0,1, -¢.p Ty
f

: ‘/ . n . .
> Now sum E P(k) . . {

s

” . k=1 -

- < o

T L AT D(n)(n=1).eu(n 5 +1)
& E P(x) = a4n +.‘———2-',.’—+’--- + 3 -

H

* - .
5. Using Proﬁ'len; 4, find the following sums: ’ i N
‘n : <
W R ‘ .
k=1 . . ’

' o a k(k > 1) . o :
. - k2=a"+alk+——3—,j—.\—‘ where: ao=02, al=.].2—02 =’1,;{ J

‘ a, = 2 .20+ 0 =~2.k'1‘hus, K =k + k(k - 1) and .
'/ n ' ;
: E :k2_n(n+1) +(n+1)(n)(n-l) _n(n+1)(2n+1) .
o T 2 3 N 6 ‘. -
. i k=1 . . ) .
. . . ) - . 7 .

kxl k=1
v AP agﬁ-Q,afW¥D&—ﬂ‘ .
k7 = 30-+' 1k + . a1 ’ l+ 3T { whex;.e ?O = 0,( L !

1, a 3 a(1) = 6, 8a3f= 30 - 3(8) +3(2) = 6. This,

g, =
¥ 17 )

v . K3 = x/+ pr(k - 1) + k(k - 1) (kx - 2) (compare with Number le)
and ) oY ! :

+@+1xau21xnla' i
. T

°

‘ '0
L 3nt 1)(3n)(n - 1)

k)




n. 2 -
=£—E+—lm. Finally, E X3 - EE CQ.- - 2

2, ‘ - A "
. k=1 k=17 . P

P - -‘“f M .
o k(e - 1)(x - 2)(K - 3) ' :
saytakt ...+ i : - Lo o
e =1, a, =2""- 2(1).- 14 ' -
l ? 2 = -, ) .
a,=3"-3(2" + 30g=36, o
37 s : -
) ‘ _ PO S . L.
= ki, When/ce, . )y . .

S

kl& _(n +1)(n) N 7(n + l)(n)'(n - 1) :'6(n ; 1)(n)(n - l)(;l - 2)
. B 2 ' -3 ok

.;;ﬂf;/h%- +m«mmn?muam!a,

6,

(a) Establish Equation (ii) of Number 4.

' ] ’ .
Since 845 8y st ar are defined by the equation

+

- k k k
| B(x) = olg) ¥ 2a) + e+ al2),
1 ?
" wé-have the following r linear equations for the. ai‘Sg
. e
cp RO =agly), e ‘ Ta‘
’ 'mn_aH+ (1), N

{(2)=a(e)+a1( Vg a()

s . ) . .
L] » L
- L] L]
7

L) = ag(Q) + ey () 4 e ().

* Our proof is by mathematical inductior. Assume that ... -
‘ e

.

NN // A B
e 279 - -

. ' ; y
/ TR ) | i ]
5 v e f . h
S : S . < 1 ¢ o ; : -
, . S . {
© A . ! " . » . g
. w . . i . ot f o
A S N, ~r gy ’ . v . A 1 v } . . .
s p— >y




()5 ()3 -2 -1 (@) #e.+ (RO = Y (D)8 ()

- .o . . k=0 7"

-
is valid for n =0, 1,2, ..., m - 1. We now wish to show
'
that the expression for a, is also <alid for n =m. This is

-

-

. - equivalent to showing
’ _ n .
’ m My m -
. = + + oees = )
- (B) P{m) = a ( o) *+-ay(y ) 'am(m) E a,(y)
. . s J=0 o
S (for the values of & ' given above, n = i, 2, ..., m). This

will involve xg&nlpulatlons on double series.

-

S Z“)-ZZu(-n% ()

) V30 k=0
(by substituting for 8, in (4)). T e ’ .
~ Nowlet k=] -i. Then, . . ’
.- Tome - L
L E:ajgj)-z Z()( ) @im)(
. . .- J= J=0 5«-0
Noting that (J‘Ei) = (i) and interchanging order of’summation, we
SEt - - ! ’
H m . ) ’
m J
3 a,® - Z Z( )(-1) ’?(1)( S
. 3=0 * 1=0 j=1
- ‘ Z P(1) Z (-1)3‘%‘3‘)(2).'
- ' 1=0. J=1 .
.'), ", | ) ‘f Sin‘ce (Illjl)(‘jj-) m) (m-i) 0‘/ ° ) N " | } ‘:‘.‘
( ; ' -.t

Lt m

C 3=t .

s , ) )
S : Now let J = it r, which reduces the last summation to ! .
., y m-r o . -

. M (DIEN =0 15 1m
' - » . . . ‘ =0 : ‘ " ;_

(see Exercises A3-2a, No. 15b). )l Fr




Y o < N A

) SRR
Fina.lly, E 8y ( ) = P(m) which vas “to be shown. ° &

Since our inductive hypothesis (A) is valid for n =0, it is "

vdlid for all n. B

: |

. ff:‘ . - |
o (b) Show that a, dis zero for, m >y, L .

-

Suppose we wanted the equation F(x) 2va (x) + 8 g) et am(:) /7

“(where m is any number >r), to be satisfied. for x =0, 1, 2,’
«ee, m where F(x) is some given’'function. By setting x = 0,
' 1, 2, ..., m in tuEn the 4,'s will have to satisfy
. : . .

,

- 0 .
F( O) ’ aJO)’ . -~
s IS 3 Py .
gt " - (,&

it

1 1 N
2 - I . F(l) = 80(0) + al(l)’ ) s 4 ~
: : e
L4 . m m m . - -
. ) F(m) = ay(,) + a (1) + vour 8 ()

B

It follows (from algebra) that this system of (m + 1) linear’ .
- equations ig/ (m + 1) unknowms has a unigue solution for all F(x) E
By our inductive argument in part (a), the solution is given as

s = F(n)(g).- F(n ="1)(7) + veo+ (-1)TR(O)) T

, -
- for _.n=0,1, 2, ..., m.

y . ”

If we now choose F(x) 0 be the polynomial P(x) of'deéree, r

v

’ in part (a), then P(x) is identical to LA I
aglo %)+ al(stl) + ...+ a (x) g !
. (fr Problen 4). It them follows that
. " - A
L Phefig - .
E : x x . ;
) - J I 8r4l (r-i-l)+ar+2 r+2)+"'+a( ) !
. N ) ) ‘ ‘
S . anishes for x =0, 1, 2, ..., m, -If a polynomial of degree
.. ' . m venishes for ms+ 1 different values it must identica¥ly vanish.
s : 'I‘herefore, . * N ‘ {
T . Jr+1=ar+2-...=am=0 i’

*forall m>r.

L
.l

——
»*-
-

ESTy
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Tea chers Commentary

Appendix b

FURTHER TECHNIQUES OF INTEGRATION

Ab-1. Substitutions _oij%ircular Functions

.
.t

L]

I

An integral of a rational combmatlon of sfnh x alnd cogh x° can be

, transformed into an integral of a rational function by a substitution
exploiting the pnal@ogy ,betvxeen circular and hyperbolic fyfictions. However,
it is simpler to recognize that the inte'g,.rand is g rational function of e
(Sefa ‘Exercises Ab-1, No, 10) . t , . ’
X The integration of § 5 vhich occurs in Example A:h-ld may be
accomplished by the substltution u = sin 6,, as follows:

+ - " 46 - cos 8 du
B 3 = > 46 = 5 P
¢ ‘ cos . L - 8in 6 1 -u )
. ’ T = argtanh sin 6 + C o {
\ - v . - - ‘
. C1 1+ sin 6
"3l T Smet C
. o ~ .
;T -
\ N 2 e, Lo, -
K . < P -
. e ’ . } o7
‘ Solutions Exercises Aj-1 3 "
-~ ‘ .. . - ~
1, Integrate the followmg functions, the numbers & and b @eing positive,
s I
82 - X' i 3 ' N
. . a) 5 Set x = a,we'os 6.
. . . X : .
- . l A ) ) ‘
// | / - -Itan,g 6dp = -|l[(2 +.tjan2 6) - 1la6 » '
- _ =6 -tan 6 + C. - ’ d :
. . \ P4 , * . . -
. KO oy fE2 -
- / = arececos = = ——— + (,* .-
"""?"'."“fl Vs | a X - [ . .
| ) g
|- ‘ .7 .
- N N + . . .
- - .
- 3 - .. . .
. ) - ' ‘a
i . :
. - o S5 !
s * ]
b | %;23:3 ~ ,
’ . 565
. Q -, - -
- hd 3 ¢ o . N . - '33;. ’
CERIG . 5 N e
;i""//‘ il ! s'id‘iﬂj .o cot - . [ . 3\/ [ )




H
.,

. . (Alternatively, set u = -l'é- 4o obtain I = - %‘-Im du.)
Xy = g ,

T ! " () R S h Set x = a sin t, “
)S;:' : . _—.:- R v » h ,':-' . - “.‘
g o I= at {3in? t cos? t at = %— J‘sina. 2t at Y
?%:r ". v, ,-\'/q ‘ . a,"' \‘; R ' ’ ah .. " i’ 4 - * -
W g s - ¢ - = ‘i - : , e
4 ) . =g (1 cos Lt)at T (t - §.8in ht) + C , .
:, : . i ah oo ) (1 3 }_'aax [F2 ’ . Sl
Cl. L= Fpaesta T (P W) S W, -
ﬁ‘ (d)“-——l—x——. Set. x=a\<_:osh:u. . L. g
) 2[5 2 © '




. ) N o L .
(£) . Set x = = sinh—. .
. ) . a ,
- @ (x\a + aa) '/aax% +1 . R -7, '

: , I=I.hadt2-=a_[h 1.1‘L 1 12 it .
.J a + sinh” t a +(1 ~a )tanh® t cosh” t

I u j ds ' v
A < ) = a Y

, . ah + (l : au)sa . ) .

@ " M ’ . ' . @ - ° . P
i ) where & = taph t. . . ‘ .
%g‘ - I'f a=1, then I =8 + C = —_—x +Co ‘ - -

C \._»

= - VAP 41 . : )
G ‘ ., If''a=0, then I =~ J;.,_ c. . ’

5 :

" If 0<a <1, then o .. )

'G‘:»-‘. . . 4 ¢ .

8, 4 :

};}, "t s ;- 1 - -
}%;‘ I= arctan 5 —8+C ~

- 5 ll L3
Z%g; ‘ a -8 3 a _ , o~ . ( .
o “ .
F N - X = 1 arctan - -
o o, a-/{ ~a -
" s . T s . ;

e
w
i -v
[
.
ct
=
[
=
L]
Q
=
]
-
(|
w
-
°
Al

» . b dS - b +g i ‘ P
. . ] = e — 108 .__,__.] + C - ;
. ' ~
. St a3 )8 -2 23 b-=s , .

o .__! b bA:+a2x2“+ax ) LT

. . ———§log . PN - -

b»'{ +‘a2x2 - ax - . ‘ ‘ -

. [ | .
% R | !
=] S /l ' ! ‘ ) : ’
% (g) x+2 _ X s 2 .
'55 S MET 3 s I g '
T ‘ -7 g ! )
& - 741 + X -/m +x xn + x - L !
L AN . wopky e s - B . 4
< -~ - : ) ' . ! P L ¢
o | o Plussign: 1=n;.+x[+2arginhx+cj «

" Minus sign: I = - 2 -xxa 2 arcsin‘x + C. — _ e,

!
T +
to- | N Vo - -
| / R
/ ,

..
.

(’h) x3 en "2)5 . Set :- S s

bl

o ’ 'J: - bs .7 N
' i s .1 4 2 772 ._,,. , B N o
3 / L= <t.2- h)t it = "L x) (8+’(X) - (
¢ g «? . ' ".
g A ©OTEE ’ 7 S \ 3
i ‘ : w1567 84 . ‘ . -

: € - ; k! & § % S P ] :
% _\% f}? ;‘ fg-’%g, af?ﬁ, % ¢ . g, : '9,‘ -3 3 B # % 4 262* . . 3 {; ;




S :
1. 1 o

; ) -
' : /ét 2 '/2 .22 % o
a X = X . a a
. L T -3 LA

-

~
‘ »

2 .
. Set x =2{(sin 6.+ 1).
% ' . 2 Y ,

* » ) 2x -
- ) s I = arcsin (-—2- -1) + (j ) B : ‘
. , a » i

" ’(Alternatively, 'set X = a2 Bin2 ¥ to obtain I = 2¢ = 2 arcsin iag' .
This'is suggested by the preliminary substitution x = t2,)

(j) x2+ax-+b'=(‘x2+l)';ax‘+‘b:4l. [y e (Lc"
x2+l x + 1L y )
e ,I=x+%log(x2+1)+(b-l)arctanx+c. ' ; )
rs N

i ) . » . -
22 -
(x) 4a2x+x2=¢(x+%-) -%‘—. . i
2 2 -

a a_ -
Set x + 5= cosh z.. A . 1.

o . .
.r' ) >
) au 2 au Lt s \f-.
. ' I = 3~ | sinh” 2z dz = (cosh 2z - 1)dz
. N : W J o &l J , : .
—_— - o 2 4 - -
" a 2 2 a 2x . . E}
. . .= (x + —2-)~/a x+xX - argcosh(? + l.) +.C” .o
) e ) - . ’
-~ 2, Let R(x,y) denote a rational funétion in x and ¥, Reduce the ~

f£ollowing integrals to integrals of rational functions.

<
- . (a) JR(x,»’aX-Pb)dx,,a;‘O.. Set I,aac+b=t.

-

: i .2 -
.. _ t° -|b’. .
.- ) T . I[,—aJ‘R(——a-’-,t)t dt. : .

¥

o ' ax + b 3 .
. b) J’R(x , 1 m)dx ., - an integer, aji;[ = be ;‘ O..
N \ . -




i . . ~ 4
N s . \ .
* ; «

~ -

© 7 3. Using the result of Number 2; &te - = =,
. v Yax f,’t*(lax + b)3
R .I-__g_J' 2 - b)t
. ¢ -
. a

. S is 2”3,.
» ‘. 2

B} . . —é-[a.-l"b-
a

(1 + b) arctan i/ax’_i-—bj +

o o
L I idx *
Redice to rational form, ) D
- /1 - X + 4 /l-x : ‘. N
. - } l+x Y IF x T °

% Toe ~

Use the method of Number 2(b).

.

o

.

2 .
dt:-é- (1.-1‘_-"2)(31;
a 1+t

£

- . 2 — .
- . ‘ , I = '8I 1t~ dt . . .
~ SN lareaeeh?

o

Bxpress as elementary ﬁmctions ’

v ff‘f;'f—z

e ) ..
t ‘ > -

P 2 N
b _First note that — 1 ~/x +1-’4 +1 . .

. 2 5
A: f14+ A8 - ,,."
“"":':f“ A_*'_--/—__)*'Hlosf x+&—:¢) (% +
(t.( 5 L
(b) J’l"+sinx=J’ =pan’i_qo§x+6°
('-:, ! C) I/ . _Jl+cos2:{ =

-3 [cc‘}x
- cos 2 . 8in® 2x o

‘s,

)|¥C

1l - sin x

ax
CO§ X

s "]
.
.. .. \ P 1
i v
P ‘éﬁ .
] - - -
. " , )
4 [
f . -
\
' - ¢
.
-
I ¢ * ‘:

a
Q
°
.
’
IS
4
v °
»
.
[
"
\
)




ve " dx ! e
" ‘(d) J‘ h I S‘et‘ \-t = u./; + x H then
X 3 b -/; +X.. . . . L
’,\‘ kS , ! . J _te‘ lJ‘(_te + l) . (-te ll — ,
s . Isjgp—d =3 - — dt ’ .
‘a & S RS TS N -
Pt v L1 Y . . L
LT, '=§J’[k2 + 21” ]dt@" S
o v I R A § .
. . ‘ . - » " .
. 'l t 1 : . ,
s = lo - i . P .\
. - . H gé t + l 2 atc?an .t.+ c . A D -~ N
‘ - L. . ~]_ 'l;_+x -1 1 ' N . ! »
.. . . =H —+§arcta_n £x +C. . ;
., . Ji~+ x 41 . . Uk
- (e) J——d’:(— . ,' ‘e Set x = % ; then -
L3 . A
’ . % + xi * . ' - .
, . . ) , . . , .
N 4 ° . ~ T = _f du . . . : 2
~ ’ ) . ulﬁ/ﬂ + Q- e .
Y and the problem is reduced to (d). . :
- ‘V ’ S PR * )
ERR " SN .

P(x) dx where P(x) is apolynomiz;l of \

) 6. (a) ?’he integral I
. : Jax2+2bx+c ~ 7 \ !

. . degree n and a ;40' can be reduced ' to a rational trigonometric |
’ . . form as described in the téxt. It can also be reduced to the .ot
NI ; . integration of : H namely, f‘or some polynomial .Q of
. L . . . 1/u§ + ebx + ¢ } . W X ..
. « _degree n -'1 and constant k; .. G . .
“ /—PAL D{Qx)/ax +2bx+c]+———-——*.
) . ' Ja.x2+2bx+c_', Jox® + 2bx + ¢ =
o 8 ' . R . .
) R Stiow how to f‘ingl Q “and k. . - 2 .
~ . » .: N
- ’ - R
; ' ’ ) -0 ) i ! . i Y
- . ’ Since ) - > . ' .
¢ [ L8
P t \ x)"ax + 2bx + s) 2 (x)(ax = 2bx - c) - Q(x)(ax +b) Y . P
‘ - e efax® +x+ec . B
the, polynomial Q and’ the constant k must satisfy
- B . - ' ., toe
~r! . * 7 ' . ak- s |
A S (1) "P(x) = Q(x)(ax + b) + at(x){ax® + 2bx +¢) +'k.
e ' . !';‘:’ 3 - ’t L - .« " . . Jf
.. The ¢@stant %k and the coefficients of Q(#) can be foupd from |
e : " ’ . - M \\ 3
. . . e : LA N : : -, .
Tl . osto 287 N G
) ’ - ‘ 3
E TC : o T L - ce e
. EmmSEm - - . o . 0 .




Ate A

[Aruntoxt provided by Exic:

ERIC

¢ ’ -V
the cgefficients of P(x) 4 as follows. Set P( Z P Vx ; ‘
.*‘ v=0 .

S P 4 T
s n-1 o ¥

and Q(x) Z ’qvxn ~1- V. Eqnate coefficients of 11ke powers on \

- T e N *v=0 “ . .
the right and left im (1) beginning with the coefficientslof xn: ' ’

Py = aqo +an - l)qo

' ', Thus the leading coefficient of Q(x) is deteimined. /‘!ext, L
- . " . . ’
= (‘aql + bqo): + fa(n - 2)q;l_ + 2b(n = l)qo] or

(n - l)ql Pl - b(2n '“l)qo- Similarly all succeed{ﬁg ‘

coeff:.cients are detem*ned step-by-step from the preceding ones: . /
; a(n-V)qv_pV b(2n-2v-l)q l-c(n-v+l)q o b - '//
I ] \ ‘

S eeesgl - l Finally, “for the 9onstant {x,

' -

. / k:po-bq

‘ . .

X + /. . 3
v -

0" %4y

4

- 5 .3 ]
" (v) Using (a), integrzsn:e\\,t#l . R '

g . A'-t - N ‘,.

_Set Q1) - qoth ¥ qf“a * qet Fragt v, and P(t) 517 -43 + 4.

) .
£ (DA 7 8) = —L— [o5q5¢” -_hqlt" + (bay =~ 34,7 ;o
’ 2 . . * .
. -1t "

. oo V42 4
, . F 39y - 299047 + (26, - q)t + a5].
. s 4 ‘ - “ ‘ )
* Now sblve for tke coeff‘icienté, in succession Ao optain « N\
' [

1 - co. .
= O:. q2 ="f§ ) Q3 Q; ‘. ' ¢

=33 g
. . qh_ Is’k O.-

=
-
0
[l
{

P
ol

Consequently,

; o - : - '
~ 5 3 : )
\ I=J’Mdt—-—(3t 2+ 130/ - 2 + C., /
. \'/1 T2, ' / .

A ‘.

. .
™ . . ./ -~ ' .
. s e 7 v ) an




o < B PR
. N
. — + N
d ’ ' . ’ /

- i s

3 - N

c) Find the integral of (b) by using trigonometric substitutions R
and compare the merits of the two methods « '

- ' L } ‘ . R .
"Set t =fin 0. Then . : R \
. , - e v

I(sim 9 - sin® 6 + 1) sin 6,46 '
. o,
. I [(1 cos® e) - (1 - cos ) + 1] sin 6 a6,
. - . ' .
( / ~ . - ey ,
N ) = [(cos 8 - cos'2 6 + l] Sln 8 ao
< - . ’ ‘ o “ .
. . . L v
) - =--%—cosse+-§-cos39-'c0s6+c -
SRR : ) i Lo y : ' { .
A G -3+ 13 -t A
' .'lb. @ . » - ' ,. l *
N .o . / > «
-, ~  vhich is the result obtained in (b). If even powers appeared in
s P(t) the work fn (c) would be more comblica.ted while the work in
- it () «would nbt change. gree.tly Furthermore the method of (a)
e R . ~ eliminates the ’repetitive use of".the binomial theorem when P is
T ~ of higi?degre . . L, , . . )
i ' . 2R . - . ! i
~ - - A e . [ 4
C 7. Integrate i
" » “ s . N
o (é) sin % S T ' ) -~
' . ’, ," ‘ ¢ .
: . ) J . i . _é—: " : \ . . .‘ ‘¢
P - Use x = 2 arctan t to obtain ¢ * .
. ) & BICLE - e
. k]
) . . ~ .) .
.o at. s .
_J AR . ! I—It—logltfan2|+c. . . P
B .& .s .. \ \, . 5 , l - ’ X
. . RY
R {b) =3 (by 4 method othér than that of Example Ab-14).
oo R | & _— )
. . R " -t .
. A 'Use x = 2‘ arctan t %0 obtain ) ‘
« > ' - ”, Y
. R =j - = I[ Jat P
. . o r - t2 T-%t° t .
] 03 r’} / 2 - -
B ] A ¢ l +"E8’n - v -
. . N = %‘ log- -———-—2- + C, ~
.. . . . : X
. . 1 - tan > -
._, - _'"f-‘ - . . ' . .. o T ‘ \ o ’ .4 .
) e " E N : . . N
v - . Y oo
., . . , e, . . - . o
s L ,289 S
4 R , . ’ 512 \ ¢ .
Q ‘ re ; . . . -




Aiﬁgrnativé}y , from. cp;'x y :
grom the solution o};?ar‘c (&), '
. . . F - .du _ //,\ ‘l . ’ 1.!. \
I2\%nu ygtw~§(x+2) * C.

.
»
~




. It might be appropriate to first consider
" l ' 1 ,
J-arc in xgx, We observe that ! i
Tov . 8resin x-= (aresip x)(l) (aresin x)c%’: .. \
8résinx = dx Yhere y - arcsin X and v ., . Irrtegratihg by
. . . - /
‘ ) Iarcsin .x dx = arésin x ~ . / )
~ , ' H
y : -xarcs,inx+ L8 +C, Y
. d be noted that the discussion in the text establishes the ‘
» [] 3
) X .aresin x . . . &
b Solutions Exerciges A2 ’
» I E
Integrate tp, fol%fwing functions ’ )
.In these Solutiong the integray of the Problem ig Written 1 - [ u dv.
(8) x sip 3x I =y °°§ 3x+,Si¥+c -
.o 5%\ x .
(b) “x.5% Jo T =Xe3 . .
» 2
2 tog 5 (log 5) ’
! . . L g
3 . i Al
‘« (e x3q -2x Set dv = 2xdx and integrafe by partg
) ’ ) " three tipes, .
) . ’ ) . i M 2.
. - N , N I = 2X %_ g) + c .
- . S s
AR C °, y
. (a). /X log ‘ax - Set u = log 8% , AV 5 /¥ gy.
; : . ‘ , I=-32~ 3/2 (logax--)+c P
[N .) 3 " ¢ n " P . x - ' )
2 G v, ; Alternatively set” { - aX and yse the result }
o \ ' o of Example Ab-2¢, . Ll .
v W

i
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4

. ’ *‘I\xargtanh-/g_-‘fﬁ— ax

4 \ . M . B ne
s ., - R . - . B v *

= 'loée bx‘ - -

' . i I xlog bx-2 logbxdx+C:

X log2 bx = 2x(log'bx - 1) + ©

where the 1ntegration of Example 10-ha is used .at\
h . " “the énd. R S : )

»

- - . . '.'
N - .
(£) 1qg3 x Set u = 1og3jx. Apply (e). LA
. ,: . I = x(log3 X -3 iogz- xt‘ﬁ 6 log'x -6) +0C, n
- v P

> »
, . . s .
. - o~ ’ ¢ B
, B , .

(_g)' arccos 7)(( et u = arccos 7x.‘ Then * ‘L ': R
' » ’ " . . . D o : ' . B
Lt . . - box® . o
N = = + ' .
' ; X arceos 7% TN C. N
e . v * ' ¢ ¢ ' !
; N - . - -
(n) argsinh ax * * Set wu =‘argsinh ax, ey _— -
e, I= x‘argsinh ax -—,’:: EN +_82x2 +C. " %
(1) ‘ergtanfbx . Set u = drgtamh bx, - - * )
. . e ,}é- - . ‘ 1 ", . ? A A
- , L\: argtanh bx + B log(l b xF) + ¢ -
. Lot [ ) . S
. . S h ‘. ' . * . . . N L
(3) argtanh /6x  * Set u = argtemh /bx. ) i \ .
. . . \ vt
. < .o oo %

[}

2
xargtanhﬁ'-- at

\ -
: . .= z R ’
.o * P i-1t 5 b . -
/4
Wiy ? . : . 2 . LT L‘\}\”N,
- o where t = ﬁ)—( From ' —== 55~ \12\-; 1, . Q-\““«?«%.{‘ .
Y . F1-t7 0 L gnNTTT R -
s . obtain . n ‘s < 4‘:\4.‘\
r . e o , IR SR
¢ P i l " * <
I={(x -;) argtenh /bx + &+ C X
- -y ) ; T ’ ’ * -
A & LY . i
. * L ot * g .
. A ) v ‘e . -
. ;e . [ ' - . »
. Vot : VIR ‘ P -
i . - ’9 . * > .
* / > . . . ’ A . L
. ’ . : A . ~
: . : ’ \
o a0 A .
, 1) 5 . !
v , . . 'F r —’ * .8 » .
' [ . D *‘575 O ! ) ' ’ A
. ! " . 292 . / N . 4
., 7 v 1 e P
. A ‘ r
- : d
- 2 " A . .
‘ . ¥ ® ‘e b " A

-
i
>
.
.’(
.
% -
»
- ar
.
- L]
AR
-
’
.
- <
/e A f hd
.
.
-
.
3
.
N
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.




- 1 ' . * e hd
- . .’. . . » ° - ) )
- * (k) arctan 3& ) : ' .Set u = amgtan 3&-' .o : T
. L. ™ & . '3/_ : 1/3 . Lo ’
o ' ” x arctan -3 ——7" dx . , CoS -
. l + x te

’ - t - . B
” ‘ . 3 . o N .‘\ .
. : Set .x = 2”, then Lo . . . - v

' CL \ - 'xrlad 23 : co.
. T 3 1+ x2;3 x—jl'i-\‘za . : ’ BRal |

s . ' . . . 4‘ o' . \ ) < . P tr ’. a
. ' . ] L " 1J1 f_ t at* (where t = 22) ' .
Coad . o L
. S I(l T : -
I - ,
o ' _ ‘ -é-(t * logll + t]) .
Fad . L4 ¥ : - .
. . - . Conseguently, ° R ‘ ~ .
S . : 2/3 . ' ] h B
,( . ‘ ;- I = x arctan 3/;.-xa -log(x2/3+1)+‘c., .
L} \} - - ’ i ; . N
M - . ¢ N .- 4 L} h
. (£)" x arctan x - - Set u = arctan x, dv = x dx.
. R , N . /
2 2 ) -
o x=- .
§=x?arctanx -%I x‘a'dx. .
. , i . 1+ x
! .-
. a x2 ' ‘ 1 . ' I -
o From 5 = 1l - 5 obtain - : ’ "
Co 1T+ x| 1+ x J et '
, Loy - ¥ A v . T e
’ .. DS Y- . ‘
| _ ) LI =§-((x‘ + 1)arctan x -x].+,C-‘ ) -
- ) - ® ‘
) arccos g - ~ < :
. (b)) =—— Lot .Set u = arccos T , v ='2/x + m.
i X +m o' . , . _
LI . . Vo . Py
.. . T . —_— . ‘
- A ‘IL=2/x+m arccos.ﬁ +2 _—x-q‘—m- dx,
. - ) : c i 2 _ 2 - X i
— ) . R m- - x . -
R S e . - '
- . — = 2/x + m arccos 34' QI ax _ - .
. . Ym. - x .
s i’ s ) '
2/x + m arccog =~ - 4/m - x + C ;
¢ LS -
" . ’ N \’ ’ ' . -
’ ! . . . o
) o ¢ .
- N . ; . ‘s
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AN .4 . tr

v

-

\(n)‘x'sina-xué-(~l-cps2x)' - - e X
. " . ’ """ . ’ P ‘ ’: ’
,'g.;r "_‘ - x2 1 " ¢ . .
L I.=T- X ?OS‘QX ax. ’ . .
*  Bet u=1x, dv=cos 2x dx; tHen - . 6 ="
: .- - 4 .. , . -
r.'»%.. ‘ - h\.’ . x2 x sin 2x' cos 2x ) ‘. - PR :
= - - kT T S ! .
’ . ' T LY ' ) . ’ ¢
(c,)‘ x° ein x ‘ s Set u =‘x2, v = -co8 X, .
N ’ T, 2 i ' *
- . I =-x"cos x+ | 2x cos x dx, . . b
[N N s -~
_ Now s? w=x Vv =sinx - ' . ’
. s ~
5 o ' "Jzaxcosxdx='éxsinx€2j’sinxdic; .
1 , . vwhence, . i . .
[ ’ 2 AN . * - . . _
N -y Ir= =(x® # 2)cos x + 2x sin x +‘C; . : ' .
‘. ' N " ' .
. ’ o - .- ! . .
“ (p’) x arcsin ax, . Set u ='arcsin ax, v = -3- 4 * *
B . - ® . it .
| . 3 . 30 ’ ’:
. N “I-= —3- arcsin ax - -3- —_— dx, . - Y
’ - 52 ) -
s R - 8 X ) ¢
v n§§t ) .’f ) 2 8 | * .
. L Now set z = /= aox%.. i = 1’_—2_2 , xad = - 2 gz . Then
L ¢ . as . a
. .\ v. \ . 3 v l A * ‘ 2 - " . '
. X3 dx=-TJ(l1z)dz; .
. — 2.2~ a ' ) " .
. , - -ax ,
Tt ’ o . .o ‘' N v oa
’ whence . b c . T .
- . < -
T &t 2.2 A 22 3 '
. , I=x—3-arcsinax—A z;x + -a3x)‘+c. e
. 3a 9e’. .
- . ’ s °
" 4 ' , ~ 3 . - ———
P ' b - Em— ———
’ 4 O“K}‘.:v. &
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Aruitoxt provided by Eic:

(q)

(t)

L

N ’ K
cosS 2% : Follow the method of Example Ak-2g. :
- L.i?p\&.impl,y‘, note that ‘ ' ’
~ ‘ I3
) \cosS 2x = {1~ sind 2x)cos 2x ! .
. . . - i3 - ) . -_—
. ! w»Sin 2x- sifd” 2x i : N ~,
3 T =@ 5 g + C. . ' . .
5 . ‘ ’ - ¢ ‘ .
sin”*x ' Either follow the method of Example
( Ak-?g or use’ : , N .
) ) 5 M 2 o .
sin’ x = (1 - cds” x)° sin x. -
v I = E:os\x+2cossvx_c°sx+c
. =, 5 t 3 . A °. -
o . .. , ' o, .
) f N ¢
sin(log ax) Set u = sin(log ax). ‘ 1 .
I = x'sin(log ax) :J a cos(log ax)dx.-. .
. P ‘v ' . A M ’
Similarly, - . w
/ JCOS(log ax)dx = x cos(log ax) + aI; ’ .
r . . . ,
. LY \ 2 ‘
whence, B ' s d .
¢ * I = x sin(log ax) - ax cos(log ax) - a® T
> j ; o <
and . . . . . - e T
g ) Y2 .
.. ‘1= —z {sin{log ax) - a cos(log x)} + C. .
n "1 +a . F .
- g N
~ P' e ’
x tan® x T "TSet u=x, v=tpanX -x - d
’ ® . 2 ) N
I'=xtan x ~ x°~ - | (tan x - x)dx . .
- . L]
. xa . .
= X tan X + log [cos x| ot c. ¢ .
[N v, o !
¢ ‘, . ’ ' V" ' . 2 7
- -° ] i
[‘ . ’ I
> ‘ . _ T .
] . b - - .
¥ 1)
¢ " Neg
78 2 95 . - i
. .




RN L ’ e U A2,
RN . ‘. . . .
S (W) (ercsin x)° . ' Substitute * = sin t yto obtain
. - ! . .
. ' S . ) , :
L I= ta cost dt and integrdte by parts twice. Alternatively, set o
T u = (aresin x)e' to obtain ' .
L, . T, ' -
©o I = x(arcsin x),2 -2 arcsin x dx. . R S
. . 2
B - X ., ~ Y
o Repeat, to obtain o
N N » d s
: . —%X __ aresin x dx = -/l - (xe aresin x +f dx. . R
\ ) . o , <
© -X ) LI ’
. ) R 2 h o2 . ) )
- I, = x(arcsin x)© + 2/1 - x* arcsin x - 2x + C. v - ¥
» . - ~ o ‘
(v) sin &x cos bx, (a“ # b2). Set .u = sin ax, v = Si—gﬁ .
\ N * . . . N
| rostneoinbl ol o pamman /-
c- Now set ‘u < eos ax, v =‘-.M~ " . cT
"> N A . ') :b .
- . . e te
‘ . N éos ax s:fn bx dx ='- COs- 8X cos bx .8 I
. ’ ; N b < b2 .
. . ST g . .
Consequently, . . ) -
! s
(";‘ v v 2 ’
- I=Sinaxsmbx.+acosaxcosbx+§4-1- -
. 0 . b M - K 2 4
R oL b /b , ‘
o : v . ’ L3N ) P P *
H B whence ‘e > . .
L. . N . , \ ’
; * . ‘I =5 1 3 fa cos ax cos bx + b sin ax sin bx]. -
X " b -a" T : . ', _w ’
: | 2 A '
B . More simply, note that ' . *
- PN 1. " . ' L L
H sin ax cos bx = E[sin(a + b)x 4 sin(a - b)x]. (\ .
v, - Hence s * /,' '
X __ }_‘[cog(a + b)x , cos(a -—b)x] 3
co. I=-51"%+s "ac-y J*C . .
3 > . ) » . / N ~
s . - ;" . . \ 2 /
. N ~ t . o / N .
] A S . % T
4 , : ' / BN R |
Yy / .
s . S .
- v v 0/"' 2 ¢ ¢ '
5 . . ‘ A 5719 296 . L. B
3 Q o . 4 ,’ . .
M E]Z MC ¢ ': 4 - ' - -
L v . . .
i: . N: M N . .o / -




. 2. Support the geometrical interpretation of integre.tion by parts by showing
. for u=f(x). and v = g(x) where f and g have inyerses,.that
- =@(v) and v = (u) where @ and V¥ are inverse functions. -

’
‘ -
- . .-, . .- .

' Let F be the inverse of £, G the inverse be,_ gt*‘m‘“ futictions T

. . o ] . . B= G5V 26(v).= £(x) = u Lo
7 - V=3F‘“"’8F(¢u)\=8(>5)=;’ S
’ . PP . ¢ v tad
-‘f"’"“' * + are inverses. . °, - . e . . Rk

4 “

3. Verify as alleged after Example AL-2v thqt the method of the example does
demonstrate the reducibility of | £ £(x)ax to the integral of"a

‘rational ﬁmction if £ 1is any inverse circular or hyperbolic ﬁmc;‘tion,

. or if £ is the 1ogarithmic function. - . N - .
. Lt - . - :
- ’ . < xn+1 . . X . .
Set ug=f(x), v= =57 - Let “F be the inverse of F, Then > 4
¢ L .. -
{ n+l ! . [ t .
AN P —Q—LF u . ‘e . . . M
. n+1 % I )
. . If F is a_trigonometric qr hyperbolic function, “‘then Iv du..is
reduci‘ble to the fntegral of a rational ﬁmct‘ion by Theorem. Alr—],b or
., - "Exercises Ak-1, Number 10. -, . ,
.- - LI [ ¢ i 1
o If u =_1og x,, then F(u) = e*. Here, . R \\w :
' ' - ) { RN Ty
., J e(n+1)u e()n+1)u " .. .
. o , vag = du = + C , °
’ g . n o+ 17 (n +»’_'L)2 : . - e
\ . . . . hd _ ¢ Xn+'1 - Fl
- . = = + C. T p .
+ X
. ' ('n . )I i ) ‘. ) r
. Thus, ‘explicitly, ° - aca
[ . n+1 . - '
. . n . b'e - _ 1
. ) . I-x 1og'xdx.,———n+1(1ogx ———n+1)+c. . _—
N ) [ .- . ' - .
> ’ y . ) \ ) "".
“ l ‘ ! ‘; ‘J " /' * ' -
- ! '. . . ‘ N b
-~ -~ - 4 1]
. LS R * f. . . - ,
hed s - ' ) - €. n
’ - -] . - ¢
. . 5807 ] : \
- . . L4
- A . (/ L . V7 i
. , e . « ¢




e W Ve s o~ - . Y

;‘:“ . :' ‘N -, ) e - R .
. - . . . b~ ?‘
4, Establish recurrence I‘elations ‘far each of the following (in* each case.
. . m and n are positive 1ntegers) . . .
~ e . .
a»(a) sin” x ax . . '
! ‘ . M . . :
' Proceed as. in Example Ab- 2g b‘t‘ﬁerwise use- the result of the . .
“\ . examp1e~ : o A ) - . : .
: . ne oyl ‘ S . . '
' . VoI >J’cos (x%°- Z)dx ) o
: . C T __sinn-lx’c'OSx';n,-lI - .
. 4 - . n n n-2° ‘
- v
. . S . .
- oy m+l N
+ “ - & ¢ .
TSN \(b,) X log xSlx_ . Set u=log x, V=r=r7 e ‘
. ’} ' | xm*‘:L ) !
. ’ = . ’
£ ' Tom " m+l o8 X +1 0l o
. v m+l - . -
‘r . I = X kad P
L ‘ , O mt 1’ o
P ‘ > T ’ ’ ﬁ .
. / ' ’ m ‘n ' 3 “n-l ' sinmﬂ\x _
(e) Isin x cos x dx . ' ¢Set u = cos x; V= ﬁ . .7
=) T . n-1 m+l . N
. cos x sin x . n -°1 m+2 n-2_ .:
L8 N ! = + . - ¢
X s . ,Im,n. Om+1‘, m+1-[sin .x;cos x‘dx.. .
) _ .5 . . . . ‘ AN \ v .
. . . +
e JBut, since sin™%x = (1 - cos® x)sin™ x, .. { ’
‘& -~ . R ‘ . . s
ce N e n-1 m+l N b -
N [T I _ cos x sin x+n-1{ -1 }; !
h,n m+1 . m+1l mn-2 “mn’’, : .
. - e whence, B -
. \ . - 3 + N * ’ ' N . . a. -
S~ ) . I = oos” 1x sin” Y on-2 * N T ——— Y,
) m,n m+n_-.m+n.m,n-2
c, - " Note that I . is given by ( a) ; N . '
T o ©T.m, 0 ' . .
P ‘v ' v . l‘ .
- It is also possible to reduce first m then n. Instead of ° -
P] . . . . . P
' . proc‘eeding by the given methed, use . . .
' . , . T . ~ < . - ‘o , ©
T, L. sin x cos x%= (- 1) ™ (x - g—) sin™ (x - :‘,—) - -
- to obtain by _the preceding resul*t . -
~ < A N - '
o \}-siml{ x'+m'11 . S ‘-
- n,m . m+n m+en m-2,n° >
’ . \ . . " ’ 7 ° . .. ‘. . \
- - -, 8298
Q ;! 'a ’ ’ .
‘ERIC e : oo T A 2
g v . : \ . . ~
. - -




(d) j’-’xn arctan x dx Set u = arctan X, W= =T Then
. " . I.l'l'l . n+l [

' X ) L < s
. ) (1) In = — Larctan X = mj — dx, - N -

- l+x v

. . 1l +x 1+x .
,:\‘ . . : H - a8
¥ Insert this in*(1). to obtain Y ’ ,
N . o«
- . .n#l n s.n-1 . - .
- . -= | X . X 1 X , . .
‘ AIn—.na_}_arctanx P CETVREE T2 dx o & . X
NI 4 ~) .
i ) . ‘. - - '_5 ,
. s wher% the integral is given by (1) in terms of In-e' From this,
| o e 2 Xy 5. S1. :
. ) I =.n+1"((1+>s)ar'ctanx-;}-n+1(In_2- ' '
. "3, Alternatively, reduce the integral in (1) by (2) : -
. - . . A A , ) N R - .
, - ‘,, ' . N xn+1 . xn . . . - -
- * o Jdr .= dx = =— ~ J. : ' S -
. N , ’ n+l jl + x2 ) n . ne-l / . &) -

s . N

' K ¢ = * b ' - - »

.

. ;, - S, ‘."' R " ‘, gi N RS, i
T, 7 If n is '0dd then the sum terminates with - (-1) ° J) . vhere T
[} Los . h . .
b ~ J, = X - dx’ = L log{l + xe). If M is even then.the sum -~ - .
) 1 2 2 ; . -
. ‘ 1 "{' X “ o . v . N
e e e / P ’ q , .
\ terminates with (-1)% 2 J. where J. = X - arctan x._-. -
\ © o g 0 0 2 K b EN
L . . o ) , l+x
- - o . . .
. - 3 ’ P - . . o @ -
oo % © - . . .
. (e) fxn argsinh x dx° First substituté x = sinh t' to obtain
[ . , - - ' . . @ -
‘. : v & ‘. n £ .- . . . [
< = . > ‘ . i
e, . , ZFn f*bsi.nh. t cosh t Gt ‘ .
‘. . . T, \ -
Py ' P n+l , : L i v
e . Now get u = t, v Q'S:mh L then -. .

n+1i .




o - T ‘ A2
! ‘{}Q i , - * o )
Then proceed as in Example Ah-2é to obtain ’ .
* ' f.
7 _ sinhn+l LA . LI
n+l ~ 0+ 1 . )
r - sinh® ¢ cos,h t _n(n-1) :
(n+1)% (54 1)2 "nal7, L :
r . —_— . s .
But, from (1) f. ) ) R s
. ’ i ' i : it
- - g . 7.t smhn Ly T .
L . = sinh  t . .
- te ' n-1 - n-13 ) n-2 . . °
i Combine these results to obtain .
L3 e N . N % P .
T t einh® l sinhn t.cosh t n 1 ' r
N . In n+1 . 2 gtsinhn-_t_,- .n"2In-2'
< (n +1) (n+1)= (n+1) ’
A I T n/ 3 - .
_::::“j" .t -_(x +~,) args].nh X - w_-n\el ‘2 . :
. . ot DT PR Coey
L e e . . ! , ‘“ . s Yy
- ’ Y} . . L . . . .
.- - o 4 ‘, - * . . 4 ! -
% (£) jxn argtanh % gx . Proceed as-in' (q);
s s ' ¥
iy . ' n+l - ’ :
: F¥ad . X 1 . . i '
. = e argtanh X = m n+l’ , .
» » where s Y . !
L] Q . e 4 . N
. . _J nt+l ix _’*J' P ¢ x2)g1 .
+1 F . = * ’
3 s n+l 1 x2 ‘ 1. x2
. s ) )_@2 . . .
) . . “n-l T .. ' ' 8
‘ s . - . Y ) N .»&"
A o ’ . P ° . A - ! ax v
Ca (g): Ix dx . Set uyn'({'s £, '
BN ~ $ a , . »
E‘:’i\*" ’ ’ - n_ax ’ , " . '
. T I = XL. - u I- . . .
. a a n-1* . ‘
? . . R N . L ' !
’ o L Ve ) - . /
. , ) (h) J"xn’ aresin x dx ™ Proceed as” in {e). < LA
- , . . .

vty

kel
A
P
.
“

. -1 ( 2 _'\.' 0 - 42

n(n'- 1 -
I = X Yarcsin x + —— s I .
NE toamr T omrd (nw1)? <n+1>%\.“'2
-, | " 2 -

N

. o A1
. g
P
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“'Ah-a- SR

. 7
<i.>£———dx N e o EE
sin b4 . . sin. x . .
. " e . ‘ .
. ’ cos X cosex : T . =
Then I, o (n -2) | —5< 9 ‘
in” x .

’ 2, : 1 - sln X in the 1ast integral to obtain ’ .

S Set cos'x =
) - ’ . .
. B | =‘_' '1&1 czslx._‘_xg-elne 4 oo
S B B sin x - - - - p
- . . -~
S : .
[ » » 3

L)

k4 ) - X
1 .
. . T == .e—-+ I . - N
. L o~ e e n-1.n n- 1 "n-1
. - ¢ ° N ® . -
. . . , -
A - ! ’ ‘ * 4 ¥
'..' - n . . B ]
. (k) | x cos x dx - Set u=x, v=sinx. B
- . » L] .
o ) Lo - . . TR A
» L}
. . n-l . . : ;
T 1 % sin x - n sin x dx. . , ¢
. ‘ . n R o . .
. . . " . *
* n-l . . .
;  Nowset u=x%X , ‘y = - cos X. o
A} f , \
. < . .
>

()
% ;

:I*xn’l sin X ax = -xxt'l cos x + (n - 1)'[ xx,)’e cos x dx. . 8
N : - v
Consequently; ~ . T o~ - ;

v . .

.~

' Lot . n - o on-l . .
o oL Ip=x sin x +nx = ©ps X - n(n‘- VI 5 )
For n even, the expansion of ]f terminates with~ IO = gin x + C;

£ . ° . ,for n o0ddy the expansiorr-ends with I =x sin x + cqs x + C. -,
D SE B ~ N -
2 ’ v o ‘\ - - T -
¢ - - ), " - -
' v ’ - °
S o2 . '
, s’ ‘e ’ . . <~
a y ’ v
. ) . - s ’
. e . , 4 - ! “ K.
- - -
. o ° ‘ .
» < - he
. [P - . %
. A N . . . . ~
- i .\ P . -
. = ~ -
. -
» ’ T * b -
» - . ’




lynomial. wlth“’real coefficients has a unlque faetorlzatlon of the

Bvery )
fofm given ,. - Equation (L\), but tp obtaln this form ope must flrst find the

Thé - polynox}nals which appear in exercises in various “textbooks

“zeros of
they are either

thotured artifi ally for purposes of 1llustratlon
or have zeros which can be found easily.

y-a—factored floi'm,
in appli'catio/‘ this is often not the case. '
e-‘rriethod of & tuated coefficients (Example AL\ 3c) is, ‘of
a}ale where th/e roots of Q are all real of mult1p11c1ty
o In Examplé Ab+3d since the integrand may be decompo ed 1nto the sum of
*a b cx d \)\
®we know t

raomll functiong = ,'=5 , ,
. )_( x2 x2 + ,4 ()-2(-)2

In problems

Zours e,

(as in (7).

at the integral

.
"
dx

Example TCA4-3a. Consider °I = = ., Note thdt
) . x3(x - 1) ‘

1 ?_(1—-x)(l;x~+x%)+x3

4

x -1 . x3(x A1) ’
/

. 14 .
Thus we composed the integrand into tl‘m,eJ sum of simpler rational functions,

f

| s

= lo‘g [x/- 1]~ ‘,’Libg |x| + -l-‘i-'—l-e-+ c.
L A X2

whidh may be integrated at sight::

K ’ IR P et
. 2)( 3 ’
= | —=— ax i compqted by

Fxemple TCAL-3b. The integral I 5
x +x+1 _73¢ o P

i denvatlves of two known functlons.

detomposihg the integrand into a sum of

%x%»

x2+

it We have ' Y

D log (x2+x-

1) - -e—arcta.n -

@‘.

»

Aruitoxt provided by Eic:
” -




1, /Integrate the following ,

Parts (a) to (k) are simple and an ad hoc a proach is probably simpler
{

and quicker than a straight forward appligation,of %“heory.

(a) ——X12

x2+3x+l

Set x5 + 3x =(x -"a)(x - b) where .

= %—6 and
X +2 (x -a) +2 +.8
(x-a){x-p)  (x - a)(x - D)

2+b 1 _2
-ax-b b

1 : 1 1
~) 5 - =1 + =),
5 TaL B '/5

%-(l - -/-Si)loglx + §_+2_‘E| +—(1 + —)log[x

L

3
) (x2 + 3% - 10)

.
IR TTCIEY

By long dhivision 3

5 X _=x-3>+2 =.s
X +-3x - 10 x + 3x - 10

4

19x - 30 19x -- 30
x2 + 3x - 10W ’(-'*' 5)(x - 2)

i .

2

.8 . _ 125
“x-2) 7(x+5) "

Consequently,
.-
. 2, .
. %«:3 + = log |x -2] + —ézloglx+51l+c,
T s 2 -

3
¢
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Aruitoxt provided by Eic:

S




€~

I+ be

LI}
rd

.
8> -~Eé-)[2(x +a)) +

x2+2ax+b

(3ab2 - ha3)
2

—7=x-2a‘+
+ b

U‘

X
(2a -é-)log(x + 2ax+b2) +3-————- arctan
. . 4 _ a | {2 .

|
ax +

«

(consider the cases a # b »and

-

a b).‘

-~

r

»

- J 2. s
log |x - a] +%—élog |x-b|.+c.

Ce . N \

29
M.;.c.

~

I=ix+ (a+ 2a)log(x - a) -

’ (b > |a|) ' : . '

——t O

X.,- 8
@ .
A |2 -
e X &
(—’/ (x ~ a)—(x = b) (;{ = C) ’ (a ’ b y C d'istinCt) .
of * . N
- »rz-—ma——r“g 'X'a"‘zb—-—am——rm e-d
' - -(—)—(—ylog x - ¢l + e
. M Y
3 X . ‘ e
vy - (2) "3_+1=1+ , 22 =1+ _%- 22"“”* Ve
’, x° -1 (x - 1)(x +x+1) X 3(x© + x + 1)
2 .1 2 -2 2x + 1
- ] T=x + Slog|x-1| - Zlog(x" +x + 1) = = arctan ==——=+ ¢
.;' h ./ 3 . 3 - \/x ) J-3. ) 6 '
R > T - - oo R B LR A
(g) . 1 - 1 . 22 1 - X - 2a :
. . x3 + ad (x +a)(x2 -ax+a2) 3a'2(x + a) éae(J‘ce, - ax + ae)
rd ’ - . ' '
. / I é-—l-é-ic’grx +a -—'-é-log(xe-axfa?) -\zgarctanei—u—-t—c 1
C ¥ 3a . 6a” ¢ i 19a”, a¥3 ‘
‘ . 1 ‘. s
| N
’ ’ ~

oty

. ) *
ey e, v




~

A
¥
. (2)
¢ f.
,
v
K
o 2!
- < 7
Y
)/
O
ERIC

.
-

§£x - 1)2 i (x7- 1)2

.
-3 1og |x - 1] + ¥ log |x[ + C
.« —

’
.

'

!

. o
Equate coéfficients of x5 to dbtain

! RF
Xh -1 H(X - 1) &(X + 1) (X + 1)
/
: < - Y
I—Elogx+l/-arctanx+c
o
. j
x _ X -1 e x 1 1 1
xh -1 xh ‘1 xf'- 1 Ix - 1) ~ i{x + l) (x + 1)
(Segv( )). ‘
S o X - 1 -
I-qug prary + 5 arctan x + C,
(S 1 _aloa, 1
L. - b ‘
X X xh((l + x2) ;7 1+ x? .
. J
’ 'I:—‘--]-'g %+arctanx+c S
3x , . v ) .
‘. . . 4 s L
1 .
X 1 ! . Y
L .- 1- N !
x +1 = +71 -
» Since| &1 0,-for all x, el cannot have linear factors.
: Pt .
Set - " -
(xh+l) =(x2+axj'b)(x2+cx+d)_. .

e

c=-ag of x,, to obtain”
=da (a =0 is not possible), of x° to obtain b =% 157 of xg,
to obtain a2 = ‘.". 2, hénce only b =1 is possidble and a = 2,
-
(x* + 1) = (x° + x/3+ 1)Zx2 - x/2 +1)
Set | ‘ : ; . . -
' 1 <7 Ax+3B Cx + D ST
b, T2 t 3 I 1
x +1l xS +xB 4+l xT-xB+1
U:e the method of undetermined coefficients to obtain A = -C = -—l-—/_ 3
- ) ) 2v2

B=D =%; whence,




-

s . 0 y N S . T

. LN . . ) TN ?
e, _ i _avexwds 1 coax-B
PO x4 1 hV?j-x2+'x1/é-+ol B - xB 1 ¢
. . *1% 1 i 1 ..
. - _x2+x~/§+l sz‘-.x"fé'+l .
¢ Conseq{xently, v . . )
ot he ’ F3 v . ‘ \ -
R 2, 5 e B
.. Lo ‘I?nx _—l—log ’_:._:x—-‘-l e . . .
. N Lln/é- - - X'/—-i- l :
. .\' Ay L) : ' ©
S - A {arctan(l + x»@) + axctan(l - xﬂ] + .
T 22 .
. ‘ é
. : ~. ‘
(m) 3—1' -t - ’ '.
x -1 .
N 2 ) .
‘ -1l= (0 -1)03 +l)-,(x-l)x+I}(*x +x+l)(x -x+l)
1'=%[1 LA x+2 _x-2 o,
§-l x -1 x+l'x2+x+l xe‘-xirl)' .
1 x -1 1 X ~x+1 2 - 2 1
I=3%log l 1~+.— log 3————= - = arctan —(x + %)
. [ x+l-.12* Lix+l i 2
’ ) ’ . ‘ »
) ¢ : : -‘--2- arctan o(x - %) +C
) . B3 o
As a special.challenge you may wish to ask for I= I —-7‘ which
v 3 * 1 +x
Leibniz failed to represent in élementary terms. For this, notel(tha‘t ®
; - . . ¢ .
'1+}&6=(1+ 2)(l-x2+acb') ' . T
. =(l+2)(l-x/-+x)(1+x/-+x). i
r - *t:.':' :?3
In this case, ' . : e
. it e e e s
arctan x 1 4;2 + x/- + 1 c
I = 3—-+.--—:.108 2—-— + B' arctan (2x + -/5) . e T
43 X -x3+1 O . *
- ¢ . . " -
. ' +%arctan (2x - f3) + C,
4 . ’ ’); *
H ’ Y 4
Y
1 ‘o
- by ’
l i
) 589 ' ‘ ‘
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2.

* Prove if .

w . "
. * ‘( r * . N
Prove from Equation (3) that if Q(x) (x - a;l) ) vee (x = ‘o ) .
where 8y < 8y <q440<a n’ then 7—5- has a decomposition into partial ,
fractions of the form . “ ) ; )
. r Iy Th . '
N J Ax) " x-8 x-a, "ty al ‘e "
R 1 "2 ., 7 n - '
o L ' ' e ) e
Ffom Equation (3), . N,;
1 1, ( N : 1 - .
< Q{x) ~ l.a X -8 X8 (x-a)...(x-a) .

N;‘_ - someshesy wvy > ‘ RS
Thus 7—? —79: —(—)— %ﬁ where and 1>2 are_each o

products of n - 1 linear factors. . Rggeat tHe procebs, reducing the
numbers of factors in each.denominator by 1 at each step. After n -1

steps , cbllect terms. . . '

« - - - S < ’
: . T /o .
B g S * ¢ '

n n-1 . :
=b X +Db X L+ st b - )
0 o} Tn-l” - - 70 -

for all but finitely many numbers x , that the coefficients of.liké

powers on, the right and left are equal; i.e., 8, = bk' for k'=0,.1,

- “
- ’

ax®ta Pla . i
n nl .

.

, n. :

L)

* n‘ . ' . ¢ ‘; - '
> . k - Y * *
Consider P(x) = Z (ak - bk)x + Since P(x) =0 for more than n. -
k=0 O ’ ) ‘ . VT
numbers x it follows since a p'lynomial of deguee n can have Bt most ¢

n roots, that all the coefficients 8 - b’k of P muste.yanish; other-

, wise a polymomial 8;‘ degree less than or €quel to n  would have'-more

Verify tha*‘b J‘ [

» " N -" - . « : -
than <n roots. o~ L '~ .

. ' Lo
B RX ;'eq 52] dx,, b > 0, can be expressed as:the , o
X ¢+ a) + 0 Lo

‘sum of terms of ,th¢ forms (1lla, b, c). ‘ )
As in the text, substitute x =a + b tafl 6. - o .
) I=Ra—§—qarctan———b~—+P-log[x-a) +b%]+C.

. . .
- ‘ . - L4

Do s0 307 - .
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. . ’ ’ 4
o9 . . . . . . - . -
A4-%. Definite Integrals .o . * S, R
, . N bt v : —
¢ . e - - .

[N g . e

e LA p _ -
. + Solutions Exercises Ab-ha & ' .

v c ERANE - o
9% sin99.-% I . i oL
‘ dx.

yo

2 ] , ) s .
.." 3 _‘99 X2 +‘ 992 ’ R . N Lo . . N ) ~

i I:O'; . the integrand is odd. .. . AL >
N i 1 2 v v ‘? ) A N -
. 2. j %3 73X Jdx .
0 ) . : , d
. hd - ¢ \ X - o
Bubstitute u = 3x R . L . NN
. M .q.'
v 't \ )
3 re 3 : .
. 1] -u 1 u 1 y" -
I = ue "~ du = - u+ 1l)e = (1l - =), .
. v B o | ig( 0 i 83 * . . -
~ “ ! ) ¢
. © .3 . ' NN
v 3. I log” x dx ¢ ' x
: 1 . ! .- .
- | 4 . . » « 9
.Integrate by parts with dv =dx, u = logk x, repeatedly, to obtain ‘- ¢
- 4 " N , * ' - Y / "
TP : I =2(3,- e). ' . " :
- b4
‘ v d N ‘ Ly
B 1-(/2 A
4, I sin® x dx . , A ) . 1
~ + 8 .
0 © . . i
° R ' . > ’ ‘f - ©
From Exerc}ses Ak-2, Number L(a), o
- "{ . 1 L k]
. _ =1
I, = o Iy o i .
S * ) o x . A --2,\1.3.5 o'o; m - l .'
, Since | IO =3 and If = Iy «if m 1is even, I =55 4.6 . m H k
. ¢ - .
2 - h . 6 eoeoel - l » b
if is odd I= .
~ moigodd, rE3w T
N - - N ¢ r « - - . e - -
13 . ) 8 & ! r

'

. k] 1'(/2 ‘m n ) I3
- 5. I sin” x cos x dx, (m, a’positive integer). . ‘
. . L]

LI 0 ) . , ~ -
. s, n/2 sif” 2x ~ .
. - Iel, —f & - ‘ - -
. . 0 2° ) ) -
3 N ‘§ “_‘_( .-
. -2 s ae 3 an
. L - ¢
,2; 0 t\\‘ -
. e - M ! 3

Iy

* H - N > . ot £
X vhere 0 = 2x. As’in Numyér ¥, T - ii_l I, .3 But hefe I.=x , .
K i - =2 . 0 .

i and Il=.2' - . 1

" - 308 L
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T Alh

. ' LN NN
. : x/2 ' . .
o 6. X __ a>p>o0. . :
: ) a+becos x’ - . .
. o - o '
- ~a§ . : 1 - 48 “2dat .
- Set x .= 2 arctan t; cos X = >g—5 , dx = 5 .
, 1+t < 1+t -
b 1 .. ] e " ! N
_ - = - 2 5 dte = 2_ arctan. 2 ;: . )
‘4, .Jo(a+b)+(a-0bt 2 2 v ‘
- / he q
e [ b1d 2.,- * . - » 4 -~
a T. sinT b'e cosé’ x dx B . : )
. ~B5%0
: n/2 . ’
. . . _ 7 > 2 _ - __]_;_ - 1
‘ e[ el 0% swlideos x e =g - f5 7 g ¢ :
» - J ‘ ' \ .
- 3 . 4 .
. 2 dax . R -
8. 5 4 t’ -
» . 1 x+x " & ' 0,
.o - ’ N L4 - { R . . h
: 2 -5 L Q
I =I \-; X - dx . ! - .
1 e+ x s 1 N
[N . . .
- - ¥ -h - ¥
. 7 Set t=x . Then . RN
¢y ot
N . - "1 Ty .
1 dt 1 32
N ’ I =z J’ ==log == .
1 Y 1+t 17 - .
: . 2 Jans > . \
t - —~ M
..’ b 1‘(/2 ‘ . Y
. 9. | ¢ Jge - x2 dx = b2 I g:os2 t dt'= ’ﬁ- b2 vhere + = b sin Xx.
J O 0 ' . : S
. + ~ A -
- -~ . R - . .
' r-ﬂ/h ) 5 f‘ .5
. w0, | L8 g, a>0  b>0. ,
“ J -n/b a“ sin“ .0 + b cos” o )
o / - / J'u/u n . T
. . I= ' de
L ' . -xt/b 8 sin® 0 + b tos> 6 ° L .
} ' . . s - :
L sin’ 9 (
L e since 5 5> e .0 is odd. Set t = tan 6 to obtain )
. a” sin” 6+ b cos 8 B 2 .
SAAI 2 [eesy N
. Sa s ) 3
1 N .
- ’ dt 2 a
' R R W
(24 ‘I ] ‘ t
N . .
. “ .,/’J . . o
B N e .
O - e : 592-909 : )

B




x -~(kx - 1)p; in the
Then

u

N /
{ T / u

x - kp.
- fath
- I =I 0 f(u +
. - b-(k-1)p P

v

5 - a
/ =
- e - j"a f(eu)du,
/ ’
o . by Theerem Ak-2b.
;“‘,:4.'\ i . N
J': - Qs - S
- .ERIC 4

Aruitoxt provided by Eic:

. ] atp s
! =I £(u)du + I .
o -J b=(k-1)p da

x o . R . ) .o
P, e . o
- 11, Compare . f(»)ax with I ‘£(x)ax when f 1is even or.odd to derive
. - -a . ,
. . the results (l) and (2) of the text by a method other than t 'yo;
> employed for Bxercises AlL-2, Num‘der h .
. - ) :
- oo . ) - a . ) - . N . P
' Stbstitute x = -t 1in I £(x)dx to obtain - L e
A , .0 . .
. , . .
i . -
N . */ ‘ a . [ 0 .
’ . j fXx)dx = I £( -x)ax. .
cr 0 © Jea .
: - . 3
) . Hénce, N ) *
. c a ’ .0 a .
. I £(x)ax = j f(,g;)dx» I £(x)ax
. - -a -a 0 .
0" »
© ! l
v {0, stat i€ caq, i
. ' ) ».
] . Z‘J’ f(x)dx if £ 1is even.
. . . \.’\\\ - B
L * _ . : »
¢ .13, Prove if ¢ is integrable and periodic of period p, - then for ell e
: and b ‘
S ' 0o, catp . b+p ' :
- L ‘ #(x)ax = £(x)ax, . T .
>, . , -~ N a b " .
; » xﬁ Follow the geometrical approach of the. text, . Set k =1 + IIL;E]]
] . r y A
. o // .Then b <a +kp <b + p, Consequently, . (
- Is R ’ ' . A
L S atkp bip -
/ Ix= j JE(x)ax = I f(x)dx + J' £(x)ax, °
y b b : a+p . ,
d s

Noy—in—’-the‘kntegrai from —b- to w;\kp %e the substitution

integral from a+ kp to b-+-p, ‘ .

‘v
.

. r

£(u + (k. = 1)p)du

t ab-(k-1l)p
kp)au + | °
cd 8 . )

b-(k-1)p * : . ,
‘f(u)Qu ' :
» ” Y v

593 ’ R
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H B # ~ - o B R '\
13.. ‘Prove that if n >2 then . "
) elfe at
S ‘ , .500 < I - n<<"-_52b,. -
: . )0 et ,
. i B\ . ' X S N
’ ‘ ' a ’

- LI 0<t <L, then 0<t? <tP <1 and 0<1-t7<1-t" <L
?’ N ’ - ) . . N ) »
Thus, - ' A

2

.
. ot . F1/2 1/2 . 1/2 ’
R .500=[ dt<[ —dr - _<_I 3 .
S o . o fTE Jo hlR 3
. N .

5%<.521+.° . -

-

¢ . < arcsin

o

.

- ™ ox(1 + - - A
X + s X . ‘ : .
. 1k, Prove that - ax‘=n", ‘ .
S -1 1 +cosS x ! . T
~ * 4
X ‘. 4 -
. e .
T * ’ . s -
X ' x sin x s
™ - Since , is 0dd; —————F5— , even, L
1+ cos” % . .l + cos” x . MR .

¢ . .
. - n " . 7 G '
e L I=1+I X SR X sm; dx:hJ ——TX SINX ax. A -

> . i . . 0.1 # cos_x | . .

~

-\ - . , L ~ T
. n . . /o
. . sin x= .
ﬁ . 2}’ —sin e gy, >
- ‘01+cos X ! v '

- I -

’ N\ / ’. o
- Hence, ¢ 5 .

a - ' : 2;/ x n gk _ 2 -
- I= -~ arctan cos xl = -onf - H-%&_Eﬂ . . .
: : 0 o -

- .

. l.. . . 2
15. Show =o— ¥, e ~ (e)® -1 ,lzean(n;)z )
- 5. Show 13 35 57" (2n-1)(2n +1) "2n + 1t (2n)! -~

S

' _ First, observe that 2«4 +6%..(2n) = 2™(n!); then that,K
, . e ey 1.2%3.4:5...(2n) 2ny”
Lt 1e3¢5¢7 e(2n -1) = - = )
. . v 2 >1+ 6 (2n) - . . 2%n!)
@ 0 T s T L ", B v R
(,i-;a“ ' i . . ‘r. )
¥ I * ,u
Y : . .o ‘

.EI{IC \ _ . -

,
r \ ¢ D ] .
- ' :

» . - -

-7




.7~'

~

Detemine the ralue exact to three Secimal pls.ces of

Ve ~ ’ v

A % - |
j‘ ein:tl  ax ©. -~

~

t} - , l . B - N : - .« © L]
';:: ’ ,' pen® g”% . : {. .
A . - . .

G set¥o = x log x. 3 N , . ¥
'f:,“ , e . . ) . - ©
oo p (36 - . n/l0 .- '
LRI ) . I-:&;I-. s,in9d9=-,;(—cos‘9 . . . . .
Lo SRR ° - ° |

sin 6 46 = 0O "is used. Then :
. ~Jo . - -
. . N . , . ' 2 . . .
. s L _y _ T '
‘ . . N cos 75 1 300 T ) . ) -

> .

g- ’
@
=
[
Ny,
n
Y
)

DU DE T 2
.Where " 0 < & <z5H75)  Since x.< 10, the error term may be

° ¥ " neglected to the desired accuraéy., Hente, to the nearest thousandth, ,
R ’ T “ ‘ ¢ : ’ ' Lo '
¢ . ﬂ _ - -
- . ; ) i :l:7 300 = .016_(‘ ‘ . , ‘

1(/14 t-l-_ﬁ e, [ ) ’ .

;“ ‘
Yoo Iiyaluate j s dat. Lo
e 4 _ﬂ/h2-c952t * - ‘: ‘
- ‘*. - - ¢ ‘ "-. . . ) A- P

Observe thatr ——t-—- is odd ; Hence . / - -
R 2 ~cos 2t 7 T . .

‘ : 2 -cos 2t ° : A “ .
3 "ﬂ/h‘ . . =2 o«
L4 —-- A ° P x 7
2 2 L .~

. S¢t m ="tan £, . tan2 t 1. Y = du
ooy 1+ tan” t . 1+ s 1+ .

¢ =T, .

lr_‘jl u . o ¥ 1 1(2 o

H
-

Q
(2]
[
N
ot
(

-t
]

= ——= grotan u/_'? o —, R :

61+ 3 23 1o 673 ' .

~ . . .
* . .9 IR
= _ - - PR
. ’ -
° - ' pre - - ’
I td_‘
. * A ’
- . ¥
=
‘., S 7/ : .
Ay « -
- » -
.’ - . £ .
- B ~ a f .
3 3 [
L 4 t ’
- L4
o .
. A | - - . k4 * s
. .
- N
.
¢ - .

/\1 ’ . ) ks - . ‘_‘WI . .
-~ » £ 792 312 . a !
~ -
.\\ ,:-. -'y' )
N -_.4" N A
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Teacher's Commentary Le . g
Appené\ix 5 T

.~ AREA AND INTEGRAL-

° \ , . - . E]

Solutions Exercises A5-1

1. . Pr rom Propert t f ion R th on of on-
/* ¢ perty 3 EngQ\ & region is e unjon of n non

overlapping regions then

’

s
. ’

We have

oc(RlU RQUR Jo... UR)

a(R) -a(R ) +Ot(R2) + e +a(R )

N o vy ’ \
<>f€R1) + oc(i?‘2 ‘U R, U . ..'L()qi?n) . -
afRy) + alRy) ¥ a(§3‘ U ... UR)

A

il

»
©

‘

1

or(%l) +a(Ry) + a(R;) + ... N &(RJ'
” ~ N

.The argument may be formalized by the use of mathematical induction. .

©
- ° o

Show that Property 2 is actually a consequence of Property 3 giveén that
aréa is nopnegative. Incorporate the notion of complementary regions.

I
v
.

L]

Let S be a subregion of T and let R ‘be the complementary region of
S in T i.e., R’ ig the :ggion which dees not overlap S .and for which

e

RUS=T. (We deliberately omit the guestlon of éxtgtence of R.)°
Since afR) > 0 and . ' . B .
; R s
- (R) +afS) =aT) - -

we have the dedired result T

“ >

oc(s) aT) - ofR) < oc(T)

. “

v

. “ ¢



[N

~

— l

" Using the given properties of area obtain the area of a triangle by
elementary geometrical arguments . - -

" .Let MEBC be the triangle and let BC be the hﬂ:ﬁ-g'esi;-sideTJWe
inscribe AABG in a rectangle with oné side on BC_and suppose
: - A E the foot of the per- -
: pendicui;r—.fv'rom A to
BC lies on BC at’“E.“‘“

" (Ste Figure.)

B — —C )

From elementary geometry we have AMFC congruént tcr ~ACEA, and
MFB to ABDA. It follows that the area of the triangle ABC is
half the area of the rectangle BCED and hence egual>to half E,he.w~
.Jproduct of the base BC and 1'=h.e altitude AR, -~ -

. ES L S

> ¢

In this’ proof“ it is assumed ffom elementary geometry jpat con- .
.gruent region_s have equal area. ;

M
| [N
.

- R : ° | .
(b) Do the same for a trapkzoid. 4
., 1 -‘ ‘ ‘o

(i) If the sides of the trapezoid
are pamllel,‘the trapezoid is

a parallelogram and has the
& same area as a rectangle of -

the same 'b’ase( and .altitude.

.

¢

If the- sides are not parallel extend t{em until they meet. ”
oo The area 1s then .the difference
between the area of AEAB/ and
OECD. -In €ither case we get
the usual formula. ‘




A

" i.:'-’-’f?ffl‘f .Property h.ig replaced by | o

Propérty ¥: The area of a unit square is one,
o Property 5 : Congruent regions have the same ares,

] e show that the area' of a square whose side is of lepgth a is a
T ’ .

-

The proof is given first for rational a then for’ arbitrary real a,

. 1 - - .
eIf' a == for a natural n;,\mher n, then from the observation that the

w ’&ﬂt square can be subdivided into n2 squares of sidelength -rl-l- it -
‘vmm'*“fo}.lows from Property 3 and new Rroperties 1& and 5 that tHe, area of the
square. is '}é' . If a-= % » then the Square may be subdivided }.nto m2
n
congruent squares of sidelepgth %1- and from the preceding result ; the
2 ) ' '
area is Eé‘ . If*now a 1s any real number, take m = [Ean . Then
n -
m<an <u + 1% It follows that the given square contains a square of
h m + l
“n

sidelength % and is contained in a square of sidelengt . Con-

sequently, for the area A of the given square, by Property 2
<A<
o

Consequently, for all natural numbers ne,

fn-lz <A<§n+l!

n

e B, loac?.
.0 n2 . n

hence o
’ 2 _2a +1
IA - 8 | <'—n—

- _,'~ -y

from which the result follows.

Aruitoxt provided by Eic:
.

’




‘ P > ' ” N " B -
L . » g L HEPEN ,
e 5. Usding Number L, show that the area of a recta gle of height (h and’
B ® width w 1s hw, X . ‘ . .
Form the s'quare of side h %+ w, \\ Ir . A 1s the | Aarea of thi given * .
Pl
. - \‘ rec.tangle, éten from tne f:.gure dnd
L h Vw ’ ' from Number (h+w)f = SR+ he + W .
5 7 It follows that R = hw, N
) s / Ll -
h) .
Y ) ) :
L hi h2’ . f// R :
N - 2 T
. - . / .o e
7 A - - .
W |
R _
' Py ' ] -
. L
“ ‘ . / ; -
’ - i ~
. ‘ 2T, \: . .
-
+ - [
~ - ’ '
3 ﬁ A - i ~;
. P L .
S i t . A
; . v
* ) ‘
. . , -»
e .png‘
¢ % ’ -
‘:n —. v ’ ¢ ! . 600 ‘ I . ®
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-
- 8ol ions Exercises A5-2 = .-

”

1. (Requires Sectién A3- 2(1{) \for parts () and (e).) Use the suﬁnnation
method to find the area of the 'standard region defined by
PR ﬁ(a)‘_f:x—'c, 0<x<b,mc>0. - ‘

’Use_ a subdj.vj.sion of‘the interval i;xto n equai parts. Define
a(s),* «(1), sand oc(.R) as in the text, using the respective ‘

’ : minimum and* maximuyr Values of £ in each subinterval.+ In this case *
‘ ’ ' " %he maximm on any Interval is equal to the minimm, so that j
: . ; .
’ . b - ¥ “
a(s) = (1) =.Z 6+ 2cme, . . :
. k=1 =
. L3 =~ .
v " o . . \. N .
(b) £f:x-8, 0O<x<b, c>o. o '

° . - o
o fere - -
‘}‘ .l . o . -
Sy ' -afs) = z k'l '-E:‘:bZ(k-l) _ o

2 2 ’
n 7
and -, . . -
! n 2 n ’ -
; . kb~ b cb cb nin +1
CX(’T) = Z ’C n - na z k = ) . .
ok:l
a o v L3 §
. ) From oc(S) <a(R) <aT) it follows ‘that
A‘A ) . N 2 N ¢ . e
- . cb cb
. "By SoR) - "'2"5¢2n s
bl Y
e ! for each natural number n. Consequently, T
. 5.
. cb
. ; . « CX( = -—2— . .
- »_j -, - ‘ . . -
’ [
3 I
. * i 3
SN . /’ M ’
7 - sy / / c

r' ‘. ’ \) ‘ . .
+, - 4 £ p ~




b

‘y o . ’

yooo2 P ~
2 0
(¢) £ x-x"¥2x, 0<x<hb.
I b - ;
Here - <,
b
. n .

Q
~
(=]
g
u
| o |
—
=
.25
S
s . N
+
.
=
215,
S0
.

and Lo L.

. ‘- 3 .2
“. a(S)=a(T)'-T-—;1—.»

-

As in Part (b), from a(S) < a(R) <ofT) obtain :

. 3
h . . a(R) = b— + b2.

4

(@) t* x ¥sin(ax +b), 0<¥X<e¢; a, b, c such that
sin(ax + b) >0 on' [0,c]. '

' ﬁ t"?‘ . . a R
The interval to,c] : may be subdivided into two subintervéls where

f 1is strongly monotone. For simplicity, assume f 1is increasing

on [0;c]., Then .
- . . n t ’ -
o) 5 Y Letn (24w,
P . =1
u\“? v . N
‘In 3-2(11), Equation (6), take Enﬁ for & and b +
° ' - ’ ’ L
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Aruitoxt provided by Eic

.
3
Rpeo o

¥
V.
o
5
o

c\ein(ZE + b + Eﬁjsin’ﬂg
’ o) = 2,4 2n 2 .
sin B
n 2n
Consequently, from the continuity of cos and 1lim si:: x
’ K x~0 I ,
. \ '
' 1im a(T) = g sin(a_c.’+ b)Sin ac __E)COS 8’+‘b) - cO5 b .
a 2. 2 . a .
I N~ . e ~\w«“ . e s ,
M PN » -——”‘—':~__ - e . - ((.B‘ .

;A siillar argument yields the same limit for ofSY, By the

~ ¢ .

Squeeze Theorem, it follows.that a(R) is \this common limit.

s
» at -

() £ :x=cos“x, 0<x%e. 3 ‘
- cos 2x + 1~ )
Use cos® x = ; - Proceed as in Part)\(d) with,
¢os 2x = sin(2x +_12_r_ . .
« » - )
a(R) = sin 2¢ + & L

2 .
Determine the area of the standard region £ : x = ¥x on' [0,1].

(The summation encountered will be similaf to the one encour\rbered in
this section.) ’ . \

i

.In order to ‘avoid a $um which involves ‘squai'e roots of na't;uf'ai numbers,

it 1is most convenient to subdivide the interval [0,1] in the following

way: .
S 1,2 <1242 _(ns 1,2 :
xO—O,xl-(-r;),xe.-(g),...,xn_l-(n),,
. n2 -
. R S -xn~_ (H)-l .
y * 4 p
) . i
. c . T
1.1 e ® "~
, .
4
-~
= .
0 . - = — X
S ha x - N
b 693@;19 '
»
. * '
*” B -
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FR ol ;a‘s-(ﬂ‘r} e W.;;:,;;‘.»;'u;.;

<a

2

orIn

] =
4

r

e

>

RIC

2

- — P e 7 e

For this subdivigion ~:* = T .7 . -

Since £ : x = ¥x is inéi‘eaéi’né“oh 10,11

'f(xk-l) < f(x') < f(xk) on [xk-l’xk]’ ’.

and the upper sum has the form .
“ n . ’
o(T) ‘{; £(x ) (% - x ;]
,;, - bd k:l - ...
n' —. ’ . 1
ke ky2 k= 1,2q
=), HA@ - EF]
i k=1 ’
. ' 1 & -
=3 “k(2k - 1) & '
. n - .
- ’ k=1 .
. _n . n ' ‘.
1
3L -3 9"
L k=1 k=1
3
. ~Lilem’, 2,8 n(@+l)
R 3772
v N h Y
‘b
- S |
- 3. 3 2n 6n2 * -
We have also ' ’ ’
. 1 2 1 1
a(s) =) - = =% - 5=~ =5 . N
Y n 3 an 6n2
* Tt “Pollows that the area is : T oo - ~ R
. ‘ ~ ‘ )
. " -~ -
} - X .
¢ o
PERAS -
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e

O

[Aruitox: providea by exc |8

R
Pk

area, without resork to summation echE‘lques.

By Property 3, the area of the

¥

ERIC:

.7 RN .
v
, Obtain the result of Exercise 2 uslng only the fact 1\;\@1; the area under

£:x % on (051) is % , ‘together with the bagic properties of

“n . L -

; . -
standard, region under ‘the graph T
of "*“x’-j::/f on [0,1]: (the’
shaded region) plus the area of

~

the standard region upder the . » N .
"greph y = % on fo] ~ . y= -
(unshaded region) is 1. B =y v

. ) 5 ) -

Show how the upper estimating sums for ~/- are related tgrm-by-term to

the lower estimating sums for xo: (Binti Sketch a graph of y =
Use :;/gis graph and the y-axis to represent the gtandard’ region defined
by, ) v

Observe from the figure that & term m ’

from the upper sum (ared of the - ¥
.
unshaded recta e) for f : x -n:2 : :
. of the form xk X 1 . "_1 v .
corresponds to a term of the lower y—x2 , -
suh (area of the shaded rect’angle)‘ xed§

for g : y <.y of the form _ ‘

. Y3 T
. ‘6'—}:1- (v - yk-f) N/ //// 4

4

where Y = )&{2. Furthermore, the

: o Hea ' 1K
. sum .of .the two.is )ﬁ:yk )S{r.lylb'l ] Lo T
Adding the upper sum for f to the .
t . ‘
lower sum for g, s “we have . _ .
(% - xoyo) Fxyy - xyy) F et (’”’ = Xy V)
\ = - ‘ ' ’
= *¥n ~ *oY0 - )
- =1, C.

" [N

[ ] T . ) £ ’ . ‘

-

P
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. ‘iﬁi.a. ‘. - ° ) PO . . 7‘
f' . * >

U5, If sn,=C/I+ 4+ oo +vn, showhthat ;
. -f_<s <-/—+/_ -

Divide [0,1] into n egual subintervals. An upper bound: for the area
“-a(R) of the .standard region £ : x4 on. -{o,1] is

2
'o' e P 1

- ¢

31

o . k=1 n” !

4 ] . .
. . -.n:‘::_.f S8 \ . 1’

. ) . 1 - v o
. o(s) = Z:JE Til.l 5 -/ «
Yoo, .;‘ ‘n /-g n .

n o

o i k=1

. [ .
ie . . 1 el é* ‘ N
N a(‘P)=z J-%“r?=—sn; g S

<

L ( since ' :
B hal b ~ < . . 9y
" . oo a(8) < a(R) <ofT) ,
oy ' ' .
N '3 2 . ” -~ N
. by Property 2, and a(R) = 3. by, Number 2, the result follows immediately.
A - e 1 . . '
," ’
4 " 14 i’ d
—— -
- '1 ‘ &
. .
» -
L S
- <2
3 . . ; e ’ ‘ +
, \‘ - ’
. ¢ * !
3 . ] o
. \
- - e,
. . AN -
“ .f ' . - \\ ’ w
b . . .-
<. , a 4 » 7
~ . \ .
/ ) ) W ;
T h ) ) = .\ ~-dle
& -
. .
. “'.
= : ) . v
f'-; * . “ ’ Iz
Lo . ' ) .
52 -
,' . .
HER R . .
>' - i / ) *"
. L] » q v p (”
s .
AR 60 DL J
- .’ . * 3 3
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TC. A5-3.' Integration by Summation Techniques

~

Once the student 1earns the F\mdamental Theorem he may come to believe .
that the original conception of integral as the limit of a sum- 1s not useful for
anelysis or computation. , In this section it is shown that the formal integrals
of polynomials and of the circular functions sin and cos can be obtained

%t;irectly from the definition by stimmation techniques. Thisg is somethingof a
tour-de-force; but many students f{nd the approath illuminating. Of course,
.s\mmation remains valuable as a method of getting numerical estimates.

N .

Solutions Exercise s\A5—3 .

n
sum-over &, L = Z ’.‘k_lr(xk-l - xk)
. ’ k=1

»

—~

r+l r

Since L=U-h"n" =vu-nb-2a¥ lnya
. 1O -

<

Employ Equation (8) of Section A3-2(ii) to obtai 5 sin x dx for

.

N0 <. N 0
\,
O<a<%. \
kg

¢
-

Replace a by h =% in Equation (8) of Section A3-2(iX, and note that_

s‘ingn+1?h‘ " nh

s:Ln-—-—-cos-rl
2 2 S 2

I'd 1
cos (n + 2)h .

r

to obtain

.

n

cos -g - cos(n + -é-)h
E sin kh =

h
k=1 . 2 sin E

¢

Since sin x is'increasing on’ [0,8] the upper and lower sums
for a subdiw.sion of the 1nterva1 1nto n equal parts are given by

PRI A Fiext Provided by ERIC




4
&
: .
2
o
.
%
4 N
4 - .
.
o
.
-
A

. . . ]
e . Note that L =U - h sin a. Insert n =

- n

k=1

S

_. . \ LU= 21 .[c_os-z-h-c_os (a +-é]-'-h)],-,
. 5 . sin = .
: 2 .
- ‘Use the continﬁity of the cosine and ** ¢ ’ .
5 ' ‘ ’ % h ; ,
. lim, T = 1 : ’
h~0 sinz h
. . g
T
to obtain © e
AR ) .
. limU =1 - cos a = lim L;
.'_ : h~0 h0
n O whence * ’ . '
b3 . ,
.'(\‘\.\ "' . a
&y % S sinx dx =1 - cos a,
iy 0. -
/ ¢ &{\' ‘ \ -t
. A oo 2‘
,,_« . ' \ ":‘ s . . .
. . 3 ‘
. . y “ ]
. - ' A -
e ) ~ '
i Tl . . ¢
. ] Y " !
. " .
- - o - P t-
. . 608 0 4
Q ‘ 3 2 4 ’
. . , ‘e :

LY ) k= * e k=

v

»

-

sin kh- to obtain for the upper sum,

. . 1.

ah in the formula for

N

o

L S -




RS R e T N
§,' ) e o .‘éoldfions Eiércisés AS-Y T ;
;< 1.) By usipg upper and lower sum estimates evaluate the integral &f each
function £ over the41ndicated Tnterval.s.\ | . ‘ B
(@) #x) =2-F ... 0<xgl.. . - )
. (®) £(x) =x . . ... LRy . P
2 ’ 5 : Lt -
() £(x) =5 . . . . . 255x23 R
* . » :
2 (@) £(x) =5 =x—~ -~ - =3xS e
. .. L . . . oy
’ Ir 846k of the fd;lbﬁfﬁéﬂig_u§e'§§§aivi§;og§§§€b: n equal parts. T .
* (a) Since f -ismonotome: decressing, we~take/, SN
Y - B 7 < e . "
Y W e a2 ’ : - :
. . T 2) (o b '
- L= ~~-(ﬁg G =X ) .
B . St - . .
: e :
; < K 7 %
3 ) =z (2-.,1—2);‘” . Go =) -
% ¢ , k=1 - el
A . o, - .
i I . n, - n : - ~¥
~ RN -
n n3 o ’ -
) . k=l k=1 .
@ N k-
” =ep L _ L _ 1 -
5 4 3 2n 6n2 ’
: AR U T SR SRR 5 :
’ Since U="L+ 73 * 55 p 5 ‘the integral is 3
3 - n - ) 4
VR ' ‘ LA - Co
-, {b) Teke * ¢ U= z (1 + kh)h, " (x, =1+ kh) 'i
. k=l ' T
* ’ ' F )
¥ - * - L = U'(‘U) - 01.5h .
. e s (2 .
) i where’ ~ < h ='%ﬁ =—;12 e , ;
, P . e # s - - -
; © . - n s e m ’ ~
) U= f‘h +n2 ) k- p
K P K= C k= - - -
. o oh + n2 n{n + 1) )
" 2
< ~

Thed, since ph =1.5, . : .

" .)° <1+ L - .
© U=1.5+ 5 . . .
. x *

It follows that the integral is

15+2‘—25-—2625 T o

B

/ . 609 32 e .




N T _— , . .
(¢) We take for both upper ahd lower sums i
. o . \. n o
= 2

‘ - ey |

7 : . ’ C k=l | . ’
9{(‘- », 3 Jar £ . o 5 . e
\ vhere h = S-3—-nz—‘51 = p—n-z .
. - ~ .
U A 'y n
2 L s Zzﬁz@_a”),l% ‘ '
an . 2, = & = ) ‘U . . .
. k=l AY N .
(@) * We take for g@ lower sum
‘ « . " N ) % n . Y
. < ) ’ L= z {5 - (3'+¥n)In A .
; - k=1 e
' afd take U =1L + 2h where h = &?_;1_31 = % o i
: , ;
b L=h z (2 - kh)

‘3 . \ , - . i k::l . °

¢’ -
£ - - D . b
: . -¥ . n .
000 “ - ', =h Z 2 - h Z k~
9., . . N N N ’ -
N ' k=L k=1 : ,

9
2
., = 2nh - h™min +1 . . !
X 2 l
. 4 " l
- . | g M) :
= 5 ‘
s ‘ - 2 ’ ‘ °
. 2 - =
“ ™= . n / ¥
IS . §
" It follows that ‘the’ irrtegral is . 2, 1 ,

. . i ¥ L i -
sy 2. (a) Find the minimum and the maximu.m values of f(x) =B + o x~ on
$.. _©; the interval [0], and use them to £ind two numbers.respectively
A . = - , . .

A below and above the value of J‘ £(x) ax.
g‘ - . ’ - ’ 0 - ) 1 AW
< . .
- . . ’ iy bt ‘
s f'(x) =2 - 2x 1is zero. when x = 1. . . frﬁé ‘
z. , £(0) =2 eand £(1) = ] -t .
a ) ' Max: £(x) = Min: f£{x) =2 for x in [0,1] L
. . . W,
: - *Hence U=3¢l =3 and L =2:1:=2, ] .
o - aa N ~— . -
10 32‘6 ; PO

o ‘ /6 R K PR "’ .
RIC - R
| EOIENTI . . ¢ - PP
,,: e '{ . . ’ ’ ) . .




-~ - B - »> b

ﬁ'}ep _i . . e 3

f’%‘f"; ’ (v) Cﬁzck your result by evaluatihé ‘the integral. - e . - p
3' Use the sumations of Exercises A5-2, Number 1 and observe that
7 upper and lowér sums for x2 are tl?é negatives of lower and wer .
f . sums, respectively, for -x°. . . - ;
e - N 1 7 \’ . < -
: . f(x)dx-=2 +1 - =3 .2, )
. - O 3 3 ‘-

5{ P >
! .a value between 2 ¢and 3. .

* 3. .Find upper and lower sums differing by less than °.1, for the area under

: £(x) =g‘{- on the interyal [1,2]- ° .

Take a subdivision of [1,2] dinto n equal subintervals and use the L
maximguw and minimum.of -3‘-{- as bounds in the subinterval, we'have

& 1._ 1 - ‘:L \ " R .
. - U - L (1 5 a)n ?n
o . v
e It is sufficient to take = < -]-':- or n>5 ‘
A 7 2n T 10, g .
T Taking n'= 6 we obtain. : ,
" 6.6.8.6 .6y 1 1.1.1, . 1"
. . U= +m+prgrg NG =g TR e VI
- . 6.6 .6. 6 -6 . 6y 1 1. 1. 1 1
) L_(={-+ +'9'+10+ﬁ'+12)'6'7+8+-'9-+,“'+'i'2—‘ .
(A decimal representetion of the answer is not pequi”regl.)
. : “‘h‘«- - . 3 )
4, Evaluate .each of the following integrals , using upper and lower sum -,
.+~ - estimates.™ , .
s \ . 1 3 . . ) o “ ) i .
(a) x” dx W ‘
d”:é : -
- , (D) |x| ax 4 - -
J =2 , T .
. r 1 - - A
‘ ~ (o)’ £ ax ‘;"
Ja® . .




LR M ) » - R
". N T N Yo
Ir-each of the following use a subdivision into 2n’. equal parts, and
set h =:-£°-2;;—al ¥here a and b are the lower and upper “ends of
integration respectively, and separate the sums for positive and
*, negative values of x.- . ]
(a) Separate the upper sums into two sums over the intervals [-1,0] enda
~ [lo,al.. . ) ]
oL L . n n A .
1. ) . ~ i
AR o U= z (xh)3n -{ [¢1 - 13031n
O . k=1. i=1
;\- n-l (:
- S Z (kn)3n 2 Z <kh>3
0 PR A
g = (m)n )
N . 1 A
) - s a2k
. ‘ =h 2 (from b= 5= = ).
; ,Then - '—\ . =y
R . L=U-2%=-h, " -
PRI - J’ ) .
- "+ The integral is zero. . .o
RN R ‘ \ . N . ; I) .
(b) Separaté the upper sums’ into Bl.;ms over the 1ntervqls [-2 0], . 0,27
P Lo n
Z Ikh|h+ z I-khlh
.- / k=1 2 k=l N
- ‘n ‘\' ‘1 .
7. . T , =2 Z (xh)h s . ‘
,; o ' _ k=1 < ) ) . : .
LN . , e
R . = 2h® Z X o
) . . k=1
> B ; i
Y A . Lo . ' i
, - / = Bon(n 1) (where hn = 2)
-~ =4 +2h S
. . and / >
i R L U-2h-2h=bh-2m
a:v.\/ BTN 'l‘he value of the integral is b, ' R
e o 0 § - , . ~> :
; - bt [ { L ;
: B % ot . }
. . o
- Lo 62 328 - : ‘

B




o - Mt :ﬁ . v . N o
5 ] o ‘t o , ; ) , R ;“;::" ‘ .
. L -
. {e) By the method of the preceding exercise we find . .

Toe
N

: and sincq. h = % , from Section 6-2,'we have .
¥ « ’ I!) . K ° -
* -5 ‘ 3 2 » »
. 3 2/n n n
. : U==5+5+3 - -
T e 33°2°% ‘ ’
. : 2.1, 1 '
- = =4 = =
¢ 2 o
L4 3 n 3n ot
L=U-21=0-2.
A ) ‘
. . L2
The integral is _-3- . . ‘
’ ) : l l . ?7. .
5. Approximate j 5 dx by Riemann sums.
01+ x. . ..
. < . X ]

’ Given a subdivision o = _[xo,xl,,..,xn} of [0,1] we have

s {

n.
. _ 17 -
.  om=) 5% 7 %) .
p PR

)4 4 b
,

3
- .
where .1 S8 <% If ve choose an equgl subdivision and take

gk = we obtain the following approximationé:
-, l l _ % N
n ~l T T ]l 5= 0.50
A
_ 1 1 1 ® .
n =2 -——l+l+12_o.65
AL+ F . .
Y . -
1 1 1 1
1=3 + + )—- = 0.70, .
(1 sEopaz XL 7w
9 ’ . ,
« . (Exact value is %= 0.785 au).
¥ . . /
Il i» = Al
. I3 v
, f N * - Bag
s, ;
. 613 . '




T

25

* - ”

A function f defined on the interval [a,b] is said to be a teE-
function on [&,b] if for some partition o = (xy,% seeesx ) of the

interval, f£(x) 1is constant on each open subinterval (x.k l’xk) k=1,

I A

s

A

2, ooy N, Thus sgn x 1s a step function on [-1,1), where agn-x
13 defined by

. -l , x<0
" 8gn X = 0,x=0
’ - l, x>0,

3 , b ‘

Find s‘ sgn x dx,

.. da
_J

If [a b] does not include the origin, there are two cases.

.(i) & >0, Since sgn x =1 on la,b], the integral has
the value b - a. , ' s . .
(11) b < 0. Since sgn x = -1 on [a,b] the integral has.
© _  the value =(b - a). ’ ‘
(111), If [a,b] includes the origin, a <0< b. We take a
subdivision and upper and lower sums and obtain the
integral I for each case as follows.
a= O, a= {0,’6,‘0],
u *U=b, L=b)-e
) "I=b '
T ot L
. a<0gKb, g =’[a;-e,e,b], where -0 < € <min {-a,b), .

b

/U-;b+a+ee >

L=b+a-2¢
"I=b+a
G = (a,-¢,0)
‘U=a+‘€ L=ag

)
I=a" I

-

-

These results can be sununarized by the simple formula

/

. b
. sgn.x dx = |b| - |a].

a

-
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N Aruitoxt provided by Eic:
e e

' Evaluate eaai/‘mf/t.he following integrals:

« o L . a2)=%.

[y

The fuhction [x]

is defined -
in Appendix 1. . . . . T ) -
‘ 3 5 > -
(a) " [[3x + 4] ax (c) 2x] ax .
' 1

o -

Each of the .given integrands is an increasing step-function and hence 1is T
integrable either by, thé monotone property or by Number 6, In.the
notation of the solution of Number 6a, the integral of a step-function is

: 2 )

AN no. ¢ h
ng"k 1)

’ k=l g ' B

»

(&) J'i,'[[/;;]] ax S | .

as can be deduced directly from the given upper §Pd lovwer estimedtes.
Apply this, result as follows.

o .
3 . 1] ]
(a) 3x+h1]dx=1+2+3+...+12)% 26 .
Y . . rxl ’ . .
Plo “1 [ ) , .
(b) [I:E]]dx =(0+1) b +2:2=38 < <o
.'ﬂ:, o i N ot N AL
~ 5 ) . .
() ¢2[]x” dx = (2 + /& + /B + /B).1
J 1 g o . . s
< .
’ =2+3/2+ /8 s o
(a) 5‘[]:/2'5]]&::1~1+g-5-+3‘-l=32‘ .
J 1 2 2 2 .
a : .
Show that s f£(x)dx = 0. . . :
a R ¢
' R .
The integral can be calculated by subdiyiding the interval [a,a], and .
calculéting the approprigﬁg Riemann sums. But all subintervals of [g,a]
are of length zero, .and any element of the Riemann sum, {
£(x)[a - a] = 04 ) ’ ‘
Alternately, the Fundamental Theorem of Calculus states that . { '
° a N ’
j f(x)dx = F(a) - F(a) =0 , N e .
- & a - i “
where F'(x) = £(x). ; . ‘
‘. . ; » 1 ¢
< .. %
¢ s
k | L 615y Ey

BAS

.. 831

e
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5 IR . Solutions Exercises A5-5 ° '

" Exhibit the details of the proof of Part 1) when @ < 0.’

<

) ,.\ B \\ ‘ .
1; r:k 5‘:1‘{(x) SMk‘on [xk,_l,xk] ahd & <0, then multiply by,.c ? )
‘obtain . . ,

.

)

00N\

- .

. ey cafs) som. -

n n’ , ;
From « Z Mk(xk - xk-i) <a z mk(xk - ﬁ:-l) obtain the lower sum

. k=l - kel _ _
ol and upper sum QU for f over [a,b]. If U - L <e, thed

o - : .

% . oy 0<ab - ol < |afe e

%a Obsezjve t of i§ then integrable by Theorem AS5-ka." If I 1is the

;1? "integral of £ and J that of  of over [a,b], then )

i .

?J . 0<U-I<eg, 0<J -l < lale, ’ ‘

# , . . N

¥ from which it follows that -~

£y P . Foen

g - g : B .

oy 7 -zl = (5 - ) +au - 1) e

- - <lo-aol+ ol olu-11 - s
ﬁ E \’< 2[&“6. ) . .

This result holds for all positive. §, hence J =al.

o ' )
2, (a) If the graph of f 1is symmetric with respect to ‘the, orifin, then

i,,“ f is odd. Prove that if £ 1s odd and integrable on -a,d], -
= then - R : o IR
s . A i \‘ .
T ’ J £(x)ax = 0.
3 [ o .. -y - 1 -

™ (b) Ifnthe graph of f is symmetric with respect to the y-axis, then
i £ is even. Prove for an even function f which is integrable on

[-a,a] that . B
a . Y - N ’
. f(x)ax = 21 £lx)ax, - ‘ {
¢ - .J-a "Jo
, *, Interpret this result geometrically. T ~ T
i T . ’ ' ' . ( .
. ' o ] * . - Pe
{' . | [ } L . L. }
i ‘. C . , } R > ¢ ) " L . ‘ A 4 . ¢ - { .
: ‘ ‘ :
. n:', ' , . ) , . .

AL
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“. (b)” If £ is even,

B

o

Teke a subdivision of the interval into. 2n equal parts and set h = % .

. * . k=1 . . FES
’ s )
e = Q. T a

Since the limit of the Riemann sums is the same independe ly of the
method of subdivision and the choice of gk it follows that the ¢

integrel is O. I .
. Q{ ¢ : nkp L
X

) = £(x), and R=2 Z f\(gk)h where the

<

. -

e : k=1 N <

sum is the Riemann sum for £ over the half interval {0,a], .&nd
he result follows on {;aking the limit. Geometrical interpretation:
The area of a standard region is edqual to that of its mirror image.
Parts (a) and (b) can also be done by comparing upper and lower sums
on the half- intervals. ~ ¢ -

. N

»
- .

3. _Prove Theorem A‘j-‘jc as a consequence of Lemmas A5-5a and A5-ph. Convérsely,

derive the Lemmas & coro].laries of Theorem A5-5¢.

x

Proof of Theorem.A5-5¢c. . .
Tet £ and g Dbe integreble over [a,b] From Lemmas A5-5a and A5-51

applied in sudcession ¥
b " b © (D ,
. aj flk)ax + | g(x)ax = y af(x)ax + s ' B g(x)ax’ :
& a t o Je - & ' '
» \ .b | . . ; \ ';'
4 - = .” [a f(x}:-l- B Q’QX)]dX'.‘ Lot

8 —_—

’

, ‘Proof of Lefma A5-5a.” Take B =-0 in Theoreh A5:5e. o of L
Proof’ of Lemma A5:5b. Take o =B = 1~ in Theorem A5-5a.

\ ‘.

Take the Riemann sum ‘ . N
. " ’ =~
% n n . . -
. R= ) ‘£{-8))n + . ‘
R= ) e+ Y e )n o
S k=1 k=1. . ‘
where * (k - 1)h <& <kh, (k=1, ..y, n). . L
“(a) If £ -'is oad, f(-x) = <£(x), end
’ n * ) l ' a
}: [-f(gk)h] v Y fen :

s

t
.




. .

“ "7 b Prove: If £ and g are integrable where g : x - |f(x)| on’ {a,b]. )
s then , ¢ )
b (b . v .
B} | f(x)dax| < |£(x) lax. o ’
. . a a - ‘ .
For all x{ in [a,b]- N
; ‘ ’ . ‘ .“ o 7
. 12 | 220 < le0],
; “ - .
whence ¥y Theorem A5-5a , ‘ '
; . ~ A} -
: ., Pl
, e b b b h
: j T -le(x) |ax < j £(x)dx < |£€x) |ax . . g
' . a a a o : @
. / P i
or ) v
- (5 b b : K
-j |£(x) |ax < j f(x)dgc _<_.j |£(x).|ax *
) a a a :
'- . or . . ' i ¢ .
~ b LI
f(x)ax| < | le(x)fax. ©
: a a !

. -

.

. b
We observe that j [£(x)|dx represents the sum of the areas of the
a

- ] regions bounded by the graph of f,, the x-axis, and thé vertical lines, .

X =a, ax;b.. . * -
% .
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5. Compute the vallies of the given integrals using Theorem A5-5c. o .
3 o - 2 . ’
@) ] 3 5 1) dx o’
3 2 3 2 3 3
(3x" - 5x+Ldx =3} x"ax-~-5}) xax+ ax.
2 , 2 2 . 2 .
From Examples A5-5a, b, ¢, and® ‘
b b a
J, £(x)dx = f(x)dx =, £(x)dx
a 0 0
it follows that the integral is
3+°.3 2 2.\,
3 2 3.2 -2) =
(3:9)-5(5:%) 608
2 ‘ &
¢ (0) (x - L)(x+2)ax N .
» J O - - .
~ 2 2 .
(x - 1)(x + 2)ax = (x° + x - 2)ax |,
; Jo 0 .
3 2 s
“ 2 2
= —5- + —2— - 2(2), N
’ Y - g' :
3° )
p 4 - *
“(e) (x +2J(x - 3)ax - i
.4"" - i
N . ,’. o © ., N 7
o - 3 5
(x +2)(x - 3)ax = (x° - x - 6)ax
J -2 » -2 ) )
Y -2
. : ( ()).(%--()> 63-(-2)>
‘1 - . N
» ’ ~t ’
} 4 | yl :
. i ‘ ~
: q < 7 -
[ 2R ! ,
7335 v
. . i
. . ! \

.
N




4

{a) Find the area of the regiofgbelow the parabola y = £ - 3 apove
- the x-axis and between the lines x = -3, x =.3. .

y

‘

3
(x® - 3)ax
3 T

3 3 -

-

Find the area of the region between the graph of -

£f:x -bxe - x -6, the x-axis, and the lines x = «2, x = 3.
First draw a rough sketch of f and indicate (vy she,ding) the-
regiopg whose area-is to be computed.’

¥

- 2o x -.b)ax
-:2 * )

(2PN

-

(See No. Te,) g .

”~

Find all values of a fc;;g,\.;yhich

a
_'(x + xe)dx =
o

.
e

i
’

a3 e aé
The number a must satisfy -3-- ¢ 5
solutions ' }

Y

= 0.” This equation has two

>

s
‘: i]EK/
L o e

are




£(x)dx where
. R _

g 8. 'Compx'z‘f“.e

1
£(x) = 4 . ,
5 ) <3 . _ .

3 . oo 3
P(x)dx = (2.- x7)éx + (5 - bx)éx -
0 = 1 ’ & R - L e

0 L

.\,
A N
PN
~

.

- R 2 y
a 1 .
IO B CEEC S SRS

S
:

AL

9. Verify that the following property holds for, £ t X =X~ '
N b c-a .« o>
;f&?‘- : . (c - x)ax. = £(x)ax. . o

R : a e=b \ .

rically in terms of areas. Do you think that

,‘Ef‘tplain the property geomet
operty holds for other functions that are integrable? -Justify . ;
2 - : .- T N R

your answer. X

.

The property is

Y P
-

4 w7 )

"*,;,gme integrals represent areas of mirror image regions.

o 7
_L?general for ‘a function £ integrable over [c -DP,¢ - al. For ‘
) . ) i
) [

{ (%) = x, particularly, . L . 4




=.c(b ~ a) - %(ba - aa)

s

S oxax=gle-a)? . (o)
b. - )

= %‘: [2be - 28c + a2 - be]

= c(i) -a) - %(’52 - aa).

N L e - .
10. If a'function f *1s periodic with reriod A ang integrable for a1l X,
show that - ’ .
- L. . a+n\ aF\
voeom f(x)dx = n £(x)ax
- a a
(ny~snteger). - Interpret geometrically, -
. - o

.
\

<

a+m . - a+k\
f(x)ax = Z }; £(x)ax,
8 ka1 J (k-1

. - » . ’ -
,Now consider the subdivigion of the interval [a + (k- Lx sa+ k] into
m  equal parts by means of the partition [uo,ul, f,'.,'um] vhere

» )
¢

o s

u, ="a + (k - 1)a + 2 and form the Riemahn sum
1 ™ o 5y

»

‘m
’ _ A A
R ‘,Z £luy )z
i=1 L7

o

e . Yody L C
Dfoolpoh
=l 1 N\ T o

e / T ei@«‘”
n .

DA
Z f(a + -m—)E .
i=1

i

_/.. "Since the Riemann sums Rk’ (k = L1 ¥ 5 n) for each of #he ¥ntegrals
" are the same, it follows that the integrals over the intervalls -
[a + (x ~IN,a + 1] are equal and 5th® result £o1lows.,

i
; .
}

. - [ H (e
' Geqmetrically, the' standard’ regions for#he intérvals
- . R g ? ) {
- fa+ (k - DA e + k)f\] are congruent, ' , @ -

v

]




-

11, Evaluate (without™Using-the Fundamental Theorem.of Calculus)’-
(1 + sin 2x)dx
o . ,

Note: This exercise uses Exercises A542, No. .1(d) which requires Section
A3-2(i1). ‘ '

| .
i

; ’ - _ 4
. . Singe the integrand is periodic with period =, it follows from Number

. * 10 that,
v ! A\ Y ,
200~ J n . : .
. 4. 1 (1 + sin2x)dx = 100 (1 + sin 2x)dx. ~ : :
’ 0 ) 0 .
_ From Exercises A5-2, Number 1(d) .
- > X - o .
oot [ sfn2xdx=1—'°—g‘"-§‘-=o.
0
- ‘ X
Answer: 100m. ’ ‘
. ) o ) ‘
12. Prove that if f is integrable on {a,b] and if £(x) >°0 pfor all x
in [a,b], then \ . ‘ .
b .
D . £(x)dx > 0. : ,
» a '

. ‘
' \
i

« For every partition of [a,b], L =0 is;/]_OWer sum. Since
the integral is.an upper bound for all lower suhs , the result follows.
The result is also an immediate consequence of Theorem A5-5a. .

LIV ' g

13. Prove that if f band g are 1,ntegrab}.ebover [a,b], ﬁhen

Ij (8(x) - 2(0))ax]| < | la(x) lax +'§ e lax. .

& & a

s - F . - ~
- i B -

I

- . . )

_+  ~From Number k& - *
1 -
. & t
: - qfv | b s~ T
‘; —~ || [le(x) - fx)]ax| <} lelx) - £(x)]ax, - , '
| a a '
T ! * '

P

But [;sf(x') - £(x) | < lg(x)} + |£(x)|. It follows from Theorem A5-5a and .
U A5-5b that - - ‘ , ' ' o

2

. b b’ v
S [ lg(x) - £(x)#ix sj le(x) Jax + J [2(x) |ax.
4 . a . ‘a ” a s

7/ - N .

| @339 E




. 7.
. ' w ’ r
14, Let £ and g be integrable and suppose. that ,£(x) < g{x) on {a,b].” .
~ (a) 'If the imequality £(%) + e <g(x),, for some € >0, holds on - ™
. any subigtewal of [a, b], prove the strong inequality -
. <. .{b b ’ ;
) Lo ' f(x)dx < J: g(x)ax. P
7. . | o . »
. J 2 IS
. re B
- . l
Let ([u,v] be a subinter}ta’i of « [a b] in which f£(x) + ¢ < g(x)
-Weyve g(x) - »f(’x) > e and by Theorem A5-Sa N .
‘ P v oo v . . }
- s [g(x) - f(x)]ax > edx= € (v -u). - .
e . u . . ~
I'd - o ,
- Since-, g(x). \f(x) >0 on the rest of the interval we have -
- - . .

.’:,: b ) ' ~ " u T \7‘ . ¢
; J [atx) - f&?]dxr'j [e(x) - £(x)]ax +j (a(x) - £(x)]ax
a ar

U
g } ’

. ] b
v i ; . +j (alx) -_£(x)]ax ‘

N 8 s
F3 .. 20+e(v-u)+0 ‘ .
whence -
’ L - 2, . ° .
R b - . N
T g(x)ax - f(x)ax > e (v s u) >0 ' :
o a - a P - '
. § . . —
’ from which the conclusion follows. R :
(v) :If f ar;d & are continuous at.. x = u {n [a,b] and f(u) < g(u) )
prove tlffax .,strong inequality holds as above. - . . *
; R From the conditidns of the pgoblem, - * */w;
fé . g(u) jf(u) =€> 0. 5 ’
z.. - - . »
§é, Also ) continuity of £ and g’ implies that there is some neighbor- -
& hood of u 4n which o - N
;ilﬁf- ‘ ) . . - ) .
R , , |f<x> - f<u>| <f .
EIan ’ 0 -
< ! P 3 .
. , emd . Ig(X) - gl <f . . .
G Combining,. we .obtain ‘ ) %
. , - v v
. eWamwsE C
. . . . -
in some neighborb#od ofv. u. The result follows from part (a). .
. . - .
r et 0 7 ' : v
‘ ‘ i - - N ‘ N
ML T o ’ - . ~E LT




ECiza R e, ( R e e Ui
i’rh{".— [T . -.:': - Mo . ] 1 ‘ M : )\ . )
.;, - . . ' t - ‘ . . .
. 15. If functions f and |g are integrable, and f(x) < h(X) < g(x) on .
EA -. [a,b], does it follow that ‘ . ot
. R ' A ‘, b. b N ] '
. L e #(x)ax < |' h(x)ax < gy + .
_ S a a - a . b
© 7 TIllustrate by an example. - 0
.  No! The function h may not be integrable.” For example, take f£(x) = -1,
o ’ ~8(-"5,)- =1, ’ - ' : - o
& s P - * ¥
oo o e .1, x rational -
oo n(x) = { PR :
R N -l x, tbrational. s ,
. On every interval .max{h(x)} =1, min{h{x}) ='-1, hence for every upper
, "sum, ¥ >(b-a), and for every lower dum, L <-(b-aY. Thus h is
) not integrable by Theorem AS5-ka. . 1
. o .
-16, .(a) Prove the Mgan Value Theorem of integral calculus: If £ 1is
o R continuoud and integrable on [a,b], then there exists a value u
T - , in the open interval (a,b) such-that = . C ’
\ » - b .
. N ., f(x)dx = £(u)(v - a). ‘ "
s a . .
. ‘- . <
. L .
R T By the Extreme Value Theorem f(x) takes on a ‘maximum value M
® " ond a minimum value m in [a,b). Since ,
. m<f(x) <M . .
) .o * . ° L
t on [a,b]” we have from Theorem A5-5a
(o b & b . .
PO ;s max <.l f£(x)ax <:| Max ¢ e e
. . - a. a - a
r whence : B . X
s L ,’l ” b ’ L4
. . m <5 J £(x)ax <M.
‘ . . Z a
! Since f(x) takes on every value betweén m and M (Intermediate
. Value Theorem, thereiis-a value u -in fa,b] for which
4 . . 1 b .
; ; c. " f(v) ¢ 555 f(x)ax. ¢
. . J a i
- - it . . - i ., f e
e 1 . ’ ’ ’ ’ ¢ :
: Qo ‘ ) ‘ 65 341 - ’

-
P rmemrs
.
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iff:\"?f:‘z"’ o n)? ' R " i 3 , I - v :}» y ,
-0 » } ’ f 0?\ ; " T ! ‘ ( r, f ,
< { y s
e ; » I M
. : o i ' ~
(b), Show that the~value f(u) .in (a) satisfies -
3t : ¢
" ; . R SRR I S T S 3
- : . £(u) = lip 2 }H - n
iy }’1~0 f
"~ where h = (L;—al and f, = f(a +'kH) “For k=0, 1, 2, ...,
[ . “ il Vs
n. 'Thus f({u) can be interpreted as an extension of the idea of

-

A

«

- J

Tﬁe éxpression for the integral as a limit of Riemann-sums is

Y

meaP or arithmetic average to the values of a function on an interval, .

—

» ) b n n . v
. £(x)dx = hm z £ 0= lin Z £ h
a heO 10 k
S k=1 , k=0 ‘\ ~
* - o n
’ f N -
& L
Lol = m (ne )p (R0 .
- o O o
- . E 3 n ,
. . E ik o
' = 1im (b - 8 + h) i‘ffl . '
-~ LY . h~o m. o
T Y n
. ¢ '
R - -~ k ~ 1
J - =1im (b - a + h) lim kfl [
: . h~0 o ‘P
o 1]
- from which the result follows (provided “
. n’ '
A ‘ : 7 s, fk . @ . o
ooty - - - =O
lim Y - ‘ :
b0 n+l

ERI

exists ) Existence is a consequence of ,the fact that if 1lim pq

. .

+

h~0

Jexists and 1lim p exists but lim p ;40 then 1lim q éxists and,

R bO h~0 h...o
! L (R T A ~
lim pq : ‘

1imq~h~o . ’ ! . i:

0 . lim p

’ h~0 .
. ) b

( 4

{The point nee@ not be brought up unless the™issue of existence is

raised in class.)

! ‘o

\
.

”
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1
!
;

"

o al n .
) 7. 1r n+’f~+-n—*.“ +T+T=0” shov that :
¢ n n-1 : o ' « ;
. ) . . aox~ -+ alx + ‘ + an_lx ,+ an. E
y ’ " has at least one real root in (0,1). . ;
*’\ n B . ) ¥ ° » i
(3 * |
- Set f()J) = Z akxn-k. By the Mean Value THeorem (No.®16a) there is a@
) | k=0 . ~ Q .
‘ ; point 4 ‘in (0,1) for which, o
s . ~ 3
- : 1 -
£(u) & j £(x)dx
ve - 5792
‘ . ' Jo ..
n+l . <
M I 4 . ‘ a a.x ax {1° .
¢ . = ox—— + 1 A 5 . .
. ’ n+1l n 1 0
a - ’ a :
0 L .« n N s
. = ) + —E; + .0 * l'l— . . N ;
. , N \ A ¢
- v . =0, ~ < -~ e .
- » R
(A ” . i / 'y .
18.: () Prove that if £(x) is integrable on [a,b], #hen. |ﬂ(x)| is, .
. tegrable on [g,bl. / e L ST
) . y ‘1
b e For each’ pos,’itive e there’ exi.st a pax;tit:.on T . -
hd *
, 0= {xl, 2,x3,...,x }“’w\ an Upper sum U, _ and a lower sum L over |
<0 for which o . - ) T ..
< " s e v TR
L} “ ‘L ( ) < . L 1 , . ‘
* . d ! Mk mk xk xk'l"'/ AU R AN l“':‘ S gt
co. ) Kol - o .
. .
) where o < f(x) t Mk on [xk l’xk] ‘iq shall desciibe upper 'and
o * .
! \ , lower bounde M and mk for »’|f(x)| on each interva]y N
N e
b e e [x,5 1%t 1 mk 20, then [f(x)] = f(x) (and ve take o
R W* =K and mk mk' on [xk 1,xk] 1f Mk <0, them ..
- % K .
~ le(x)} = -%(x) and we take Mk = -mk and mk = -M,; * whence »
!, LI . ! .-
L e - mk=-mk-<Mk> i
A .
‘ it Mk >0 and m <0 we consider two\ase‘s' ‘ i’
* . > N * ¢ LS * - .
,.. ) . . S- . > ) 6 . v : . ) . L.
| IR . ‘ " 343 e . 3
| - . P - ! ., . . M - . ¥
. : Pl e - "
. . . [ ] ¢ - M




3 . )

| ,
|
1

Taking Mk Mk and mki = 0, ~#&e have

-

Mk* Mkﬂablmkl% .

B e e

, ' v s ' y (ii() |mk| > Mk i Taking Mk and mk* =0, we hav
%‘% . ”k. - m, = lmk| < Iy f M, <h - m S

Pl

. In every oase ’ . s

-~

TR g v gu-n<e
L e . _where U - and L' are the upper and lower sums for
. e |£(x)] . constructed by use of the bounds Mk' and mk

® -~
Alternate Solution '

- . Ny - N v

Te

K “Define £ and £ - by , .
- , 3
P . £(x) , if f(x) s, Lo k), AR ) g0,
;. . , f (x) = . f:(x) = . \
o -2 Lot ,.1r f(x)<0 0 , if £(x) >0, &,

Since |f| Y A it i8 necessary only to show that £' and -
. £~ ave integrable in order to prove that |f£| 1is integrable. Now,

}" v - . for each po‘siti\'re €,. ‘there exist a par‘tfiti‘on o, an upper sum U,
L ‘_ i and a lover sum L for f over ¢'such that, in the rlx};a&'o: of
“ ) " the }'ext e .
£y - \ qi . 3 y
o ? U-L Z(Mk mk)(x xkl)<e. (', .
On each su‘binterval [xK l’xk] choose upper, Bmd “Tower, Bound'stM‘*
N - + .
8 i 7. and m+ for £ @s follows. If £(x) > 0 for ‘at least one point
g T, A - S
. L % in [x.k l’x‘k] take Mk Mk and mk =m;' 1f f(x) <0.

everyw'here on the interval, take Mk mk = 0, 1In either case
Do T T~ e . R - ;-”"f" .\“u ~: s ,1!!;

» e

m” %"<P&<%'~{..

Similarly, for £ the correSponding upper and lower bounds satisfy

“

,,m,’-i,,"”"’iﬁi‘,"'_l Mk -m <Mk-‘n;1; ' ’ .\7

B
T ’ ‘ '

/ . . It follows for the corresponding upper and lowér sums that

U-L <€, U -1 <€, o
- (

L

- Consequently, . £, Aand" £~ are integrable and so also is l£1.

*?28 3 44




19. - Suppose '
- w1t
£2(x) = X

qa L are uppe

Show et if Uy an
[0 U gpen U 21 and b < -1.
See Tumber l5o .
Note that 12 = on 1(0,1) and thet . ~ X
Y 1 ! .
' S \e(x) 1ax = 1,
. - o -
. s, the fact thnat kel 18 sptegrable on [a,p) 905 pot imely .
enat ~£(X) 1s integrabl® on la,ble . / -
e e e : , ‘
.1¢.£ end B are 1ntegra‘nle on la,p} . then poth. mEX (¢,g) and
-min (£, g) 4&re also jntegrable OB a,b ,
Use Num‘ner 19 and the results Qf Exercises A1-3, Number T b
1 -
_ nax{f,8) = s+ 8 v e e\,
. N l * .
. min{f,g} = —2-(f + g - \f - g\);
the result follows from Lema A5—5t'>.
s -
Alternate Sol\n:ion ’ .
There " exists a parbition .g and uppsr and lower sums Ul and ’Ll for
£, ‘U“é' and }:2 for €&, over © sucﬁ“‘that bothr L
-~ 4 ‘A L . T
. . AP A»u.i_ik_.)‘)""v_b’;' ) S
) S L1<z=_ Cand U, - Lp <uE A
, 2~ Y2t (' -y B
£ \ . . ‘ e ;
(For example, 1?. 0;\& such & parbition sor °f, o2 for &, take »?«‘
o= W o,e) et RAR A senote the vounds % ¢ in the ;7
expressiens gor Uy’ and Dy, " ognd 1 the corresponding bounds.” . '
set &= max{f.,g}. On each 1nterval [xk_l,xk] _choose 88 “the -
as the lower ‘no\md , choose

Rl
~  for B8 =
N Mk ma-X{Mk ,MK"}
; ]
' T M g ,
‘ mk ) mk'" , otherwise.. - .

.
L4




Constants and c, Such’that $=rp *
=g + ¢, are Positive, If the Tesult ig true pop DPositive
1\# Sfeg 4 clg + cef + clc2\ is integrable,

N fe

a Partition, M ' ang ' upper and lpxier ‘boundg
for £, M" - ang " for 8, on the Subinteryg) [
the Partition,” ang 11 U', L' ang g Lt
N Upper apq lower Sums, pop 2 sure

appropriate.choice' of boungg % s .

k1% of
be the corresponding
iciently fine partiti:gg@nd — e

-

T LUEE TIPS and fy" . o Se,
¢ By . SR
e Now; chéoge thg‘ u’pper énd‘-lower boungg Iﬁ{ =M b&t"’
@ : mk=mk”m]-:"° for f-g. Then e 7’“""}
{ ' . o -
- - = tiy. 1 - " " LI t
T %%%_—-.w*mﬁ% ') _
C e T RN 400 g '
- | T
. where 4 “ang p are oye UPPer boungg for. ¢ and g, -
: . respectively. Forny the_ azzzipnia.te Upper afid lower sums fop Leg
over 4 to Obtain - * o
_ Ty L <A . L+ B L gy
v




{n}m{.—- A o o . P N - b a4

y . . i 3 - g e ¢

r X . .
- LY

. § (b) If g is bounded away from zero, then § is integrable over '[a,b].
!

. For the proof, it is sufficient to prove L —is integrable andé*tﬁ/eth
to apply Part (). Now suppose |g(x)| >¢ >0, Let U and L,
be upper and lower” sums for qg over .o such thet U -L<¢ , and

let 'Mk, m denote upper and Tower bounds for g on the subinterval

* *,
I, .= [xk_l,xk]. Choose upper and lower bounds M, and .m for

A

as follows. If m >c or M, < -c, then take M =2 ana .

om K
I T P S -

1
g

* 1 *,
o =-}§- -In this case, Mk -

If
) mM = c2
* 1
. mk's and Mk>c, then take mk L oana M -c-
this case use 1 < <. and 1<- % to obtein
* .. * N - I ) ' . .
. ) Mk -mo = % + %S% - m—lei-srﬁ(—e—mk- « For the corresponding
. c c c .

- A ] -
i Ct

. b )
22, 1If f @nd g are bounded and integrable, then (O:f(x) + Bg(x))edx
¥ e °Ja
éxists and is greater than or equal to, O for all copstant a and B.

Show from this that

(Y

b b b- - )2

- f(x) ax | s(X) dx > f(X)s(ﬁc)dx$

. > a' a . a ) .

- - with equality if and only ifr (for f and. g,.continuous) . f =,cg .on. ...
[a,b] for som% constant e, £

L3

%nsider the inequality = l ’ '
b 2 b Q b, LI
. W‘(f(;c) + t_&(x))* dx =4 £(x)ax + 2t | f£(x)g(x)ax + t g(x) ax
~ - ) a VAN 3 ’ajy - ‘% 9. - - a
>o0. . - HA :

J A
An inequality’of the form At2 + 2Bt'%+ C >0 holds for all t if ang

only if B - AC <0, but that is precisely sgun:!.akowsky s inequality
in this case. % -,

-

"’W

PRI -

\1‘4 i E 347 a -




'

i ;o

H i

| zﬂ; ;~‘ .

cg ‘then equality obviously holds. If équality holds

- AC = 0, then for spme choice of t, %ay .t = -c -

" N ) | el

[£(x) - cg(x)] ax = oy

a N +

‘
; {

i L]
o

s,

" Now f - cg must be identically zero, for xf there vere any point where
£(x, ) - cg(x ) #0, then [f(x ) - cg(x )] 0' and from the contimuity

.of f and g there would be an- interval containing X0 ‘where the

., integrand has a positive lower bgund. 'fh that case the integral would
have to be positive, not zero as}required. Consednently, f=cg is
the only poseinility. (Note thaf the' proof requires the continuity of

. f eand g at’only one point,)

: N ‘ ~ «
If f 1is integrable and its graph is convex on the interval
{0,8], show that ; ,
a ) .
e(x)ax > a £(2).
. 0 b
Interpret geometrically. .

RN

The \graph of f lies above its tangent at % :

p 2 e+ o @x - D

* £

.
.

(if £ is not differentiable there stilleeffist a "line of support" at
% and f'(-) would be replaced by the slope m of & line of support)
Then < ' - >
LAy, i ,a,,l— -.‘J-\_ g a_,‘ . ‘ ! a Y a R
flx)ax > | [£(3) + £'(3)(x - H)]ax ¥
Fe 0" = 1o 2 2 2

> g~ . .
2 [ o5 -2)]|

> a\fig?.

/

:

’ . e , w
For f positive, the geometrical intepretation is that the area of the
standard region under the graph of. f is greater than the area under
the tangent taken at the midpoint of the base interval.

Al
!

P v provided by exic

& e, 4.




] S
3 . ‘ ! . ‘}H,f
& H N . ° B
é \ ‘; - N . . .o ’ ’ L
2 1 Ly s 2,2 2 i
2)(v° + 3-) > /(x +a%)(x" + b7) ax .. P
t 0 K , ) . - K ’ . :
.‘ i e : 1}
- . hd -
‘é’i ‘Bet £(x) =. K a2, 8({{ = A+ Y8 in the Buniakowsky inequality
LS . * . . LcH
e %, “(No,-22),, L . .
25, -Show that { , ‘ - ,
> ' . . -
(a) %+%’-2-< v{+x3dx<-/22-. . . )
’ - 0 v N
o ' a . . .
.. o -
.Take £(x) = 1, g(x) = v‘{ + x3 .in the Buniakowsky inequality to
*’  obtain the upper estimate, For the lowgr estimate,-use .
1 Y . oD . o
N ) +x3 ax = . +x3 dx + . dx ! ~ o *
0 roo- (o} ., .‘ s
.(1/2 1. ~—
N . > lax+ |+ 41+ é- dx ~ .
0 1/2 A
‘. ’ e ) !
. /5 1 5 . ) . '
(b) Show that -]é'-f—§> \ ._dx_>_2_5_§.. :
. s 0 1+ x3 ' ) . ¢ .
For the dpper estimate,' use | U ’
J‘ 2 4, ; "1 ax B
4 “1/2 4 3 “ } :
- ‘1‘"“ At - d “‘”:':Jx" - e ‘ ‘,S \::*‘; PO I} V,.,’,Jﬁjy.i:»sahl‘-,
! 1.
. v < ldx + x .. ¢
- » J . :
0. 2 f 1 . ‘.
¢ " B. ‘ 1
- __:,For the loyer estimate,use the Bun’:l.akowslqr,,inet‘;ualisty;g P S Vi
4 U i ) l ‘ . ) T
«r oo +x3 ax dxh>1, ’V, ' .
" * . 0’ ' Q é 3 3 - - N ‘
32 . + x B - , e
e hence, from Part (a) " W
- .
z 1 :
!25 QU S » ..
. ) & :
B o ¥
o . N
63 349. - !
. ) N
; \ . o
" A N @« . ¢ ' T ‘{




EV . R . o A Lo !
o oo ‘ o - .
X 26.,.Find a conbinuously differentiable function F in [0,1] such that. -
’ ’ (a) F(O) = d, F(l) =8, ! . , ~
. 1 2 : D P .
. (v) F(x)edx =,§§- , | - . ‘
N . O i v ;‘“, v 1 - 1]
‘ ¢ 1 2 N ' 7/
(¢) J§ F'(x)7dx is & minimum. T
0 3 e . .
, ¢ .

.

.

1 1 s - ({1t 2 ’
1ax F'(x)¢ ax > g F'(x)dxs .o
a8 o 0 0 0 -

Take f(x) =1 anq:,\g(x) = F'(x) in the Bunztakowsky tnequality (No..22):

»

v

(F(1) - FO)¥ .

- \ . &
2

> a .

Bquality holds when g.z cf for c‘c_gnstant ¢. Thus F'(x) = c, hence
F(x) = cx + 4. From condition (a), F(x) = ax; conditien (b) is
sutometically satisfied and is therefore redundent. Condition (¢) is

o satisfied since equality is askieved in the i,nquality above.

,
~

-,

.’ h
¢ f\/
. . \
-
- ~
»
. ! M
” ~ !
e e > - - - JRRE I —_— - - - - “ and 2
.
.
»
.
. / d -
’ *
Y
%
I ‘. \ N
s [
»
R A - ~ -~ . - PR - . < M R e Sy
> [
. .
‘ X3 - -
- -
: .
R -
. -
> . ’
\ Yo, "
N < - s
< N > ’
, v
Sor -
&h - s f B
-
+ - - *
N
S -
N » ¢ r ) &
. v .
. ') . -~
~ - o
-
- < R
f
# ; . .
. . . . 4
‘ 634
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AR B ' i 77;%' B I Tﬁ?{b? : 4
?‘ > y v& 34 _;‘ g ! ¥ i\.. B . J . Fe,
- = i it
Iy ? o ‘ . H i
; ‘. s, kot
:/. i R Teachez: ? Commentaryl 1 o “j‘
fg 1 -~ . Appendix 6 ) N
5o, .. i — ‘ ! ,
e -0 INRQUALITIES AND LIMITS - ~ !
.+ TC A6-l.:.Absolute Value and Inequdlity - ‘ T ‘ o
i”“ ‘ iy . /__ -
9 ; Iy Section Al-]:h_(footnote), we define a] as This definition
} has‘ the virtue of emphasizing the positivity of the square ro‘ot. It also
helps to prevent the error of'writing /— a in case a < 0, fhis »
: . - error 1e8.ds to the amusing proof" . .
.iv . ° . 1l o= ~/-= J(-l)e = =1 R v"a X
. thus 1= -lp ‘ -
5 ) = /’§ o ’
) We note that ‘the form +va~ ‘lends itself, more conveniently, to mathematical
Vo, “manipulation. . . . i
~ 7 . a. S N -
~ ) .
i , ' Solutions Bxerciges A6-1 , y
1.' Find the absolute value of the following numbers. .
- . ' . . A
N -5 1.75
. T * £ R °
L iy .
' i )/_4 . “ ' :
A PR PR ;- [ I -4 .. . .- - 5 -]
* (c) sin(- ;}) 2 »
s ( 2 " ’ b4 -
,. o . '!!3( -~
: e . . P
X 2 (a) COS(-‘-Q') 0 . AN
. . ' 4
oemizr t = vag m e m w e — N N - . B .-
R 7. ; ) ‘ vy s g
2.. (a) For what z:eal numbers x ‘does /x— x? , B
» “v e ' )
& - X _<_ 0 ‘ - - M t u
-~ @ .
(b) For what real humbers x does |1 - x| =x - 12 )
= ° g Ld Al »
L x2l - SRS "
A ; -
K ) ’ ‘ .. 635 ‘ .
< ‘ )
“ERIC .~ , __— »
- SR . . T, e




EIRI I g b ! 1 S .
AR ' ‘o A “
. A - .
“Solve the equations: ) ‘o
-~
(8) [3-x|= - XxX=z2 or x=5h, )
. ’ 1 _ .
(v) |!u,c+3I= - Xx=-35 or x = -1,
i ' |
? : (é) |x + 2] = x Either x +.22>0 or x+2<0,
3 ]
R . then " x+2=x or -(x+2)=
7 . ; ’ {\ Thus there are no solutions.
3 . .
- (@) |x+1] o= |x - 3] ‘The only solution is x = 1.
“(e) |ex +5| +|5x+2 =0 * There are no solutions.
f} K 4
3\" S . 2
(£) lex+3]=/5-x x=8 or x=%. .
- i~ ‘
2. "(8) 2|3x +4] + |x- 2| =1+ |3+x| There are no solutions._
‘ \;h. ’For what values of x 1s each of the fodlovwing true? (Express your
o " “answer in terms of inequalities satisfied by - x. ) \
(8 Ixl <0 - k=0 , .
;:r‘ - ' . . s
i (), x| # x x <0
»;" o () |x| <3  -3<x<3’
e o i(a).|x -6l g2, e B ET e T
*e) |x-3|> | x<l or %>5 i
(£ Jx -3 <1t _1<x<2
-(g) Ix-a| <a’ \0 <x < ea_
B , 2 - ; -
(h) |x€ - 3] <1 /_<x<2 or -2<x< -2
(1) x -2)(x-3)>2- x<1l or x>
o @) Ix=af > x -3 x>2 .
, (k) |x-5|+1= |x +~5|\ .x=% ’
4 ¥ v A .’
W X '
. . . . .
. . - N
. I d
636 .

‘%N‘ s

.

MC

L 2%




",,. YTy ‘l'! ,_U" ! e - !'\ : J}‘-J‘ -
* »
1 ¢ . 1l<x<2
) - - 4 - & v
: ., X # %a -
:E N ! ¢ . . © . ] -
‘ — (n) |x-al<® . a«d<x<a+d 2/
- to) 0<|x-al<s T a-85<x<a or a<x<a+d
3 (p) Ix-1]<2/ ana |x+1)<3 A<x<i .
2 ; 2 2w
- { J . .
. . i -I'Q. ) §_ l 5 - .
S (a) [x-1] <2 and |2x l<g -F<x<g . .
(r) |x+y| = |x|+ |y|, forally x=0 o
[
(s) lsinx| =0 ) x =nn, n an integer
’ ] fé 7 3n '
: (t) |sin x| > =%, +arn<x<3FE+an
; 2. | "
- ) 1 1 ¥
Aw) |1--}-<-|<1 :x>'§ . .
° > - . PS
. 1 - : 1 - .1 :
(v) /Tx] >3 x<-f or x>f .
: ) W
5. Sketch the graphs of the following equations: ‘
* .
¢: - 1] + =1 »
(a), Ix - 1] + Iyl.= o ,
T " For x>1, y >0, then - o
X-1l+y=1 o x+y=2, /

3 ¢ line AB.- ° A,,w .
: PP Y < (a)
? For x>1, y <0, then v
e W2 Dy Xgley=lior x-yd2, LD LLGAN] [ ]

. 7 Iine BC. w0 .
- (1{0) \[2,0) x
ek - For x<1, y»<O0, then (olo X *
, ¢, =x+*1l-y=1 or )
' . . - ; (141 X .
- Sty xt.y 5 0, . 1line C(D., . e ) 11
; -
n For x<1, y >0, then - . 1
' o x+1l+y=1, or .4 . [
55 A y = x,_ line DA. ' . o
- - o ® ‘i
i ) T, . v - s :
<% L. ; R -
& R . a7
- 6 & : N — .
v
. “ <*E @ ,
Q S, - 637 053 . <
CERIC T L7 - S
r* . . . o o ¢ + . ¢




| \g st - ) . . |7

I T Y

” ; N
\ Resolves into U4 partsi ] 7

—4
N,
~
-
E

e

1
. . x:i’-_*‘l and y:j-_l /\ \T

)
i
where |x| 5.1 and |y| <1

i . .
.? - ‘ -
j ' .

H

l’; . o c . e v
. (¢) y=]x-1)+|x-3| (e) L1g _
! AN )
. Qo . , B i
. . 1%
For x<1, then y = -2x + L, . . . .
i ]
For 1 <x<w, then = 2, B
. -, For x>3, then y 4 2x - b4, 2 - .~

(
-
™

@ y=lx-1l+ls-3l+2lx-4l @[

2 od

L

D L
[

[

w

For x <1, theny = .=bx +.12. . :

For 1<x<3, theny = -2 +10. SN
, .

]
: o ]
| - /

For. 3<x<k4, then y=2%4, a X )
T -— 2 'S '
}. Y . h - .
S SR | * TFor 4 <x, theny = lx - 12. s JAB
v = - 2 ? . pa i 7 '
P e - . . - P . - = . -
P ar - . ¢
. C 4
:;‘.3_",\ « N . -
» ——
::»» ’ ° ~ ‘ - . . N
£ = ! (
- v . -
3 o SN . - ‘. v %
33 \‘\ . e B . A
< 5 ' 2o =0 Ol -1 2.1 4 4
A" ~ RN
¢ o . - . * . -y -
p
; R » . .} re . o N . r}-‘
”y * ¢« © - - [ .
" 4 < + 7 “
2 .
= ~ . %8 354 ’
K \‘1 ) ¢ ‘ :{
3 ) LY L hj
ERIC . : - s
A . . v S~
T o, 4 g v ¥ *

o 0 8 . s : - . N .. ! hd
IR Y @ 0 h/




[ -
W (e) = lx :r.s«ll ¥ x - 3healx - bl 3|x -5l
= . Fo;\ x < 1, then ¥y = -7x + 2’7' )

S . For 1<x<3 thA\' 7}5x+ >,
1" ’ '. For “then y = -3x + 19, i
- . , A_J W
24 . ‘For 4 then y = x/* 3.
Lo o - ,
. ~, For 5.§:f, hen 'y =¢Tx - 21 N
\ ‘ o .
; g T . T |
B 32 - & l.[ ~
‘ E . \ /
Y y °
R . o8
%, - . (I ’y;l: - - ’7‘:/ //

20 1, B0

A
_—
-

“16
4 3 : ) ’ / N




a S
A ’ ‘ i ‘
e ab : $ 3
; a)ggshwthat if a>b >0, then a3 <b. Lt
‘g , N
o ’ .
oyt ® N
M e 0<h =+ a<a+b . .
. ‘ . Y £ ‘:c
. , ™ ab<bla+b) .
. =0~aabb<b since a+bdb>0,

’ »

(b)- Thus, show that for positive numbers & and b , the conditiop

~ab “
a+b’ :

Y < min{a,b} is satisfied by 5 =

PERY

For a #b. the result follgws from-part (a), For a = b, &.=

. ) Y

7. ,;(:) Show for positive a, b that 2 Z b < max{a,b) if g £0.

v
3 + N '+ - ’
2y ) 2 +b _max(a,b) + max(a, b} < wax(a,b) .
» N o ~\ . .
* (b) Prove for all a,b that - ’ ”
.7 ° @ [ l T
= max[a,b)=§(a+b+l8-b|)
, . ’ cL e
< 1 ’ .
. (e) ‘min{a,b) =‘§‘(a +b - |a - b)) . i’
~ :
® s € ¢ v . a4 ~ o
; © Assume, without loss of genérality, that a > b ’ .-
. when ... max{a,b) =a = X (a+b+a-b) T “ew
‘. and min{a,b} = b = é(a +b - (a-b)). . - o
n(-_. ~ L. . -
& g o g e, . .
8. € show that © _ D e
1 - )
. . .. max(a,b) + max {c,a} > max(a + ¢ s b +4d), -
’ ) é . "- .
.. From:Numbér 7(b) o ' .
< . . : — ¢
max(a,b} + max{c,d} = %{g *btefd+la -]+ |e- al), . )
-.«max(a+c,b+d)‘ a+b+ec+d ¥ [a% c (b+d')|) N

,
- v
. s

m’Lr- r\m-u

a+b+c+d+|(a-b)+(c-d)|
The result foJ.lows at oncen'

'?‘. DN 4

<o, T § ,',;' 61&035\() . N




> %
ab > mi!;Laa,ba} ,g "’
ah 3,

T * i

t g/ g >0, ther

3 - . 2 P oo s
tf s Jal o] z(utntlalfo])® guente®n® L g
% ' f{ : ® " ‘¢ ‘§ ’j

- -
i »
‘ iy A

:Show that-if a= max{a,b,c}, then -a =m1n{-a;-b,:c}.(
oL P

S I -a.= max{a,b,c}, a>b, a>c¢,

-4 oM T .

OQ . . v &
e then -a<-b and’ -a < -¢;. :

* hand - *

. =) » S
iy So, -a ‘_.mird-a, -b,-c}.. s .
R £ . . N 2 .o

- 2 A - . T s . ; 30

' . ‘ A ) a8
11; Denote min{;l- R %‘l} 5
! » n rr

P

n, prove ‘that

3

‘ -«

[
[jb]

- . ) ' ) NS Y .
o A ’ / N 1 . e . 3
- . » i 5 H ’ € .
A i
. D

. ST g ’éﬁ

I»f~'br>°’ r=1, 2, ...,
" i v‘l . . .
! . . 8, G, + 8.+ vo. +a_ a,
1. 2 n {xr
. - min{F‘f} < < mex —} .
- + eest -
* s T )T byt byt * oy r Pr .
8 : R "
*Denote min{-—r- by -a-k- y 1<k<n eand i -
b b - - .
~ T T k K " .
. r
’a ar e hY
. ma.x{ﬁ—} /I_>y T 1<e<n, ‘ N
r. ,\e ,
. . .. ¢
& & . .
Then, B—;r ) T = l, b, seeey n, — ,
. k r . . .
Or;” &b <Dbea,- fgf all r. .Adding, - ,
- . " - . ) . - -
/\ e akbl + gkba ... +' akbn < bkal':" bka'.a LEERR N bkan'
) . " Féctoring and dividing, wetobtain | ’ / T
" - ~ -
’ . "y ° '
‘ + + .0+
‘ . -Db, + ces F < .
. . br ‘bk bl b2 * %
An the same vay_the remaining ihequality may be obtained.
SR - -
s “ ’
- L, ’ . . ’
- O iy
’ . . ’, i' :’ﬁ - i . rs
- ~ B - . .
- J ooy 6’-"1 O
T e M o 5 7 Ve 4
. /7":‘ - - < R o .
y oo «:& A ) »-: T .

8-« g .
by 'min{—r} and similarly for mex.

oy




- AD= ) g . e . T s
' T e g
! - - v ! : - <L ’
¢ v 1 ' .
, 12. Prpve that ® . W },’ S w - ¥ |
b ! Y+ 24 ... 40" ' : ' ' ,
- : ?1;‘~5 2 2 22' — Slefor n=1; 2, 3, ...; n, .
R : (o} + (n-1)° +.. + 2+ 1 . . ‘
3 v - ~, ’ ‘.f. o, R % R . ;
T Use the-inequality obtained in Number 11, with : 3
>
‘ s a , s
i " _.{ = i or l *
h b 2 R .
‘o . 'y I T »
: 'Y A -~ . ~
- 13., (a) Prove directly from the properties ‘of order for GF/O that'
. . if" -e <x <e¢ then |x £ €. Conversely, if Ix['< ¢ then
¢ -€ < x<g, . . . . ‘L .
- - R H ‘ . . -
, - - NEN e
. Suppose -€ <x <€ If 0<x, Jx|=x<e.
. If x<0, |x|=-x. But -e<x “mplies -x <é&. So,-
e -x = x| <e. ‘ ¢ - N
: H . ’ . .. .
. Conversely, suppose |x| <e. ‘If © <%, Alxl = x, so
* -&<0<x<e, thus--¢ <x<e, Similarly for x <O.
P (b) Prove that if x 1is an element of "an ordered field ‘and if N
Jxl < &' for all positive values €, then x =0, . £
. . Y g
If % #0, take ¢ = |x|. "We then have the contradictory .
- statements |x|'= lxl a;vfxd x| < Ix]. \ .
. ' . ’ s
14. (a) Prove that |ab| = |a]- b}, .. '
. . A . .
2 o . " o
4 . i ‘M
Just consider the three cases. » .
&b >0, ab=0 \ ab<O0, \
] N\ - \
. A2 " .
af R t ’ M .
- ’ . .
i: , i '/’f .
. i N ’ AT
f" - - N / .
AR ‘ ¥ , -
ad -, - & i
: - ) -
Y, . R | ;. 58 ) T , s
g2 3 . .
, \‘1 ‘ » . - L
- ~ v P . . . AN




N e mmt : .~ N . . b 14
RN o . { ‘ \‘l . 3 ‘ ) e ,_“ o ’
o - . . o .. L
7 {4 I a * a 1 ‘.\" © . » H
~(b) Prove that |SX=H,b;¢04 - e
o . . 3 R - f . L - R | ‘ .
A Fro_m-part(a-) wé have _ oo R " .
- * ; ‘ . : [ ' ’ hd ) .
e L, ) * . P.. -l' . Il b .
Bl = 1= 1l - LT,
: ad Lo 0 T , ‘
b . .
; B
» ' . 1 _a . ]
Hence |5-| = T-ﬂ- .‘; . ' ) - ,{
’ . o ala Ll ‘\a' ' ,
. Therefore , .|a| SI |al 5T = H . . ' =, #
) P - ’
.. 15. Prove that™ Ix - y| < |x{ ¥ lyl. S ) :
In |a +bI‘5]a| + ]bl, set a=x, b=-y,
o . ) A Y (
16, Under what conditions dq the equality signs hold for 3 :
el - bl e e vl < fal + ol o
Equality occurs only if a =b =0. - ' ) , < o .
° i . . ‘ .
17‘. If 0<x<1, we can multiply _Jboth sides of the inequaiitj; x <1l by.
X to obtain x° <x -(and, similarly, we can show that © <‘x2, ©
<3 , and so on). Usesthis result to show that 12 0 < |x| <1/  * |
vthen |x2?+ 2x| < 3lx] - AN ’ f ; o : ’ -
. ' 2 ‘ 'o L -
. |x +'2x| < |x |+ |2x| |xL + |ex]| = 3|x1 .
. (2] = 1x[? <x] stnce 0 < [x| <1). ) "
- . . v e f
© .18, Prove the following inequaiities ) = c
. (a) x€%22,.x>0. ' ’ - ‘ ‘ )
‘. ’ ¢ s ) ¢ - \.
- © »
. x - ¢ } «
- - . “ -
- s . < .
NS . . ) ” '
Sooan P . .:‘ ’ < .
R \,’ + e e “ ‘_\6&-3 359 Iy
T e e )
? ‘EMC <a v;“ C oy b o L. . »
v ::‘:!, N ISR D S “_




;- Since ({x - 1)@ >0, we have . R P
R \ ‘ : - : e 2 . *. B
- . PexTre 2%+ 120 or x +12>2x, - P
. -  —
?" . 1 1
> s Since = >0, we obtain x + = > 2,
N b S . X =
. S R .
PN R 1 . :
. . ’(b) x + ;5 -2,- x.< 0, - .. .
7 2 : ) . :
L (x +1)° >0/ so x2+2x+120,- or x2+12~2x.
' Since. x <0, i< 0, so E(x2 +1) < i(--2x) or x+ =< -2,
N B b'd X - X , X - .
5. .‘ . . ) A
& ‘. (e) Ix + ;I > x‘,l- d g .
e Soxl =7 .
- From ‘(a) we have x + Lso for x>0
LN v x = - .
. ) ‘ 1 ' .
¢ . or lx+ 2l 22 for x>0,
From (b) we have --(x + i‘-)?_ 2 for x<0
or (x+Y) = x+3>2 for x<o0,
x! x! =
e Thus - . N |x+-i-|22 for x £0, . ’
K " 19. Prove: x° 3 x|x| for all real..x, ...
. * .u" ) ~ ’ ‘
If x>0, x=|x|, and x° = x|x|. o T
dar . 7 .
’ If x<0, *x|x| <0<x2. u
20. Show that &f |x - a <-L;-I-,then J—g—l-<|x|<l|-g—|-'fora]l a #0.
Using the inequalitieés of 13(a), we obtain . .
- " . €, N
. - . Ix-,a|<-l—g—l-—>—-lg—l-<x-a<-lil-
- . 'I .. ) " .

LI I P - s
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' T ; et
21, + Prove for pdfitive a and b, where a #b,, that I
o : DI
e b 2 |b |2 "’ e
. 2l <8 - fab <b-eal”
. . a+hb 8/a% ) F
. m v . . 1‘ . ,", Y
< 2 2 . . 2]
To avoid ¥ , let a‘=m s d=mn, then wé ‘have to show that "~ ]
. .. . ' C
- Im2 - n212 < m & n2 - 2mn Jm2 '-.nelel ’ ;
: T 2 2 < Bm
\ h-(m + n_v) - N - ~
: 2” 2
«e
. or im2+ n)2 <1< (mh+ n) .
. ~2(m® + n%) . ma
.t Both of these inequalities are equlve:rént to (m - n)2 >0,
By way of example we show oné of the equivalences:
q)? n - ‘.
' 2. 2 oo
" ' (mun) >0—>m +n >2mn “w oo o
- A - —»2(m +,nl>(m+n)2 o - ".’,
L. -, ot : ‘ .. s
SRR ' —a>=Berh o e




‘7¢ A6-2. Definition of Tlimit of a Funct.ion : .

ki

*In some texts, the idea of limit often is expressed 1n words like, these:

"If, as x gets cloder and closer to a, ~the valugs of f(x) 2 ‘tend to the

velue L, then we ca.ll L  the 1imit of f£(x) as x approaches a." The
difficulty with this fcrnmlation, apaxrt from the vagueness of the words ) "gets
“closer s.ngl closer to," "tend to," is that it suggests, the e notion that if

'xe_ is closer to & then is x,, then f(x) is closer t0 L then ig
f(xl).

Example TC A6-2. Consider,

® x sin : ’ x { 0
- f(x) = x *
- 0 0. , ¥¥= 0. X
. 1 2 ¢
We have lim f(x) = 0. let x; = 5= and X5 = o975 Tqy (‘n, 8 non-zero

- x~0

o o
r

integer). Then x5 | < |x | ut |£(x )I > |f(§xl)| since f(xe) o CRR ™

and f(xl) =
The sbove description of 1imit gives no clear idea of “just how to verify
N that I is the limit of f &as X approaches a in any particular case.

We are compelled to give a definition which y:.elds a clear-cut method of

verification. .

2 ~ b5

Quite early in our- discuss:Lon we refer to Appendix‘l“ﬁ for an-expls.nation
These ideas are essential to_the material in

JIn the exercises; substentiel use is made of

ideas rela%ing to the order properties of real fumbers and absolute value: -
N >

the student is expected to apply basic inequality theorems. The objective

is to develop computa.tional fa.cilgy with absolute value as a ba.ckga.'ound for
As a lead into Section 3-3 we feel that it would

ome numericg.l valpes for ¢ and . -

of open and closed intervals.

this and succeeding sections.

provi‘hg facts a_bout 11mits

be informative for the student to be given s
. Ry .

_be required to determine a & sufficient to control the error (see, for

o p
example, Exercises 3-2, No. 11). . . ,

v
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Solutions Exercises A6-2

The theorems gf Section A6-1 provide the. basis £or the following
guments. In ’che;\1 genera.l application of the transitive property we use the
trong inequelity in the conclusion since a strong inequality appears at least
nce in the chain of reasoning. We also make éxtended use of the inequali-

# ‘.
‘ .

F|lal - fel| < e s o) < falfl ol

.
v

1. ‘Show that if, O < |x - ’a] <1, t}{en ' [x + éa| < Y+ 3|al
* v . . \ )

¢ v :
;If a"<lx -:al <1, then
© . Yx+oal = [(x-a)+ 39

< lx-af + [3a]

< lx-al+ 3)al

<1+ 3|al.

’ oon

i

. . . LI
2. Show that if 0 < |x < alj <1, then lx?-a3]"< (3|9,2| +3]a|

It 0<|x- al <1, then ' .

|x3 - a3| [(x - a)(x° + ax + a2)| e
|x-a[-|((x-a)+é.)-2§;+a{(x-a)+a)+a
.|x -al o |(x- 8‘.2) + 3a(x - a) + 38.'2! -

S |x - al - [(x - a)%ﬁlq . lx“_ a| + 3a2]
- 2 i f" . N

1+ 3|4| + 325,

Show that if O < |x <"2| <1, *then '[x—-l!ﬂ' <1.

-
Hint: If |x - 4] >1, then Tx—f-ﬂ<1.
. ,

Respere .
We have [x - 4| = |(x - 2).- 2| whence
-2} - Ix -2l < x b < Jx - 2l + |-2).

~

2|_

g




- R T l ) . ¥y !

Thus, if 0 < |x - 2| < 1§ Lo
o T N . SR
Lo 2-1<|x-4 <142 . k
or . l ‘l<‘|x-h|<3= - . " ‘-
o * '
end : Famn L oy ~ :
. X = . : . ‘ [
Show that if |x-a|<-|-§'-l-,then7-l—<—u-.- '
v 2 2 2 /
) . ' X a
We have |x| = |x - @)+ a|], so that ,
ol - fx-af <lxl < lx-al +faf. o | .
¢ a
Thus, if |x - &l <-‘-g—l-, ) .
*|al --L;-I-<-|x| <-L;-l-+ la] ~
.or N ’ . - ) . -
- lol < jxj <3lal ' ‘
vhence . - :
2:x2<9a’2
) En T
) P (
from which the result follows, . .
e .
Rl . . M . . 1 ”v
Show that if O < |x < 1| <1, then |hx + 1| <9 and |—5—5| < 1.
If 0<|x,- l|v<1, we.have _ -
- * ?
- |bx + 1| = |M(x-21)+5} - . ¢ ' :
X - <Ux -1 +5 ,
<4 1 +5
PO <9. ’ ’ . .
, : 4 = o ;
" Mso, if 0< |x - 1} <1y ye have . - ‘
' 2l =[x - 1)+ 3] o
>3 -Tx -1 { )
, >3-1 _
. ‘L 22 ~ . ‘ . °

EEDS pl v

vhenee - - (
¢ »




then. |x + 1| <l end } 5 1,4\ | <1, ;
‘ wosb o x“ 4+ 2%+ b B
v rF |kl o2 <1, then ‘ ' :
g o [x + 1] = J(x- 2) + 3] 1 :
) o< |x-21 + : ‘
. X -_— l I 3 \’ Lo
- \ o<k, o
.' " 2 ® . rﬁ'y n 2 7 i * s . . .
\S:anex+2x+h=(x-2)+2 +2((x-2)+2}+h )
= (x-2)246(x=2)+12 .. .
. |x2+2x+h|212'- |(x-’2)2‘+ 6(x\- 2)| : PO
) >12 - [(x - 2)2+6|x 2|1, ’
PIREIS ' h - ¢ - ’ - v ' i .
Bl rase, Thus, if . 0 < |x - 2] <1 : ) .
if@%?iv - " i | . |2 ’ “ : ' e . o
e T S |x® + 2x + 4| >"12 - (1 +6) - .
. -~ 25. ) -3 . ’ "
I Y A S »
. Finally, if 0< |x- 2| <1,, we have ‘ Coe )
\ . _T_l_ <'-§- <1, _ '
: L . I |x‘- + 2x +;ll»‘ ’a C =
’ -7 - ’-v
T. '_ Estimate how large x2 + 1 can become if x 1is restricted éo -the'“open -
A intervd -3 <xXx< J.. . Y . * - e
. . ': - ) ' - )
If -3 <x<1 then 3 >-x>-1 whence ’ . . -
o I%| < 3 ‘
~ > . . - .
an_d‘. S x? <9, ‘
5o that o2+ 1<10, ‘ ' T .
< ‘ A K ' 0" N
8. Use inequality properties. to f#ind a positive mumber M such that
0<}x-1 <3 forall x and 4 o L. .
(a) |%%+ 2xe b| <M ~ '
% ' ‘a("l?.) |3x2-2x+3|A_<_M - a .
5‘; o We are required to submit any po,sitive\m;mber M satisfying the given )
5 inequalifies, It i not nedessary to find the smallest possible nunber M. _
e + - . . ’):34
X o . . ' - .- co- T
) - N { P L -
o - "» d . o 7
FA N - .
B ST VA e LR ¢ ) * / ' ) :
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ERIC

Ao /

> (a)

.2 L
The' eph of = X - 2X +
grap =13 3}

; -

{*

The .problem is included here to give the student preparatory experiences

for Section A&-3, Because of this, the strategy, is more v8luable to the
student than the actual solution, °

)

lx2+ 2x + 4| <M

-

"For 0< |x-1] <3, ’ : o
|x2+2x+h|= (x-l>9?+1) (x-l +1)+h|
= Hx - D24 (x - 1) ) + 7]
' s(x-l) +4x - 1] + 7 Y.
14 . 2 , .
- <3+ 4 .34+7
' < 28, . .
We may take M as any number,
M > 28,
e ]
The graph y='lx2+2x+hl
shovs that any number M > 28
will serve. . . S——1
7 Oy

) T13x% - 2x + 3] < u

If 0<|x-1] %3, then

P

|3>$2- 2x + 3} = |3((x- 1) +1)2- 2((x- 1) + 1)'+ 3|

S 30x - 1% 4 b{x - 1)+ 4] - -
53(x-i)2-+ blx - 1] + &4
’ ! <3.3% 44 .34y y
r <43, RIS

We take < M > 43,

shOws that any number M-> 43
will do., . .
_——

"
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Bhov that 1f 0<|x-3<1 and 0<|x- 3| <%, then

N -

‘1&:2-»9[‘<e. ) IR H
73 - '.
I® -9l = |(x:-3)(x-3)+¢] °
Slx-3] - (x-3+6). +
Thus, if 0 < |x - 3|'<1,.and o<|x-3|<§, e oo
B9l <£ 1+ 6) -
or e T |x2 -9] <e. H
¥ ‘%
(b) " Show that the pair of inequalities d < 1 and 55$'(or
' € __6
65min[1,7]) is satisfied by 6—7+€. .
For. ¢ > 0,
e _(T+edet1 _T+e 1
T+e€ " T+e ~T+e T+e
. ) . ,
- _1'7+e
] . 7 .
. - , <1/(since m>0)-
Also, for € >0,
v £ . — - o 1 .1
7_l_(_:_c=..7_l_‘_:<c-: 7 (since e <7
) <
>

Since

T +

*

such that

e < min(1, ;], " the result follows.

’

<M for all x such that

Find & number M >1

0<|x-2| <1

(See No. 3 abav

(=

x+ b
X -5

§

If 0< |x - 2| < 1 then Tr_}Er< 1 from Numbe:f- 3 -and’

|x + 4} = |(x - 2) + 6]
' <|x-2/+8
- .
' <1+6<T

Thus, under-thesk conditions,

.

x+ b

Py <|X+l$-|<

‘We take M as any number, M7

P

»

< 367
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F AN L . ; . - P . .-, .
'Fog;’tﬁe givgn vef].ué of €;, find a number- &' spch 'B}ja.’t ife 0 < Jx - 3| <8 ..
SEIEETRIA P S R SR A PP
L R R T b . LA
2 (&4)“t £ = 0.1 & " $,§? é‘ N * v . & “
» b}, e =0.01 - T ‘
Is your cholce of 8" in (b) mcceptable as an ansver in (a)? Explain,
" ) - ~ . L e T
T ' ( k-3 " ‘ - R * . . a
S IEasllx-sl -l el
- ¥ M X
s : -
co el [ shesh el e :
] ” . ‘ s r P
. - <8(6+6) . : A N
(At the’ 1dst 1ine we used O < |x -3| <85 .) For comrenience we .
T restriet & so that 8 < 3.  Then, under this condition, |x -9l <78, ¢
- 0.1 4
(a) To insureahat Ix - 9] < 0.1 we may take &= === 5 .
b o \
' . 2 ' ’ 0.01 1 ’
N '(‘b)ﬂ To insyre that |x° - 9] <0.01 we take & = T .
¥ .' 1] F~ o l ) 4
“.E‘he choice, "8 = 756 is a.ccepta.’ble in (a.), for if 0 < ix - 3| —65 :
. “then - ) - ..
- g |2 - 9] <78 < 0.01 L < 0.1, " ' ‘
ES . A . ‘). - P . : h .
. I3 ' ) .
"32, For the f‘ollowing- functions, fihd the 1imit L' as x a.pproe.ches a.
For' each value of €, exhibit a number o such that’ |f£(x) - L] <¢ .
-, vhenever, |x - a| < 5. - " s . .
. l v . N a7 “
. 'v‘(a) f(x) = 3x = 2, & =3 . L b; _ .
2,”(0) £(x) smx+b, (m ;! 0) ’ o S A
h(c) £(x) = 1+ x2, a=0, a . ' N .
* > i - .
NI - - ‘ R . :
< {4} 1m (3% - 2)=-§. ~
. ) xx% ) . : LT L ‘
Wes have . @E . ' RN : #‘ -
- . . ;‘f l 3 . » -
- [3x% 2) - (-:§)| = [3x - §| ) -
: N T - T .o g,
r & - = 3]x - 2 . #
Wejwish to find a & such that whenever |x - —;-[ <& then !
& R e, : Iy 0‘
A . 1 .
\\ |Gx - 2) = (- P <e. N :
= € ‘ 1 ‘ ' LT
, Ve feke &=z, Then if’ |x-—;<5, o - .
1 . . 1: . -
. |(3x - 5) -3l = ~3|x |
%},ﬁft’ . "/ < 36 ’. - "g
‘ ‘ . <e. - o
.. ’ ‘ 652 368" ' v ‘
A s ’ ) . l:“f{ .
) .. . ’ . L - - ‘ A




]

). £6x) = mx + b, (m# O AL .
B o s - . 4
lim F(x) =ma + b

x<a .

o

Iémx+b)-‘(ma.+ v)} = |n(x - &)}

| faf ~ 1x- al.

© We w_:lsﬁ to find & & such that whenever |x - a] <& then
< . 'y . ¢

: lm| - |x - a} <e.

We take § = FEHT . TFor this choice of §, whenever: Ix - &} <&,

v

>

" |mx + b) - (ma+ )| = |m] -“Ix- al
- fu| -5

\/ - . €.
-

(C) 'f(x) = 1 + Xe, a = 0,

.

lim 1+ x2) =1 |
X"Q e
|(1+x2)-l|=x2. ‘ .

-

We vish to find a & >0 such that |(1+x2) - 1| < e whenever
Ix - o] <. We take & = /c. For this choice of- &, if Ix - 0l <3,
e toke = /e, ‘

“»

TeRES S
52,
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, interior points.of a defined interval.)
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TC A6-3. . Epsilonic Technigue . :
, .

The importe.nce of tecirmical mastery is lost on some students, usually
among the brig‘htest It mey be necessdry to emphasize for them the connection
between mechanical skills and a conceptual grasp of the subject. Just as an
accomplished fus{cian can perceive the essence of & composition without
stumbling over individual notes, the accomplished user ‘of methematics must
have “enough mechanical facility oto be above distractic_)p by mechanical details.

. LI
- - ° . . Y

A great deal of p’edagogicai consideration hes gone into the gomposa.tion

of Beeti on’ *A6-3. The student should develop an operationally satisfactory way

of working with the idea of limit. Memorizdtion of Definition 46-2 is ~
" certainly not sufficient. Nevertheless, definitions are 1like the fixed .t
stars,

They give the student a firm criterion for knowing where he is.

We wish to" cultnaa‘ee° the gttitude of mquiry in which. the student asks
_nimse‘ff the following guestions: . .ooe

y -
.

o1 have suiteble approximetions for L? (The ansyer should be
easf since the apﬁroximations are usually taken atf endpoints’or at

r

2. Do I have a candidatve for L? If SO, what is ite

~3. How shall I test the candidate to see if it is the lim:.t" Can I -
keep the error witlin ehy given tolerance ¢ °by cor;_fining the poizits
x toa s\xi‘table S-neighborhoosof a? i 3 ‘
. ‘ _— ‘ ’ '
It isteasy to show that if{ for an-arbitrary ¢ >0,, there exists a
control, & >:0,

]

then any smaller positive nymber &% will certainly suffice
for* the same . .-For, 1ét there exist a & >0 such that |f(x). - Ll ¢ g

whenever %o < Ix - al <5 . Further, let &% be any"hum'l')er, 0<8* <s. L
It follows at once’that for all ~x such that 0 < |- a] < 8" we have
0 <“x - B| < &; whence,“for.all thdése x, ‘|f(x) - Ll < e/. e .

s

We dre’ ﬁot ¢oncerned with the 1 gest 5 that gives the 'Qesired degree -,
of control over the error tolera.nce €; rather, we seek a.ny number Ia which

1s sufficient. The task is often si plified if we agree to restrict & to
nuzizberlless than ¥ 1.

This” restriction simply" means that we are focusing our t
n on the deleted imterval {x_: 0<|x- a| <8 < l}

-»

,‘l:; :é | p) i
. 2?, . ; (o

LIS

V¢ noted in Section A6-3 (Step 1. Simplification) that frequentl’y we are . e
able to find e simple runcbioq g .d 5 ed, ¢

-~ 7 3

a positive constant. This

N 3
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a .
. . 2e
’ . . Q

is the case beca.use we are dealing primarily with functions whicH have con- -
- tinuous deriva.tives on & full nelghborhood of a. F.:rom the fact that £, is”

continuous 5 ve have ‘

-
-

A

E ] ‘ L= lim £(f = £(a). ) -

. .. . -8
From %he fact that f' is contindpys on a neighborhood we know that |£7(x)]

- 1is also continuous on any closed intervel centered at & within the neighbor-
hood {composition: of continuous functions Section 3-6). Consequently, £ {x)]
hes & feximum velue ot the intervel. (Extreme Velue Theorem, Section 3-7)~

et K be any value grea.ter than the meximum, so that |f (f)l <K on the:

Y 1nterva.l. " Now, assum:Lng 0< ix - 8.| <8, whére ‘this deleted 3- neighborhood

T « lies within the interval there exists a velue ¢§ " within the &-neighborhood

"* (law of the Mean, Cheptér 3) such that  °
T N S IR
' P TE TS | B )
S TS T
i , , 5 RS klx: al . . . . .
| ‘ R k2. -

The method of boundingathe denominla'.tor in Ebcemple 3-'3e is given beceuse
it is a routine procedure conforming to the letter of our genersl outline. A
shor't cut is to a.nticipa.te the problem'of bounding x away from O a.t line-
(1). We may recognize at once that, since lx - al <8, the distance from
X (to a 1is no larger than d; we may then keep X away from (O by requir-

ing © to be ddss Zhan the distance la|] of a from O. To achieve this
ve may take 85-‘1—21. .. - h .
~ o = . v . i

. . ’

° - .

For’ your reference we list the following genera.}ities

fom L

o

i
‘1. ,?The aefinition of limit employs only velues of ’ x different from &, * /) )

~

2, limif is & local property (some‘cimes called a proper‘by in the small)

T . involving the behavior of a function within any (deleted) neighborhood
! ) (qi: a point. .7 ‘
- * a
-~ * . . .
. - .
4
. N .

4‘§ \ . (’ ‘. ’ Coe 0 H ) ¢ 4 .
.o \: N\ i v N -l ) - )




* 3. The existence of the limit of f at a point implies that £ .is defipned -
. for some values of x in every deleted neighborhood of a; that is,

.

£(x) exists for sole values of ..x arbitrarily near a. ) \
4. The limit is independent of the choice off the deleted neighborhood of g

= 5. The assertion ‘that the function £ has the limit L' as x approaghes a

. is not the same as saying f(a) = L, nor is it the same asg saying that L
; 1s an upper (lower) bound of *#£(x). ‘ ’

LA, . . o
6. The value'of & depends'upon the value of e_w(eveption: £(x) =

~

. c,
. .*° ¢ constant), i/ . )
J . ’

A careful distinction should be made between the a.nalysis of a problem
and its exposition. This is particula.rly necessary in the case of limit proofs.
Si':eps 1 and 2 show how the solution is found: in Step 1 &g examine the problem
and set up a simplified model; in Step 2 we oytline our plen of attack or
straségy. Step 3 is the actual proof where it if verified that the solution !
has been found. An attempt should be made to develop elega.nce of style in -

presenting proofs, : g,v . ,
. . > Q Solutions Exercises A6-3 '
RN

-

s ~In “the following epsilonic arguments the analysis (Steps 1 and 2 in the ™
patter of the text) precedes the proof, We ma.ke liberal use of the

ingqualities - ) - \

el - ?b’ll < la's ] £ Jaf + Jo| o« v
. . ’ i3 (w34
(Section A6-1), 1In the selection on & (in Numbers 4b - lUg) it is expedient

to restrict & by the, auxiliary conditions that & < 1. The proof {verifri-
cation) is simplified by an applicatién of Exercise,s A6-3a,, Numbear 5(b)

2>

P

1, Prove 1lim (% X - 3) = -1; obtain an_upper, bound g(5) f£or the absolute
x~l

y - = )
. error and find % in termfs of €.~ ) L.

PN !

- . . ‘ ‘ % 9
"~ In t s problem we write out the steps .<'de‘tail. ‘

“ £ t P o~

*. " To prove tha.tj lim (-2 x-3) = e -
: o ‘

X

- .
For each € > 0 obtain a 8, - ~ .

- Show. if 0<Ix-h|<6’ then Ié-]é,;c-3)-(-l)|<e.

E étep 1. ' ’ , - - )

- .“3 R RS P .

. . ) 3
3 ! *




Pl oSy

’ (b) I o<|x--h]<6 et .
< K. » - 1 «‘« A .k '
. |<1x-3)-(1>| 3 Ix - f , .
¢ ) 1
- R « v < 2 6.
| (c) Take g(5) —% . c , .
R 4 ' b . M .
. Step 2. To make g(&)se, ‘set B = 2. o ‘}
p , Step3. If 5="2¢ and 0 < |x -] <3, then 3
g - - . 0
° 1 1 - . [} ¢
. »I(EX-}); (-1)| =3 |x - 4] 7
A Y ’ »
. ‘ ' - 1 .
’ A . N . <§ (2€) - < .
- . *
< . <e,
N ' s
N N . 2. Give arguments that prove .
. (&) limc =c, ¢ any constant.” '@ ‘
- X~ . ’ ? ~ . )
. a . .
» (b), Mnx=a, ' .
. (c) limgor ka, k any constant. . . <
X~8 .
- (Use the results of, Example 3-3a of the text for parts b and c.)
/ Q
’ - . .
. +(a) limec = ¢, c constant. N .
T - .
gL N
g 'Sta.te;nent of problem: .
% e ’ «
- ‘ For each ¢ >0 weobtaina &> 0 such that if 0 < | %~ ar <8,
] then |c - c| < ¢ ’ . ‘s
L. .~ "
. " Since |c -.c|.='0 1is less than € >0 for all & .we arbitrarily
. T take any positive fumber for &, say 5 = 1. .
j ;’h’*’, ) o ; H N
S Then for & = 1,, vhenever 0 < |x - a| < &, [we have t[c -c| <e.
. (;b) limx = a, . L - . .
- X~8 ’ . . . , . §, w
] From Ebzap'\ple A6-3a+we Have , i
- ‘. ., ~ - P !
" lim(mx + b) =ma+ b, mf O, " .
x~8 ) L A j
;‘-'-»» , whence for m=1, 'b=0,. ‘ N T I .
iy . lim-x = 8... 4' ' K ! ’
. T X~a ! R
, [ .
~ 0t v .
- i El N
| | C e 873 !
EMC A ' ST b
"“ K‘ . : .- .
o .




s ek A o

; (¢) limkx = ka, k constant. . o~

’ X~8, e !

If k ;! 0, the result is a direct consequence of Example 3-3a; if
k = O, the result follows from part (a). .

- . . s

+ 3, Invoke the g\lefinition directly to prove the existence off the limits %o
Problem 2. s .

-

(a) See answer to Number 2€a). g
- (v) YHmx=a..
X~a, \ 3

> ’ We follow the pattern of Example A6-3a in Step 1. Then take é('ﬁ) =5.
N 4

A

Toma.keﬂg(&)‘se we take & = €.

Thus, if & =¢ and O<|x -2 <5, then |x- 18 <®<e.

. . :
. * (c¢). Hm kx = ka, k constant,

x~ve . .- "
. We follow the pattern of Example A6-3a through Step 2 and take .
- . '6=Ti| where m:k.j , /

g

For 6:‘]'—;—1- and 0< |x- a] <8,
lkx -ka| = |k 7 |x - ]
< x| .
<e. '

- L}
* -

4, 1In each of the fqllowin‘g‘ guess the limit, @nd then prove that your'-guess
is correct: give gn expression for g(ss gnd find 5 in terds of e,
A

N _ . 2 .
<. (&) lim 5 . (e). ,limxT'—i . .

- x~0 1 + x° . x~2 x° - 8- o
; xz('x-3) ‘ . C S o 3x -1 '
e © () Lim PSS : (f) Um=—7F3— - A
" : x~3 T . . x0T % : C-

. . | . . . 2' . .
DT (o) mEE iy : (,L) g = 3%-1 ] :
: xfl- a ¢ X +,2 -
. X~8 ‘ , X, .

:" : , @(d) Lim }2{‘+ 1 . . ‘;(\ < ) ) .
Tt @, X1 x + 1 . . !
: Rk ! \ !

»"‘:"‘" . . .We omit repetitious material. The’statemept of the problém follows the -

pa‘bter}) in the text. !




.xee ' /

1l+x

(since 1 + xef.o )

if 0-< |x] <'s.

Take g(8) =, 5°, and set & = . .

Verification:

~

If 5=+/¢ and O< |x| <5

=9, ‘ ’ ;
2
.x }(cx_-33) _ 9I = {xe - 9| for x\# 3
/ : '
=|x-3| I(x-3)+6|'

<|x-3| ?tx-3{+6)

<35(s + 6),

(At the last line we used 0 < |x - 3] <8.).

For ccmVenience we restrict ® by requiring that 5 <1. Under
this condition if O < lx- 3] <& .

Bx - 3)
: . x(x -3 -
) T3 - 9| <Ts.
Take 8(5) = 156.” Obtain a & -satisfying the two conditions ® < . ‘
a.nd 8 < £ , simulta.neously. One way to do this is to take
(Exerc:.ses A6-2, Fo. 9(b))
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3 &3

X’ -a 2
——— 8 .
X -8 . 3
X~8 . . - ,
3 2 .

‘e %2 -8 2 s
We have < -g X ta+ta for "x #-a,, vwhence

.
) .
.

e R |
. . : .
- = | ((x'- a) + a)2+ a((x - a) + a)' -2a2| )
. o/ = |(x- )2+ 3alx - a)]

- F ' . |x-a|-|(x*ﬁa)+3§|

fl

N < lx- el s (Ix - a] +3]a])
<5 + 3|e|)
(At the last line we used 0 < |x -.a] <5.) ¢ -

For convenience we restrict & by requir:fng & <1, Under this
conditicn if 0 < |x - a| <3, ’

’,

.

”, -t 3'“_)9 3
[T L 36® <s(1 + 3],

"We chopse & to satisfy the conditions & <1 end B Sngm 3

i.e., & <min{l, ﬁm]. A convenlent way to satisfy these
conditions is to take & = maTe-.(Merclses A6-1, No. 6(b)).

-
v L] !

Verification: .
. A € R T
It s =mla—+—€,&nd 0< |x\- 8.‘ < &,, “then

-

.23 ' ’ o
xi'_: = - 365 = |x - a] « [(x - @) + 32 o
sl - ol - (e i +3leD |-
- <8(1 + 3le]) T

-

'
N
m
T
~~
)
e
B
0 -
.
+1r.
Wl +
o [w
©
+ .
m
A
-
R

- .
Vs .




S ; i [y
- . o
, “ -
x~1 xT + 1 - -
e \i-,f.\ x-1l - lx \
it Bl -2 2 ‘ ;
. ¥ +1 x +1 1+X S ’ :
:Z?v”g ‘ . - 2
<lx- 1) . Xl (since 1+ X 2 1)
- ) '
<|x- 1 - g1 ¥ 1
) . &ix- 1] e (|x -1l + 1) ‘ )
. . ‘ e ,
’ ) <8l +1) ) 1. |x -1} <%
\ oY .
For convenience we restrict s} by,requiring s <1l. Under this/
o condition if-~ lx-il < o -
B> X o
Ntk 1‘ <5(d+ 1)
R A \xa +1 ' B .
L 5 25, - d . ?b
R ) §oe s %
LA £ - ’ s
5 .~ To satisfy the two conditions & <1 and <3 8t aneously ¥We
:"-—‘ T . - A ,:‘ . e -
et teke (for convenience 3 ?--é-f;-é- . . .
;: ’ ‘ “
: C Verification:’ o . R '
Sil . . e . ' \ e
P I 8= 557 ¢ |x - 1}.<8, . S
b .K. ’ . . N
. \_’é‘-i—l - 1\ <28
\ - . x .+ 1 N . e -
<2 «%%e

ke

B X +2x‘+1l»

\3-(}:: : :::-l-ah)\

. "‘_l_ x-2)£x+1\
LT3 2x + b

l




v

Fo convenience we restrict §
"condition, {r g < [x - 2] <3,

by-requiring & <1, Under this
’ L 2

-

X -4 311 3 - 1
. \ x_% -3 <3 [(x - 2)(x ¢ 1) (from Exercises 46-2,
: X -8 s o No. 6)
® - '
S3lx-2l e 2) 4 g )
. . 5%’lx-2l-(lx-2l+3)
- o 1 N .
\ §5(l+3) i
] by
) ,Sgs.

We wish to obtain & velue §

satisfying the two conditions 6<1
and B P H simultaneously.

One way to satisfy the conditions is”

to set 3 .
5 < k5 3“:\(. “ 46-1, No. 6
8 = 1—4_‘.}%\.6 = m I'bgereises A '1, NO. (b))o
‘ﬁani”fication : ? . -
\
If & =

Wand 0<lx-2|<8 ’

oy s - )

IR RTRE i R R B R
- <§.84 ) L I ) “ |
o Sg'kf‘e\%w“ D T
< s o (since ?(ihe%)' <1).
(£) Ji:[m - 3x -1 ) ’ .

3
X" -~ 3x -1

-l

»

¢ /
$
For convenience we rc‘ctrict po) by requiring g <1. Thuf; if e
- > . l *,

o<}x]<s§<1 |x+2|>2-|x|>1 and . ]‘T<l' —

. ’\ '.— SN . " X + 2 “;r_.‘*r"y' [

: , -~
[ &g . J .

j—
~ vSeares




e - A

. ' .o ) / .
'I’husif 8<1 and 0 < |x] <8, we have B -
. 3-3x-l\-(__)| 2x3-5x

X + 2 ix+25

n, . . - ,
' <z 2 o

- 5xl

» .

I\)H—‘ AV o

2 - .
< x| & -5 .
Lo <[x1a‘(x‘"+5)' : :

. \’ : ) <80(l+5) R -

IA .

P c 0 < ,-(since’."ei5<us). ]

i R To satisfy the two conditions 8 <1 and & < E”simultaneously,
. T : -
2 / we take, for con\'tenience, 8 = o - R . VLo
T ‘3 - s Lo Tl
T . '\"u : .o o [l ’ o ~
o Pt vVerification. g £ I

T, "8t 8 ¥ T_ in the statement of the problem, as in (a) - (e)s s .
. In the 1ast step we have, under the conditions tha.t O < Ix - Ol < 8
‘l' - \

LTRSS T P 8

e

%

<

. <3 :
: ool (-i)<us Lo L,

x+2 . = 3

- *
. 5
N e —]
ho 3 ~
’ . [ '<" ,E'*'G o

Vi, T (g) nm hx® - 3x =0, . & AL P oy N &
O “xl Xt - R R f
fu: - N Lt A ._f \"’ . P - oy D,
Lo " bx® - 3x =] Jx - l),(hx + l)] Y "’." ) o

- x+2 N Jx -l-;2| o, T e
6 A ol - 2] Jbx - ) +51 ¢
I . CTy [x +2] . . R I e
at ¢ ) y o ~v' o) g .
o e r(esu;iot ® sothat &<1. Under. this restrigion, if = -
o , <{x - 1] <8, we have R IS I

. . . 3

-

X+ 2

e . .

R (R
G

5 . . '.‘ '.
&L&l< [x -] - l’*(x‘l) +5l @Exei't

* 4

C<dx t1fes (u]x - 2] 4 5)

LT SR

M < 98- . ’

s 4

N L 663379 “ -

z:%*:w e R R R N I T S bt b




11‘59+

k

e

2‘4,\3,* iH R

v

SERtEs

oW
¥
o

HAANAR

AT

—

prasTn

A

ALY A

r

‘.

SN Araon renc

S,
el

* c T €
. v . take 6-:_—-——-9 g
) Verification :

x - 3X - l,‘

We require that & < min(l, %}.

» .

*

This condition is satisfied if we

and o<|x-1| <'8-, then

X+ 2,

-
“
L0
E
’, <
.
4
'
~

<lx -1

<9

<e

. P\/ .o

|(x - l)(kx + l)|

(b]x - sy

< 9%

€
(since T+ e <1).
14 ) ~
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" TC A6-4. Limit Theorems . A

» . . .

Theorems become Itools to the student only in so far. as he understands,
° the hypotheses a.n'd appreciates conclusions that derive therefrom. Gra.phic'a.l
considerations a.re usually helpful in visualizing abstra.ct properties and
proofs {in particular, Theorems A6-lba, b, c,.f). Proofs of thé theorems showld
be made plausiple, but memorization of formal proofs is inconsistant with the

philosophy of “this course. * * s
& T i > ‘/ )

“ N -~ ' .

~
.

A ~
. The statement 1lim f(x)'= L  simply means that I satisfies the conditions
DR X~8,
of Definition A6-2. It is conceivable that another number M night satisfy the

safie conditions.; Then the statements lim{(x) L and lm f(x) = -
x~a x~a ~ s
both be true. If this could happen, then 1lim £(x) could have no meaning by
X~8

itself. Consequently, each limit theorem would need to be appropriately inter-
preted, for example, Theorem A6-kc would be stated: - .

L 3
i

THEOREM A6-bc. If 1lim f(x) =L and lim g(x) = y, then L +M
X~8 X~8 e
is a limit of g : g at x = a,

AR

o

’;
. 1
%
This interpretation is unnecessary, simce lim f(xg 1f 1t exists, is\/

unique.”- .
@ -

THEOREM. If 1 and M ‘ere limits of f at @, that is, if

*1im £(¥) = L and lim £(x) = M, then L = M 5
- xX~8, N X~8 N

-

L-M

"Proof.” Suppose L > M, take ¢ =
o
and 7“82 >0 such that -

“ -

>o/ then there are 8, >0

ce<L-f(x)<e for O<|x-a|<‘61,

s / -e < f(x)/- M<e or O<|x-,lal<82.

LAY . ’
Hence, both inequalities hold for p”
; ¢ ’ - |

0< |x - & <min(5,8,). . ‘
"Thus 0 <L.- M< 2c. Impossible. o ' . < . .
e V - L
- 66 ' :
/ o 88L g

s
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)
4 .

sufficient that these t

., e ’
For exsuple, in the proof of '

erances satisfy the condition

4 )
€1 625.\6

o Sometimes assumptions are 1eft ‘bacit
- . *
, Theorem Ab-bc, ¢ 1s, of course, subject to thbonditiorrs imposed upon €,
that is, €* > 0. o ?
) “In Theorem A6-%c, there is a tolerance, ¢, for ,th%\: (f + g) and
tolerance$, el‘ and € for ‘the.addends ( f and g,, re ectively). It is+

for,

% , in the text. The

conve?niétice {and for definiteness) we ta.ke el =é2 =

. con‘trol 61 maintains, the tolera.nce € = % fa f and con‘crol 62 ;'nain- .

T tains e, = % fof _g. It follows that & <,min[81,5 ] Mill meintain the

. tolerance 3 for f and also for g. . . .

' . . b
& »
~ , . ‘We can obtain a slightly different proof of Theorem A6 d by utilizing

. Lemma A6-4 in the foll}owing way. By hypothesis, correspond ng to any posi?ive

- l i 3

: e, €, wecan find 3,, &, such that . .
Loz v 2 ’ A ‘ ) ..
. [£(x) - 1.| <€y whene\}er 0<|x- ale< By o
1" y:
SOl T lglx) 2 M| <Teg whenever 0<|x-a]< 801, ‘
e . » . . .j(_. . ‘. . - e !
snd by Lemma AB-l there is a & Such that - .
\' N S ‘5 » ) 'if - e )
: " ‘1 3 ‘ PN
¥ lg(x)l <3 IM| whenever 0 < |x - a,j ‘< &% .
:‘ Since f£(x)g(x) - '(f(x) - I%g(x) + L(g(ar) - M) if |f(x) -1 <

: |£(x)g(x) - M| < |£(x) - 1| - |g(x)]+ |T| - |&(x)"- M|~ .
. o e, ] » ' ,
) 3 £’ -
» . ~ 2 |M| + JL‘ gg- N
In order to remain within the t&;}era.nce ¢ we take ¢ = ¢, and . )
) e 17 C2
n‘ . ’ ' ¢ b ¢
. & [}
o " 3 . i3_ B ‘ - "s“
. 3 1+ \/-162—:61(2‘ M + 120 < e MY
T}}en‘to cover-the case where M =L 0 we take o L N
- » ' w R ' R . [ 4
RN € - \ L -
. 17 %273 ' N
TMeler, Ve A
52’ and & be?vpropx;iate con‘crol\) for this choice of "—_e;: and “'
and take T .o,
. ‘ -t (‘ v ¢ ‘ <. ‘
. . ) b | % ) . . ] . A
. iyt ek
C o ees G- 5 S
. . 7 {,‘ | 3 &-J ~ , .%‘;}: :
g\\ g\ N A AL e \ \\ R \ \w )i

lg(x) - M| <,

and |g(x)| <3 |M| then -
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For this choice of & and for

corollariés to Theorems A6 Lec and A6-4d, respectively.
* through these proofs he will gain a deeper understandj.ng of the fundamente.l

If the student works

-

-

.

.results

‘appreciation of the power of mathematical mduction

-

.

Lt

W

. . et ) - . N
s 0<|x-a|l<s .
¢ - - 4, - . A ’ '
. we have oo -
T et ] < e’ g |gcxz| Ay s oM
. € . . /" ’
. <3 <3 I )
= _2-€lM| ILI l o
. ‘I\' A < e. ' .
RRS . »
*r
’ Sum notation may be used to'express a 1fnear combinstion NS
N - ) . n o‘ -
T s Z'd (x) A‘.\‘;‘»
. ‘ a ¢(3() . /. ifi X !%‘ ; ;\ .
o i=1 cl, , S
and, state the corollary to Theorem A6-lkc, /.
i n n ' ,'/' -
. ’ i . ' : ’ ’-
ii:z cifi(X) = E cy ii: £,(x) ! . :
\ . -i=1, ¢ . i=1 o - /
; . . . . » ) n ! . . -
- - —_— = ‘ . It
. : g Z &L .
. : ) i=1 ;
, . . [N ' .
¢ ' ’ \ ' . i
. ) ¢ ’ - - . .
. . Mathematical "induction (Appendix 3) is required for the proof of the ,,// ,

S-ne‘igthrhood of a 'wherein 2(x)

‘. A & In Lemma Aa'h we have see A
is closer to M than to zero.' This means: for all x 1o the S-neighbor-
hood and in th¢ domain -of ‘85 g(x) ts closer to M~ than to zero. . .
: * ’ P * - .
’ . & .
- ) ‘ - . 4 . .
- N v .t R \ “'/ e ) .
. H F] - -
S '
.y ] ' . X - -, ‘.
. 4 ©e ' "
383 BT
o ooy . ) ’ . ;

Aruitoxt provided by Eic:

u
>

s
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functions.}s the same lmea.r combination of the limits of the ﬁmctions,

. fe., if limf(x) =L, 1=1,2, .., h,‘then
. 3 )
L . . lim E c £, (x) = E lim c,f (x) ’ - o
* - a X~8 N X~a
< -2 ‘ ) ’ * o 8 . - » '
. . . v . A - = E ci 1im fi(x) - r ,
W S ) ) * ! . ' i=1 X8 ' ) o
% ' i . -~ - ~ ' .
) , . . o, . .
3 S - z ¢y Ly (see 4632).
St - 4=l _ - B
- \ M . /
i Proof. We use thé First Principle of Ma.thema.tical Induction’ (Appendix 3-1),
T : -a.nd teke ' for A the assertion p ) \ s
- . ‘ ,
) - lim E .Qifi(x) = E . .
. X~84 . N
’ b, , i
For n =1 we have as assertion A, - 2T
,-‘ \ }1(im c.t (x) = ¢ Ly,

which is true by Theorem A6-4b. i
t ' .o : {

[y

T 1o Provided y G .

NN « . . et

* ' "3 el Jo M e
Y ' SQUEEZE THEOREM (Proof). Jet I be the-déleted neighborhood’of ‘
a vhere . , . . ’ I
t \ . et . \
-, h(x), < £(x) < g(x). v
|-~ For every ¢ >0, I contains a deleted &-neighborhood of a 4
o wherein |h(x) - M| < ¢ and |g(x) - M| < e. Equivalently, = [ .
. we have ‘ ’
AN A ..".’M—_e<h(x), glx) <M+ ., ° )
] L whenever -0 < |x - a| ¥ &, It follows that . - y
o« |7 : -M-e<£(x)<M+e )
or . . ' - .
: e I P
‘ Y P whenever 0 < {x - a] <85 - " * ) g
" . - . 3 ~ . . »u’-;‘-\..
. ' Solutions Exercises A'6-’4. T < ,
. . . - o S - .

‘1. [Prove "the corbllary' to Theorem AB-kc. The limit of a linear combination of °~

[MC" N o IR S




. . > - .
e now assume An  true for n
om “Are . induction nypothesis,
- o
' R

fi(x) +im cy fk+l(x)(Theorem A6-Lc)
X~8 -

holdS'for every natural number n. ‘

é Prove the \.orollary“ Theorem A6 hd
’ 1im p(x) = p(a)

o ) . L X~B )

F"or any polynomial function p,

-
Ll Proo:ﬁ‘ o es‘i;abl‘lsh the corollar.,',
ve flr‘st that

we use the First Principle of

‘matlca.l Tnduction to pro v
N e

S f D lim-k = an,

e g / X~a

°

o
e take for An _the assertiem that 1im X

For 'n ’=.l,' assertion AP i%

L)



. o . limx = a '
; ’ N X~8, . . e .
~ ‘| which is true (Exe;cisgs A6-3, No. 2(b)). !

T
We now assume A true ang try tp prove Ay true. The -indudtion
hypothesis 1s : . ' y

. . . . oot
~ lim xk = ak.
v .’ * x.,a'. .
\ A ) r
a N - ’
’ J
' Colm xS lim \(x « %) o oo .
- ¢ . X~a o
‘ ¢ (ilm X (lim 9 ' (Thgoreéz_A6-l#d)_
0 . . & ' k : - ’
. R =gt . g (/Z and 1nduct10n\t1§pothesis) .
X - kel . . o '
. : ’ ) Ve ’.. ’
, ' Ak+l is true ang . ) R , .
i a . : . .
/ - . 2 lim x° = g R N any natural number e
. x~g - . »
mplete the proof,” let ‘ } . v LT
t ‘ . .
. i . n i
| p(x) = ot X + %2x2 + 0 cr-lxn = cigcj'. T - *
oo - A . )' n . 1=0 [N .
‘ ° \ Coe
- . lim p(x) = 1im E cixi . . )
S i ’ X~8 X~g im0 .+ } .
» ) §om / Il
. AT . i
. / = E lim ¢ x™ (Corollary to Theorem A6-kc)
P . ~ . H o ’ i=o Xe~g . .
, 1, ’ R
< s Il . \ * -
- \ ) ) y = ¢; lim xt K (Theoi'em_A6—1+d)
j i=o. %= .
4y '\
. n .
{ . z : i
i = c,a
f * .
‘ f i=0 !
p(a); : .
. Voo, ¢
' \\ N - °
’ .. 7 oy t - .
- .
s 670 3 80 N
3 ‘ N ) : T . . ' -
- Q ] . - . . ." .
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3. Prove the_co¥oYlaries~to Lemma A6-Y. L -
' (f'}/» Corollary 1. If lim g(k)

‘M end M,(o
] Rg

then there exists a
neighborhood of a where |

?l > |glx)] > '5' for x..ih the domain

S

Since g has limit M at a,°
which g(x)

there is a 6-neighbor}§oo°d of
is closer to M than to .zero.

We consider two
M>0 and M<O.- ) ’
' ’ '
Case 1. If . M>Q, we have (x) > O by Lemme A6-4, end.
s (x)>’-4>oor |-3_|>\gx)|>1_;>o. ?. -
:
Ca.se 2.

If - M<o; we have/ -M >0 and hm,(gx)) -M>o0.
-g(x)>0 by Lema. 6-4, and

=M M
QMX > 2>O. This

IQM[ >r|g x)| > \§| > 0,, xg’mch is thg same as the
in Case 1. ' ,

(b) Corollary 2. A limit of a function whose values are nonnegative is
" nonnegative. '

¢

] [ ' ~
‘ N -

. Pr%f. Let g(x) >0 and let lim g(x) T M. We want to \show that

g T x~a
M >‘0. » To do this we show that the assumption M < lcadsl to a
chtradlctlon. :

»

’If M < 0, then

-Mx0 gnd C
‘.";: '} . L. . .
. lim (-g(x)] = -M">0. .
; © ot xva ) - : K—’ 3
) Theref:ore, ; . ' |
K - . (Lemma A6-4) -
* or . , A
- . s s . .
] ¢
contradicting the hypothesys that g{x) >0. Thus, M >O.
| ¢ '
SR .
] . }
l/ 'l' 3 ! .
) 671 3 8 7 ‘ . ) 1
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T ’
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i &,
-
V]
. L]
.
A .
.
1
1
“
- ‘F
’
.
O

h ., 4 ¢ at
k.. Prove the corollaries to Theorem Ab-le -, )
(a) _Co}oll&?y 1. Ir lim £(x) = L and Iim g(x) = M vhere M# 0,
T X~g, x~a " . . .
. f(x) L - ’
r* then l)..m m = Fl . o
. X~8, 4 .
, ‘ Y
—— Proof. Since M £ 0; by Theoren 3-le, we have. e
. v tim 1. R E ’ Y

.

5,

ERIC".

“

“From Theorem A6-bd, we

\«‘ X~a .

Find the fol]ow:mg limits,” gpiving &t
Justlf.les it - .

A

. 8 - ..
T £(x 13 ‘) . . . -
i . ;111"). —(—5' = 1Am X . m ) R )

/ . ' . 7
= {1im f(x)) (‘um —(—5)
c (x—ca x~a & it
-1 S
R g
- L . . ‘l
S THe : .
¢ ¢ 4‘ T ! N
(b) Corollery 2.-«If ,p and q are -polynomials,'and if g(a) # O, ‘then
C i Bx) _ple)
oo : AR EI 1Y)
oof. By the corollary to THeorem A6-bd, ..
—_——— 2 ‘" )
T 1im p(x) = p(a) and " lim q(xf = q(a). .
. i | X~a X~a ’ .
: ' i
since g(a) #0,- , |
. . ~ - -
’ - , \‘ Tim gé%)y gé%? (Gorolléry 1 to Theoz:epl Ab-lLe).
. g 308 7l .
L3 ‘ i ’
I ¢ - ~ -

each, step the theorem on /limits whlch

N . N ,!
. ; ’ .
ay 1im (2 # x) = 1im 3 + lim x . . , Theorem A6-lhe
S T T . “
- . . < :‘ 3 . . v
v L= 243 o Theorem A6-4a
/ . v ¢ po Example A6-%a
v et 67, - ¥ ’ \
" Fo e R . s
‘y (4 N A
b4 5 N \ . .
, L Y L y .
1% Y | o R e TS
i O N ; ..
3 .“‘ ~ ’ ”
{ .- . 6fe 383 ‘ : )
: e ore " i
. - o t(‘ > ingy A , . .
"> .




lim 5x '+ lim (-2)\ b Theorem A6-ke

X~=1 Xa=1 i
=”~(-e) t . . Theorém A6-4b . ;
S A - ‘ < Example A6-3a .

* . o . Theorem A6-la )

P N
¢ "'70 .‘ . b 4
.-

LN . -

L4 .

. lim( Tx - b/Jx]), .vhere a and b are constants. ‘
N x~0 1 . . - E 3

. . ' ..

lim\jﬁ—l- - b¢| | ) z -lim —‘—[- + 1:l.m (- b,/i |) Theoren AN6-“hc -
> = a lim —]—]- - b lim V] Theorem A6-4b
" x~0
Lo T |
.. -=a-l-b-0' mple£6-+3b'
- . .. , .. - ?‘th;orem Ab-be
| . . Example Ab6- 3c o

(a) 1im (x + a.x2 + a2x + a3) where a *is constant. .. o

x~8. . R . : o

- IR , ‘ \
- lim (x3 + a.x2~+ a2x + a3) = a3 + g a2 + a.2. a + a3 Corollary to '
X~& . Ll ‘Theorem AG-kd

4a3, : ,‘ *

) 6. Find the following limits, giving at each step the theorem which justifies O

it. ‘ o ~. R . ! .
MEaj)v lim'——x3 > l lim (x - l)'(x tex + 1) - ) ‘ s
x~l x° -1 c(x - U(x+1) o e | T
. L l- e
) ’ ¢ = 1lim (x = l) . 1ip (%) ' Theorem Ao 1{51
. x~‘l‘n . - ox~l . 3 . 3
. - < . ’ Corollary 2 to ‘
v =1:¢ 3 § Theorem Ab-le
T - S \ o , Corollary to .
N ! r N . Theorem A6-kd

LN
©

EMC
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. . .. o d
-, E ‘
. . ' ’ . » * A ’ \\\ :
O e ) ) LR Vo
= dlim . " 2 \ ’4
- 27 x-3 \x-3)(§c Fae9) : A
= lim (—-—3) . lim(—=H 3 ) Theorem AGikd
) %~3 . %3 x4 3x + 9 ) . )
. AL
- 6.7 . Corollary 2 to
=1 57 Theoérem A6=le
v ‘ o “Coroliary to
. N ¢ . Theorem A6-Ld
' = —2. 'I = «
=5"
. . - ‘ V4 . . ' 4
-;—i ; for n a poéi‘ti\re integer. Verify first that
+th-2 + .o+ x+I (x4, .
. The verificgtion of the divisioh is l}one_.b}; simpIe algebraic methods." .
’ LY A iy ~
Now let’ p(-);xn'l"+ S-2 ...+x+1 S !
. ., N - . 6
(A ’ ‘ *
lim p(x) = p(l) Corallary to
: . x~1 . N Theorem A6-4a
. \ "
. =n, - . 5 v
* . ¢
oy ‘
De‘hemine hether the following 1imi'ts exis‘t a)nd if ‘%hey do exist, find .
their values. L i
(a) 1imi x. does not exist., * T e C,
Xol Z ) s - .
. = 1m —1— which does not exist. )
fL 11 VEe o et —
. t J
. ¢ n ) Y . ‘) / ,
(b) 1imi(x ), n a positive integer, a constant. L
- plow. % . * .
. \ s . - .
p(x) = X~ &’ ' o ) . .
| C “lim p(x) = p(e) -
. ‘ Xng . ] R
- =a-a - \
. i . - = 0. ! v .
\ .. ) ) ’
N - ¥ ; . P
\\\ ’ , ~ . \>‘
- L4
. .
- - ' 67“’ *
1Y r3 9 0 hid ’ t i

FIYS
- 14




R . 3 S A6-L
.- .t \1 b4 : )
(c) lim M . . ‘ . .
. Xeowd .. X +.l s . -
AR X 1) 22 and lim (x41) = 0, nente lim \’2;1‘;1
" Xeml . Xe-1 ‘ T Xe-1 Lo -
does not exist. ¢ . ' . ' '

R ettt T [ECII
. X1 x“+x.2 Y X~ . . .,
. 1 - ‘ ~ . P A
\ | ‘ "o lim '/é)(‘/’—‘ - 1) . ' )
' ‘ ' el (x4 2K+ 1)(Vx - 1) . > :
M ° * .
. A ’ . X -2 1. .
. = llm = & 6 . AN .
A ) ’ ©xel (x + 2)(VX + 1) ' , .
(e) l;‘.m-\x—liml‘—é ‘ ’ o ‘
Xeel 1- X Xeods 1+ }/)—( e . ) g ‘,_
o Uinn e N ‘ i £x) < #(e) i
9. Using the algebra of limits show that 1ip T x-a =1L if and only
R , - » N X~8, g s -t
: if lim f(x) d f(a) - L(X - a) = o. )
'x~é. IX -<a, - . ’ )
First, we note that 1lip g(x) = 0" if ang only if lirm |g(x)| = 0, ana
- Xreg, . X8 . T
also that |g(x)]| = “g.(x)”, )
& - Let . ~ ot ’
N T » - YA =~ 2 ) ¢
. 2 Xx-8a . (
. > st s apd | . > .
N . . B o Lf(x) - fla) - L(x - a) ¢
A l S E IR B N
/ - Then, o * ¢ . ‘
| ' [A] = |3]. B . . . ~
[N , - . )
- - ~ : . -
- et 1. Assume’ lim B'= 0, pis implies that 1im [A| = 0 and, thus, .
. N ‘- Xea . X~ I S
- - © 7 lim A =~0", o 1lim %’ = L., . ‘
.- : X~g . X~8 ’ .y . ,
. - [ . . ] f( ) . f(a) . . - '\ . -
T, . Part 2. Assume 1in SEC % L. his tmplies that limA = 0 ang, o~
’ Xl - . X~g
: thus . C . ’
lims|B} = 0 and lim B= . - . . -
XeB ! * X~ , ‘
¥ ) ;, . ¢ . * ¢ * . ) oy
i i , 391 .
7 675 T
[ S - ’
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10. Assume lim sin x = 0 and 1im cos x 1

* . limits if the limit ex’sts , giying at each step the theorem on limits
' . which :)ustifies it. - . Ty o
S ... o(a) Hm sin3x‘= (lim sinax) . (lim sin x) N Theorem A6-ld
i ) ! x~0 %0, \\\ .
. ' X 2 (1im sin x - lim sin x) . (lim sin m) Theorem A6-hd
Lo . x~0 *x~0 x~0 \ . .
« . , NI -
A ‘ - o, =
b ! Q' - -
. .y {
: . gin x oo
'(b)'limtanx:lims S -
“ cos6 X . \ ’
° - x~0 » X~0 -
\ ,‘ ’ Mm s'in x - Corollary 1 to
., x~o . R «
. X0 - o0. Theorem A6-he
s . » ~iim cos X ) .
O X~0 P .
) T ‘ 3 .
Lo, . (¢) 1lim sin 2x ='1im (2 sin x cos x) ! ' x ) T
0s 7 x~0 b'o¥ SN L. ‘ 3 ) -
8 . R . K y . i ‘ . \
T T v . =2, (1}m sin x cos x) ' Theorem A6-kb
- . Y x~0 ' « . 1; \
. .or =2 (lim sin x )" (lim cos x) Theorem A6-hd .
) * x~0 . x~0 - .
. o . R N LN
& T , A = o‘ b .
. ' . 1y
- o sin x _ ° gin X + COB/X .
. s T (4) .,1;‘8-*5“ X lim 5in x .
o e =,11m‘3£n_f » i@ cos X~ - . :___ Theorem JY-RT )
- - 10 310 _ . Theorem A3~ -
] *x~0 %0, -‘ :
; - = 1. . o , ) . -
. , ¥ ' B * - - L] e
. (e) lim l1-co8X_44p 1-coSXx .(1 +bos X va . Theorem A6-ld. B
T N sin x. sin x 1+ cos X & LT e
. x~0 xNO ' * N ., .
I . . ,
’ ’ « B si‘nax 1 ’ o '
- _ = lme= - MB TR Theorem AG-lid
. sin x 1+ cos8 X . .
) J o, -0.%=0.
i < . . ~ 4 ’ .
<. ’ ) .
2?: - T f'
b . . s
. ; . -
; R A ) - * - ~
o - "I




i M . ™ N e * N '
e i -
) . cos 2x cos®x - sin°x g ' !
: (£) 1im —=28 X L g s X 2
cos X + sin x cosx+smx . , ‘.
i x~0 . x~0 ~ N , - .
) . - Tcos x +efnx . -
L. = lim (cos x - sin-x) - lim — Y — : \
. - x~0 - . «O '
' ’ h . - " Theorem A6-ba
. e e . ey
o ~ *# . = |1lim cos x - lim sin x:l 1 Théorem A6-he’
4 %m0 x~0 T .
} . 4 ) o C s
N = l. . -
.- il. Prove the corollaries to Theopem A6-Lf. ° -,
(a) Corollary b (sandwich Theorem). hix).s £(x) < g(x) in some
. deleted nelghborhood of =, and 1f ‘lim h{x) = K ‘and limglx) = M,
B B ( ~ - X8 - © HWXea g
. then, if  lim £{x) EXlS.tS, K< lim f(x) <M. -
* , X~8 s x~a ] '
! Pooof. Since f(;{lﬁﬁ _<_'g(x) in a deleted neighborhood of &, we
have, by Theozem A6-4f, that .
. ’ A o~ . ’
. . Uy 9 e
’ © ) lim £(x) <,lim g{x). ‘o
7 ~ f x~8 ‘ “i("a ’ ’ * ’, - e h .
. Agein, since h(x} < f(x), in smdgleted. neighkorhoodsol a, &have,
. . - B Y . -
) i b¥ Theorem A6-Uf, that ’ ¥ . !
» / * «
. ce. . lmn(x) < %im £(x), ' X . ’
: — . X~8 T xeB |,
. +
. 'Ijhus, . o S N . . ‘e
. lim h(x) < lim £(x) < lim g(x) .
X8, Xw8 XeoB. v -
or LN ] R ' ¥ ,’ -
P . I . . . N e , - &,
. : K < lim f(x) < M. s - ‘
Sl . 0 X8, .
» ¢ . . ’ . i 4 , .
v - M.
¢ . , . - . - L.
" (b) Corollary 2 (Squeeze-Theorem). (Hint: Prove "lim f(x) exists.) g
- bl L3
. - ’ N X~ 8 o N
[ - . o 1 - . T ‘o s
: oL Because,the proof of the Squeeze Theorem does. npt follow 1mmed1ate1y
1
'“ ", . from Theorem A6-Lf 1t ?Lsegive:lj in Section ‘I,‘CA6 4 immedietely preceding
* Solutions Exercises A6-b. o, . . .
»~ " . '. M ’ s R
-, - y Lo £, . .
- b - P . . "
» -

e R L L N
,L} ' L, . " “!\'




A ~
§ * RN
. Rert 1. For a = O: ' ¢ *
|} . oo \
» (%) Jif m>n,
2 ' > . - ' y
. , LS ) e
L0 - 1im ~— = lim x = 03
) - . xe0 X Xx~0
v (ii) 4f m£'n, ) . .
.t . ’;m '
T, Wt lim == liml = 1y, ,
f’,:, e °\ v . Lo x~0 X Xx~0 .
e e
! * 4 . xm " o
Y A (i11) if m<n, lim = does not exist.
* e, - 0 5P
B . 2 '
Y ‘Part 2. For g £0: i
: ) e e 5D even
p ©lim (2« aP) = 3
\ \ . A
s .. X8 . 0 ,p odd- "
) - oL '
T ¢ (i) . Thus,: for ,&#0 and n even,
T ., - ' -
T . .m m lim (x™ + am)
‘& . u" lim X + a - X8 .
- . n n . n- n
. LT s Xv-2 X + & ¢ lim(x + &)
. e X8, ,
ki , .o
R - 2an =a ", m éven
S ' N 2a N 2
s -~ " = -
.
v - _O— =0 , " odd
. n
’ 28 !
g - . 1 . -
R 5 R L ’ - 2" m
) < (i1) For a#0, n dd, m evem, 1limZE
N boert Xe-8 X 4+ 8% .
» . - . i
* - . R )
- , ) "ﬁf
’ \% . . { : tL
- . .
s '
A
Ve 4 ° - .
N . g /
o . o8 394
.]EIQJ!: . 4 . :
- TR ‘

.

For what integrql‘values of m and n does
« the limit for these cases.

lim
X<-8,

m m
X + a

u

n
X + a

exist? Find

L3

does not exist,

.




] , \ ' . i . . Ab-#H

- . .
£

(i11) For a0, n odd, m odd, . o

»

\:4,‘ -~ . ,\) . . Q‘
g . . - m m ‘ ’ m-17 Me2 . m-1
[ N i "
3 C umEate gy (x+a)(xnl‘ aJ'cn'ZT"“*"anl)‘
R . Xne8 X+ 8 Xe-8 (x + a)(x - aX St ... tal) ‘.
- . - -
K : DR
' ” ‘ -1 ’ :
’ v o mat L o L
.eut Q . . . = n'_l . l‘ - .
) o : ‘na- . . . e
¥ B N . e - :
' ‘ " 'm _m-n A e a—
S . =& B .
» . t L 4 ) i

. ‘ ; .
. 13. Prove that if 1im £(x) = 0 and g({) _‘is bounded in a meighborhood of

\ ; . N ¢ x~a: . ; v ~ Ve . ‘, .

« ' “ N . ¢ R

x = &, then lim f(x)'s g(x) = 0, &

.
! N X~8 :

. . ~
Y
-

-

' - & -
; ‘Proof. Siﬁce .g(x) .is bounded théf’exists a positive number M’ such

. - . .
' that ‘g - i . )
;J . . v . " . N .
. VAN . - y
” 2 . ., -M<ag(x) <M N ,
. ., . - ——————— - . »
in'a neighborhood ‘of x = a. Consequently, .
> Y . &.pl N . . he R : - “
L. i Mo £ < £(x)e(x) <M e 2] ‘
- - . - T~ - 4 . -
’ ‘. v . ¢ . A -
., Jin a nejghborhood of Xx = a. , e .
- v L. '4 - et TN ‘ ¢ : AR
o - By-the Squeeze Theorem, s e
w . . ' ’
X . . % ._3. “ N lim'f(x) . g@() = O. - .
> - . N . " X~8 . . »
- [y -"
h 14.. (a) Verify that if 'lim %} exists ahd if “1ikh g(x) = O, then
oy . . X~8 X~B - ,
oo lin-f{x) =9. A o ' £ .
. X~8 I . $ ? , . «
‘“ I - -iva'—:'ee,..:, \, '.' ' EA §- » - . - Ty . 2
AT B . . Ao by L ' : °
il ‘ . ey
-_l). - 1im £(x), < lim g{x) ='iim 1((%} . 16(_")
)j . x~a 8 Xea - X8l - '
B . ¢ - Q-v ’ K ‘
R o
?,'4".1 . . S .
7. * EA ) .0 =-1im £(x), ; * Theorem A6-4d
7o . . ’ Xem, © <.
w3 ; . . . s 2
3 & .. 4 /£ ’ ’
' . hd f'.’ / . , .
P ! - 4 »
- * b . ’ . [
. / . B . . C '
» . T o ‘

SRR | o ' s

.
Lo ) . . » .~ Al
o, .
e

°.

.s
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Ab-t . . ] . .
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- * ~
\ rd

Ab) Give examples of functions f and g for which 1im £(x) = 0° and

- § X~8
1im g(x) = O yet the limit of their quotient does not ‘exist.
) Xl e . .
» m & £(x) )
= Ir 'f(x) = X and g(x) , m<n, E{ﬂ)’ does not have a limit
« et 0. Of éourse, many other examples exist.
£ ! < o
; »
15. Prove that 1f"\111m g(x) = 0 and m £(x) does not exist, then the 1imit
" 1 ! . Xn8

. N 'A,- . f(x) . ! ? X . ) ¢ -
}of the' quotient FiE3] does not exist. ' )

. [Y
£(x) 4 v )
Ig 11 —(—)- does exist and 1im g(x) = 0, then 1im £f(x)'= 0 by
Xn 8 X8 B
h}kaumber 1h(a). Conttadic_tion. T
“\ - , . ) ' »

14

16. The 1521: hand Tl t at a point P(p , T(p)] of & function is the 1imit’
*  of the function at the point-P for & right-hand domain (p, p + 3). -
Similarly, for the left-hand 1im¥t, the domein is restficti to [p-5,ph

We denote them symbolidalliy by - lim f(j “and f(x) spectively ‘
2 XD - Xwp.
\
.~ Inparbicular; lm [x] =2, Um-[] = 1. Determihe the indicated’ ~~—--2_
. x"'2 x~2 . .
1imits , if they exist, of the following: . .
2 .
(a) lim -@2;“ . - -
x~2% . . - ’
Ay
' 7 : B 0
For 'x ¢ (2,2 +38), 20<8<1, .
. ’ , i) Y - 2 ' - . ' ‘ “ . ] ’g\
& 2 %= (6 - 2)(E + 2) L
= 0 o-.l‘ = q. . &p
. i Thus ’ e’ i - - v :
‘b ‘ C 512 - 4 .
! 1im -E-Je—— 1im O = 0, .
xvetxT - & xn2t N »
S 2 g ' ‘.
(b) lim-ﬁge;u . k «
. w2 x° - b v
. * ~ 5 .
For x €(2-5%,2), 0<58<1, o )
\ V{ Lo 1 i ’ L . . . ' ‘
‘ . 2 . . .
37 - b= (-3)(3) = -3.
Thué . - . e °
. 2
: 1lim —%—h = l;Lm %‘ ) N
. x~2 x° - 2" x° . 4 . -
¢ . ’
does not exist. ;- - /s
60 396 -
. ¢ ? ‘
3 “



S (e) lim (x -.2 +;‘|:2- x|

. X~3

[x]

For’ xe(3%+6) O<6<1

Aruitoxt provided by Eic:
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S N
. — . [2-- o .= -2 and, [x] ’
N or . \ a
" Thus s . ,
e ’
. * . lim (x'-2+-[é-x] ’[x])-l’m (x,-2-2-